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1»      R      E      B*      A      C      E. 


THE  OpimOns  of  the  Modems  concerning  the  Author  of 
the  Elemeutt  of  Geometry,   which  go  under  Euclid's 
name,  are  Very  diflerent  and  contrary  to  one  another.    Peter 
Kamtts  aferlbes  the  Pro{K>Gtions,  as  well  as  their  Demon ftra- 
tions,  to  Theon ;  others  think  the  Propofitions  to  be  Euclid's, 
but  that  the  Demonftratiobs  are  Theon*s;  and  others  main- 
tain thM  all  the  Propofitions  and  their   Demonftrations  are 
Euclid's  own.     John  Buteo  and   Sir  Henry  barile    are   the 
Auchors  of  greateft  Note  who  afiert  this  laft,  and  the  gfcater 
part  of  Geometers  have  ever  (ince  been  of  this  Opinion^  as 
they  thought  it  the  moft  probable.    Sir  Henry  Savile,  after 
the  feveral  Arguments  he  brings  to  prove  it,  makes  this  Con- 
clufion   (Page  13.  Praeie^i )   *'  That,  exceptiug  a   very  few 
**  Interpolations^  EzplicationSi  and  Additions,  Theon  altered 
**  nothing  in  Euclid.'*    But,  by  often  confiderihg  and  com- 
part'ng  together  the  Definitions  and  Demonftrations  as  they 
are  in  the  Greek  Editions  we  now  have,  i  found  that  Theon, 
or  whoever  was  the  Editor   of  the  prefent  Greeki  Text,  by 
adding  fome  things,  fuppreiBng  others,  and-  mixing  his  own 
with  Euclid's   DemonltraCions,  had  changed  more  things  to 
the  worfe  thaft  is  commonly  fuppofed,  and  th(tfe  not  of  .imall 
moment^  efpecially  in  the  Fifth  and   Eleventh  Books,  of  the 
Elements,  which  this  Editor  has  greatly  vitiated  ;  for  iniiance, 
by  fnbftituting    a  fborter^   but  infufficient    DemonAration   of 
the  18th  Prop*  of  the  5th  Book,  in  place  of  the  legitimate 
one  which  Eadid  had  given;  andlby  taking  out  of  this  Book, 
befides  other  things,  the  good  Definition  which  Eudoxus  or 
Euclid  had  given  cf  Compound  Ratio,  and  givmg  an  abfurd 
one  in  place  of  it  in  the    5th  Definition  of  the  6th  Book, 
which   neither    Euclid,   Archimedes,    AppoUonius,   nor   any 
Geometer  before   Theon's  time,   ever  made  ufe  of,   and  of 
which  there  is  not  to  be  found  the  leaft  appearance  in  any  of 
their  Writings  |   and,  aa  this  Definition  did  much  embarafs 
begiiftiers,  and  it  quite  ufelefe,  it  is  now  thrown  out  of  the 
Etemcnts,  and  another,  which,   without  doubt,   Euclid  had 
given,  is  put  in  its  proper  place  aonong  the  Definitions  of  the 


•  rHEFACE. 

?ll  '?w'>C  >«  wKvli  the  DoArine  of  Conponod  lUtitw  it  ren- 
^••.-t.  ;^.  ni;^  »tV.  BcGdOi  among  the  Definitioni  of  the 
\;.-t  iij\-<.  t>;'T  II  ^11,  «liich  ii  (Ik  loth.  yiz.  '*  £i]uai 
*>  fnt  If  -t*  o-'ttvl  Fi)turei  irc  thofe  which  ate  contsincd  bj 
">'  i.t-xj.-  X't'K*  <fi  (hr  f*R>c  Number  and  Magnitude.*  Now, 
^>.k  V'-^-n.'v-tt  U  a  Theoteitit  not  a  Dcfiaition  i  becauletbc 
f^.  -.-^  .<£  f^«rT«  of  any  kind  nufl  be  demonftmed,  and 
»c«  >.iii.tK^  i  wl.  therefore,  tbtMf  h  this  were  »  nac  Pnipo- 
<v%-<t>  ;c  j«$^{  m  hare  bees  deaMaftratcd.  B«,  indeed,  ttii 
r»vi>v-u  vok  v^Kk  nuket  the  loth  Dcfiaitk*  of  the  nth 
}vv<  «  -'v'<  "M  Wniic<(~a>l)r,  eacei*  is  the  caCc  la  which  each 
A  .ds  U'.ti  M'^wait'  ike  Figure*  ia  cOBtaiacd  bj  no  aore  than 
(Atv'V  .S-fco*  Ao^Wi  tor,  in  tthet  CaWa,  tw*  iatid  rigmics  mtj 
^  vvt^.oo*  l>«  baiiUi  FUnrt  of  the  time  NmvhCT  and  Mag- 
».t-,u-«v  -utNt  m  be  HiK^uJ  t»  goe  anctha;  aa  ihaU.  be  mitle 
9*  ..cue  M  »<  Korta  lueioned.  »  tk«  Elemcaa.  la  hki 
^u^.Mv.--.  ^.1  toe  Dei»»iit«ico  •<  tbe  sen  Ptcp.  «  :he  iitii 
>iviU  t  *  c*iw«  iwe  i^iatwi,  t«  totiae  wiiu  Aaigfe%  are  e- 
^*  V  *<•«  4»fv!wt  "k-vk  •<  <Mat4ia<*  bi  aiam  Aagie*  of 
i.>,i  a.»e   N>r«.AT  a«U   >4j«i>m-4«.  pi*.Tni  jr  ^i*  laou:  Ori!a ; 

,.V    «»■«»   ■*'J''-»  ^■*  C^'«a.a«w    »•   aw   mure  aua   a.-^  puia 

Vc-^-'s  *«  -^^  »»•«•  aM«<«  ■*  *=  •*'"=  ac^'f?  ^-^-s 
:Pv,..«  Jcvac      >*■•'■-  •■■■«■»  =*=    ^^   LcittQ^  Ji  a^  i:t>:ii 

■,\i>    *i^     I^'"'    liv^'^::n^^    jt'tL'     JfW*  ^^    J^^  -   -^  5  X.    I-.i 


•^:v»    ^,i'»»    . 


.Kr   .i^a  ii-v*-   «■" 

,,s.    ,l>iJ    ?il>.     iW     :**■    V^lA 


P     A     E      F      A      C     E.  Tii 

Madieiiiatical  Learning,  to  remove  Aich  Blemifhes,  and  re- 
flore  the  principal  Books  of  the  Elements  to  their  original  Ac- 
caraqr,  as  far  as  I  was  able }  efpccially  fince  thefc  Elements 
are  the  Foundation  of  a  Science  by  which  the  Inveftigation  and 
Difcofery  of  ufeful  Truths,  at  lead  in  Mathematical  Learn- 
ing,  is  promoted  as  far  as  the  limited  Powers  of  the  Mind  aU 
low ;  and  which  likewife  is  of  the  greateft  17 fe  in  the  Arts 
both  of  Peace  and  War,  to  many  of  which  Geometry  is  abfo- 
Icitely  neccffary.  This  I  have  endeavoured  to  do,'  by  taking  a« 
way  the  inaccurate  and  falfe  Reafonings  which  unflciliul  £di« 
tors  have  put  into  the  place  of  fome  of  trie  genuine  Demonftra- 
tions  of  Eoclidj  who  has  ever  been  juftly  celebrated  as  the  mod 
accurate  of  Geometers,  and  by  reftoring  to  him  thofe  Things 
which  Theon  or  others  have  iupprefled,  and  which  haVe  thefe 
many  ages  been  buried  in  Oblivion. 

In  this  Sixth  Edition,  Ptolemy's  PropoGtion  concerning  a  Pro* 
perty  of  quadrilateral  Figures  in  a  Circle  is  added  at  the  End  of 
the  fixth  Book.  Alfo  the  Note  on  the  agth  Prop.  Book  ift,  is 
altered,  and  made  more  explicit,  and  a  more  general  Demon* 
ftranon  is  given,  inftead  of  that  which  was  in  the  Note  on  the 
loth  Definition  of  Book  i  ith  j  befides,  the  Tranflation  is  much 
amended  by  the  friendly  Afliftance  of  a  learned  Gentleman. 

To  whicn  are  alfo  added,  the  elements'of  Plane  and  Spherical 
Trigonometty,  which  are  commonly  taught  after  the  Elements 
«f  Euclid. 
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E      U       C      L       1       D. 


B    O    O    E     L 


DEtlNItlONS* 

I- 

AJPotnt  is  diat  which  hatb  fto  partSy  or  which  hath  no  niag^  See  Hmh 
oitude. 

tL 

A  line  is  length  without  brtadtb. 

IIL 
The  extremities  of  a  line  are  pointii 

IV. 
A  ftrai((ht  lide  is  that  which  lies  evenly  between  its  extf eme 
points. 

^* 
A  fopcrfides  is  that  which  hath  only  length  and  breadth. 

VI. 
The  extremities  of  a  fiiperficies  are  lines. 

VM. 
A  plane  faperfidcs  is  that  in  which  any  two  points  bring  takenisee  K. 
tnc  ftraight  line  between  them  lies  wholly  in  that  fuperficies. 

VllL 
**  A  ^lie  angle  is  th^  inclination  of^  two  lines  to  one  another  See  N. 
<'  in  a  plancj  which  meet  together,  but  are  not  in  the  iame 
«  diredion.'^ 

IX. 

A  plane  redilineal  ahgle  is*  the  inclination  of  two  ftraight  lines 
to  one  another,  which  meet  together,  but  are  not  in  the 
fiune  ftraight  line. 

N.B, 


t* 


tttE    Eti&M£KTS 


I. 


*  N.  B,  When  feveral  angles  ate  at  one  point  fi,  any  ohd 

*  •£  them  is  es>refled  bj  tfiree  letterl|  of  which  Che  letter  that 
*'  h  ut  the  vertex  of  Jthe  wgle,  thal^Tff,  at  the  point  in  which 
'  the  ftraight  lines  that  contain  the  angle  meet  one  another,  is 

*  put  between  the  other  two  letters,  and  one  of  thefe  two  ii  ' 

*  fomewhere'  upon  one  of  thofe  ftraight  lines,  and  the  other 
'  upon  the  other  line :  Thus  the  angle  which  is  contained  by 

*  the  ftraight  lines  AB^  CB  is  liamed  the  angle  ABC,  or  CBA ; 

*  that  which  is  contained  by  AB,   BB  is  named  the  angle 

<  ABD,  or  DBA  ;  and  that  which  is  contained  by  DB,  CB  is 
'  called  the  angle  D^Cf  or  CBD }  but,  if  there  be  only  one  angle 

*  at  a  point,  it  may  be  exprefied  b]r  a  ^letter  placed  at  that  point; 

<  as  the  Angle  at  £.' 

When  a'  ftraight  Iine'ftanding  on  ano* 
iher  ftraight  line  makes  the  adjacent 
angles  equal  to  one  another,  each  of 
the  angles  is  called  a  right  angle  i 
and  the  ftraight  line  which  .ftands 
on  the  other  is  called  a  perpendicular 


to  It. 


XI. 


An  obtttfe  angle  is  that  which  is  greater  than  a  right  angle* 


lI  • 


An  acute  angle  is  that  which  is  lefs  than  a.  right  attfte*  . ,        ^ 

««  A  ttttiidt  boundary  is  the  extremity  oJF  aiiy  thing.* 

XIV.  •       .     • 

A  figure  is  that  which  is  incldfed  by  one  or  more  boundaries. 

•        XV. 


«     r 


r 


O  F    E  U  C  L  I  D,  „ 

XV.  iobfcs. 

A  circle  is  a  plane  fagare  contained  by  one  line^  nrhich  is  cal- 
led the  circamference^   and  is  fach  that  ^U  ftraight  lines 
.    drawn  from  a  ceiuin  point  within  the  figare  to  the  circum- 
ference^ are  equal  to  one  another : 


XVL 
And  this  potnt  is  called  the  centre  of  the  circle. 

xvn. 

A  diameter  of  a  circle  is  a  ftraight  line  drawn  through  the  sce  n. 
centre^  and  terminated  both  ways  by  the  circumferimce« .  . 

xyui. 

A  fcmicircle  is  the  figure  contained  by  a  diameter  and  tbe  part 
of  the  circumference  cut  off  by  the  diameter. 

XIX. 
*'  A  fegment  of  a  circle  is  the  figure  contained  by  a  ftraight 
**  line,  and  the  circumfei encc  it  cuts  off." 

XX- 
Rcdilineal  figures  are  thofe  which  are  contained  by  ftraight 
lines. 

XXI. 
Trilateral  figures^  or  triangles^  by  three  ftraight  liheS. 

XXH. 
QoadriJateraly  by  four  ftraight  Hnes* 

Maltilateral  figures,  or  polygons,  by  more  than'  four  ftraight 
lines. 

XXIV.         .  # 

Of  three  Gded  figures,  in  equilateral  triangle  is  that  which  has 
three  equal  fides. 

XXV. 

An  ifofceles  triangle,  is  that  which  has  only  two  fides  equal* 

jezvl 


li 
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XJtVL 

A  finlene  trianglei  is  that  which  haa  three  unequal  -fidei • 

,     XXVII. 
A  right  anried  trianglcy  ta  that  which  hU  a  right  angle. 

XXVIU/ 
An  obtufe  angled  triangle^  U  that  which  has  an  obtufe- angle. 


XXIX. 


An  acute  angled  trianglci  is  that  which  baa  three  acute  angla 


Of  four  fided  figures^  a  fquare  is  that  which  has  all  its  fides 
equali  and  aU  its  angles  right  angles. 


r 

• 

• 

• 

XXXL 

An  oblottgi  is  that  which  has  aU  its  angles  right  angles^  hot 

haa  not  all  its  fides  equal. 

XXXIL 
A  rhombus*  is  that  which  has  all  its  fides  equals  but  its  angles 

are.  not  right  angles. 


XXXIII. 
SsD  K.  A  rhomboidi  is  that  which  has  its  oppofite  fides  equal  to  ooe 
another^  but  all  its  fides  are  not  equals  nor  its  aiMIt  rigkc 
an^.  "^ 


OF    EUCLID. 


All  0dier  four  fided  figures  befides  thefc,  are.adled  Trapeammi*. 


Parallel  ftraight  lines,  are  fvch  as  are  in  the  £une  planCt  and 
^k|)t  being  produced  ever  fi>  lar  both  wajs^  do  not  meet. 


,  > 


I  <ii  I 


POSTULATES* 

Ij    .  .  '         .... 

•.       •    ••  .     *       ■       * 

LET    k  be  granted  that  a  ftratght  line  may  be  drawn  liroa 
any  one  point  to  any  other  point. 

'1  h^  a  terminated  ftraiglit  line  may  be  produced  to  any  length 

in  a  ftraight  line. 

IM. 
^od  that  a  circle  may  be  dibfcribed  from  any  centre,  at  sny 

diftance  from  that  centre. 


AXIOMS. 
I. 

THINGS  which  tre  equal  to  the  Ctm*  are  equal  tp  one  aor 
other. 

II. 
If  eqaalt  be  added  to  eqnals*  the  wholes  are  equal. 

UL 
If  eqqaU  be  .ukea  fron  eqval*.  tbe  renaindert  are  eqoaL 

IV. 
If  eqaalt  be  aidded  tP  upeqvali,  the' wholes  afe  unequal. 

y  • 
If  equals  be  uken  from  iineqnals,  the  remainders  are  uneqaaL 

VI.  • 

Things  which  are  double  of  the  fame,  are  eqnal  to  one  another. 

yii. 

Things  which  are  halves  of  the  fiimci  are.pqaal  to  one  anotber. 

VIII. 
Magnitudes  which  coincide  ^ith  one  anptberi  that  is,  whidi 
csaCUy  fill  the  fame  fpace,  are  eqaal  to  one  another. 
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IX. 

is  gcUtetAMn  its  rart« 

7«»  ftiaight'liaci  cnmot  indofe  a  i^pAce* 

All  right  angles  arc  eqaal  to  one  another. 

XU. 

«*  If  a  ftraight  line  meets  tvo  ftraight  lines,  fo  as  to  make  the 
^  two  interior  anries  on  the  fame  fide  of  it  uken  together 
*  lefs  than  two  right  angles,  thefe  ftraight  lines  being  con* 

<  tinnally  prodjieed,  QiaU  at  le9gt|i  mept  upon  that  fide  on 
^  which  are  the  angles  which  are  left  than  two  right  angles. 

<  See  the  notes  qn  Prop,  ag*  of  Book  V* 
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Book  I. 


a.  3.  Pofta- 
Utc. 


kod^PdHf 


i»ROPQSITI.O,N  L  :P,R-a&LEM.   .. 

r)  defcribib  an  equilatoiQl  triangle  upon  a  ghtA  fi<* 
nitc  ftraigkHwi;  .     ^  .    <i         . 

Lrt  AB  be  the  givpu  .ftraiglit  liw, ;  ix  ji  required  to  <iefcribc 
an  equilateral  cfianglc'iijMjn^U. 

From  the  centre  A,-  at  the  di- 
fiance  AB»  deficribe  *  the  cirde 
BCD, 'and  fron|  the  centre  B,  at 
the  diftance  BA»  defcrihe.  che 
circle  ACE ;  and  from  th^  point 
C,  in  which  the  cirdcy  cut  one 
another,  dfaw  the  ftraight  lines  ^ 
CA,  CB  to  the  points  A,  B ;  ABC 
(hall  be  an  equilateral  triangle.  _  _ 

Bccaitfe  the  point  A  is  the  centre  of  the  circle  BCL>,  AC  i« 
equal' to  AB;  and  bccaufe  the  peine  B  is  the  centre  of  tbcc'^f^De* 
circle  ACE,  BC  is  equal  to  B  A  ^  But  it  has  been  proved  that  CA  ^*'^"- 
is  equal  to  ABs  therefore  C A,  CB  are.  each 'of  them  equal  tfo 
AB  ;  but  things  which  are  equal  to  the' fame  are  equal  to  6ne 
another  <>s  therefore  CA  is  equal  to  CBj  wherefore 'CA,  AB,d.  iftAsl- 
BC  are  equal  to  one  another ;  and  the  triangle  ABC'is  thcrcT*^- 
fore  equilateral,  and  it  i^  defiiribed  upon  the  given  ftraight  lit^e 
AB.    Which  was  required  to  be  (lone,  ' 

PROP.   IL    PR  OB. 

FROM  a  given  poiDt  to  dr^w  a  ftraight  line  equal  to 
a  given  ftraight  line. 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  Ii,ne;  it  is 
required  to  draW  from  the  point  A  a  ftraight  line  equal  to  BC. 

From  the  point  A  to  B  draw  • 
the  ftraight  line  AB  ;  and  upon  it 
iicfcfibet»  the  equilateral  ftriangle 
DAB^  and  produce  f  the  ftraight 
lines  DA,  DB,  to  E  apd  F  j  from 
rbc  centre  B,  at  the  djftance  BC, 
defcrihe*  the  circle  CGH,  and 
from  the  centre  D,'  at  the  diftance 
DG,  dcfcribe  the  circle  CKL.  AL 
iball  be  equal  to  3C» 


a.  I.  Pod. 


b. 


c. 


I.  r.  • 


d.  3.  Poft. 


Becaufe 


F 
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•?*  ^      Bectnfe  die  point  B  is  the  centre  of  tbe  circle  GGH,  BC  is 

V<rw  equal'  tp  B6;  and  bepade  D  it  the  centre  of  the  ciide  GKL* 

«.  MS.  D€f.  jjL  is  equal  to  DG,  and  DA,  DB,  partf  of  then,  are  equal ; 

^  J*  As.  tbcrefcve  the  remainder  AL  is  equal  to  the  remainder  ^oQ  : 

But  it  has  been  fiiewn,  diat  BC  is  equal  to  BG  {  wherefore  AL 

and  BC  are  each  of  them  equal  to  BG ;  and  things  that  are 

equal  to  the  fame  are  equal  to  one  another ;  thereftve  the 

ftnigh't  line  AL  is  equal  to  BC.    Wherefore  from  the  givea 

-  mt  A  a  ftraight  line  AL  has  been  dravn  eqnal  to  the  nyen 

ightlincBC.    Which  wks  to  he  done. 

FRop.  m,  pa  OB. 

ROM  the  ifrcatcr  of  two  given  flrilight  lines  to  cut 
off  a  pirt  equal  to  the  lefs. 

Let  AB  and  C  be  the  t^o  gi» 

▼en  (Iraight  linesi  whereof  AB  is 

the  greater.    It  is  required  to  cut 

off  ff om  AB,  the  greater,  a  paft 

eqoal  to  C  the  lefs. 
a.  a.  s.       iProm  tbe  point  A  draw  *  the 
"^  ftraight  lipe  ^D   equal   to  C  | 

jind  from  the  centre  A,  and  at 
ft.  3.  Poll,  the  diftance  AD,   defcribe^the 

circle  DEF;   and  becaiife  A  i< 

the  centre  of  the  pirde  PEF^  AE  ^all  be  equ^l  to  AD ;  but  the 

iKraigKt  line  C  is  likewife  equal  to  AD'}  whence  A£ and  C  are 

each  of  them  equal  to  AD;  wherefore  the  ftraight  line  AEfs 
c.  X.  As.   equal  to «  C,  and  from  AB^  the  greater  of  twp  ftraight  lines, 

a  part  AE  has  been  cut  off  equal  to  C  the  Ipfy    Which  was  (o 

be  done. 

PROP.  IV.    TPEOREW. 

IF  two  triangles  have  two  fides  of  th«  pne  equal  to  two 
fides  of  the  other,  each  to  each  ;  s|n4  have  likewife 
the  angles  contained  by  tbofc  fide<  equal  to  one  another ; 
they  {hall  likewife  have  their  bs^fest  ox  third  Jules ^  equal ; 
and  tbe  two  triangles  fliall  be  equal  j  and  their  other 
Angles  fliall  be  equal,  each  to  cach»  viz.  thofe  to  \)r'hich 
the  equal  fides  are  oppofitc. 

liCt  ABCt  DEF  be  two  triangles  which  have  the  two  fides 
AB,  AC  equal  to  the  two  fides  DE«  OF*  each  to  each.  via. 

AB 
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AB  to  DE,  and  AC  to  DF ;     ^  Y\  Books, 

and  cbc   angle  BAC  equal 


to  the  angle  EDF,  the  bafe 
BC  (hall  be  equal  to  the 
bafe  £F  ;  and  the  ti  tangle 
ABC  CO  the  triangle  D£F  ; 
and  the  other  angles,  .  to 
which  the  equal  fides  are 
oppoficc,  (hall  be  equal  each 
to  each,  tiz.  the  angle  ABCQ 
to  the  angle  1)£F,  and  the 
angle  ACB  to  DFE.  - 

For,  if  the  triangle  ABC  be  applied  to  DEF,  fo  that  the  point 
A  may  be  on  D,  and  the  ftrsiight  line  AB  upon  D£;  the  point 
B  ihall  coincide  with  the  point  £,  becaufe  AB  is  equal  to  D£ ; 
and  AB  coinciding  with  I)£,  AC  (hall  coincide  vrith  DF,  be* 
caufe  the  angle  BAC  is  equal  to  the  angle  EDF  ;  wherefore 
alfo  the  point  C  (hall  coincide  with  the  point  F,  becaufe  the 
ftraigbt  line  AC  is  equal  to  DF :  But  the  point  B  coincides  with 
the  point  £;  wherefore  the  bafe  BC  fhal)  coincide  with  the  bafe 
£F,  becaufe  the  point  B  coinciding  with  £,   and  C  with  Ft   if 
the  bafe  BC  does  not  coincide  with  the  bafe  £F,  two  ftraigbt  • 
lines  wDuld  indofe  a  fpace,  which  is  inr.pofiible  ^.    Therefore  a  xo.  Ax« 
the  bafe  BC  (hall  coincide  with  the  bafe  EF*   and  be  equal 
to  it.     Wherefore  the  whole  triangle  ABC  (hall  coincide  with 
the  whole  triangle  D^F,  and  be  equal  to  it  ;  and  the  other 
angles  of  the  one  ihall  coincide  with  the  remaining  angles  of 
the  other,  and  be  equal  to  them,  viz-  the  angle  ABC  to  the 
angle  DEF,  and  the  angle  ACB  to  DFE.  Therefore,  if  two  tri- 
angles  have  two  fides  of  the  one  equal  to  two  fides  of  the  other, 
each  to  each,  and  have  likewife  the  angles  contained  bj  thofe 
fides  equal  to  one  another,  their  bafes  (hall  likewife  be  equal, 
snd  the  triangles  be  equal*  and  their  other  angles  to  which  tjie 
equal  6des  are  oppofite  (hall  be  equal,  each  to  each.     Which 
^vas  to  be  demonnrated. 

P  R  O  P.    V.      T  H  E  O  R. 

THE  angles  at  the  bafe  of  an  Ifofcelcs  triangle  arc 
equal  to  one  another  ;  and^  if  the  equal  fides  be 
^pioduced,  the  angles  upon  the  other  fide  of  the  bafe 
Ihall  be  equal. 

Let  ABC  be  an  Ifofcelcs  triangle^  of        h  the  Gde  AB  is  e- 

B  qual 


1f^ 
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B6^  !•   qual  to  AC,  and  let  the  ftraight  lines  AB,  AC  be  prodaced  to 
^^y^  D  and  £,  the  angle  ABC  (hall  be  equal  to  the  angle  ACB,  and 
the  angle  CBD  to  the  angle  fiCE. 

In  BD  take  any  point  F,  and  from  AE,  the  greater,  cut  off 
■  3-  «•       AG  equal •  to  AF,  the  Icfs,  and  join  FC,  GB.      . 

Becaufe  AFis  equal  to  AG,  and  AB  to  AC,  the  two  fides 
FA,  AC  are  equal  to  the  two  GA^  AB,  each  to  each  ^  and 
•    they  contain  the  angle  FAG  com* 
mon  to   the    two  triangles    AFC, 
AGB  ;  therefore  the  bafe  FC  is  c- 
b  4.  !•       qual  *  to  the  bafe  GB,  and  the  tri- 
angle    AFC  to  the  triangle  AGB  j 
and  the  remaining  angles  of  the  one 
are  equal  b  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which 
the  equal   fides  •  are  oppofite  ;  viz. 
the  angle  ACP  to  the  angle  ABG, 
and  the   angle  AFC   to  the   angle 
AGB :  And^becaufe  the  whole  AF  is 
equal  to  the  whole  AG,  of  which  the  J}^ 
parts   A3,  AC,  arc  equal ;  the  re- 
c  3-  Axr     maindcr  BF  (hall  be  equal  *^  to  the  remainder  CG  }  and  FC  was 
proved  to  be  equal  to  GB ;  therefore  the  two  fides  BF,  FC  arc 
equal  to  the  two  CG,  GB,  each  to  each;  apd  the  angle  BFC  is 
^qual  to  the  angJc  CGB,  and  the  bafe  BC  is  common  to  the  two 
triangles  BFC,   CGB;  wherefore  the  triangles  arc  equal  S 
and  their  remaining  angles,  each  to  each,  to  which  the  equal 
fides  are  oppofire ;  therefore  the  angle  FBC  is  equal  to  theangic 
GCB,  and  the  angle  BCF  to  the  angle  CBG :  And,  fincc  it  has 
been  demonftrated,  that  the  whole  angle  ABG  is  equal  to  the 
whole  ACF,  the  parts  of  which,  the  angles  CBG,  BCF  are  alfo 
equal  5  the  remaining  angle  ABC  is  therefore  ^qual  to  the  re- 
maining angle  ACB,  which  are  the  angles  at  the  bafe  of  the 
triangle  ABC  :  And  it  has  alfo  been  proved  that  the  angle  FBC 
is  equal  to  the  angle  GCB,  which  are  the  angles  upon  the  o- 
the^  fide  of  the  bafe     Therefore  the  angles  at  the  bafe,  &:c. 
Q,E.  D. 

CoROLLARtY,  Hcncc  cvcry  equilateral  triangle  is  alfo  equi- 
angular* 

P  R  O  P.    VI-      T  H  E  O  R. 

TF  two  angles  of  a  triangle  be  equal  to  one  another, 

Jl  the  fides  alfo  which  fubtcnd,  or  are  offoftte  to^    the 

equal  angles,  fliall  be  equal  to  one  another. 

Let 


I 


OF    EUCLID. 


»9 


a  3.  «. 


b  4.  (. 


Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the  Book  i. 
angle  ACB  ;  the  fide  AB  is  aifo  equal  to  the  fide  AC* 

For,  if  AB  be  not  equal  to  AC,  one  ^f  th^nn  is  greater  than 
the  other :  Let  AB  be  the  greater,  and  from  it  cut  *  oflF  DB^e* 
qoal  to  AC,  the  lefs,  and  join  DC;  there- 
fore,  becaufe  in  the  triangles DBC,  ACB, 
DB  is  equal  to  AC,'and  BC  common  to 
both,  the  two  fides  DB,  BC  are  equal  to 
the  two  AC,  CB|  each  to  each  ;  and  the 
angle  DBC  is  equal  to  the  angle  ACB  ; 
therefore  the  bafe  DC  is  equal  to  the 
bafe  AB,  and  the  triangle  DBC  is  equal 
to  the  triangle^  ACB,  the  lefa  to  the 
greater  ;   which   is  abfurd.     Therefore  3 
AB  is  not  unequal  to  AC,  that  is,  it  is 
equal  to  it.    Wherefore,  if  two  angles,  ^c.  Q^  £.  D. 

Cor.  Hence  every  equiangular  triangle  is  alfo  equilateral. 

PROP.    VIL      T  H  E  O  R. 

UPON  the  fame  bafe,  and  on  the  fame  fide  of  it,  Scc  n. 
there  cannot  be  two  triangles  that  have  their  fides 
which  are  terminated  in  one  ci^tremity  of  the  bafe  equal 
to  one  another,  and  likcwife  thofe  which  are  ternxinated 
in  the  other  extremity. 

If  it  be  po(IibIe«  let  there  be  two  triangles  ACB,  ADB,  up- 
on the  fame  bafe  AB,  and  upon  the  fame  fide  of  it,  which  have 
their  fides  CA,  DA,  terminated  in  the  extremity  A  of  the 
bafe,  equal  to  one  another)  and  like-  /  ^  t^ 

wife  their  fides  CB,  DB^hat  are  tcr-  ^^^ 

minated  in  B. 

Join  CD  ;  then,  in  the  cafe  in 
which  the  vertex  of  each  of  the  tri- 
angles is  without  the  other  triangle* 
becaufe  AC  is  equal  to  AD, the  angle 
ACD  is  equal  *  to  the  angle  ADC  : 
But  the  angle  ACD  is  greater  than 

the  angle  BCD ;  therefore  the  angle    A  ^  B 

ADC  is   greater  alfo    than    BCD ; 

much  more  then  is  the^ngle  BDC  greater  than  the  angle  BC^ 
Again,  becaufe  CB  is  equal  to  DB,  the  angle  BDC  is  equal  ^^ 
the  angle  BCD;  but  it  has  been  4cmonftrated>Co  be  g* 
than  it  ;  which  is  impoifible* 

B2 


•  5.  I. 
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B  ok  f.   >     But,  if  one  of  the  Tcrtices,  as  D,  be  within  the  other  tri? 

V^^'VO  angle  ACB  ;  produce  AC,  AD  to  E,  F;  .  i? 

therefore,  becaufe  AC  is  equal  to  AD  /  *    .F 

in  the  triangle  ACD,  the  angles  £CD, 
FDC  upon  the  other  fide   of  the  bafe 

a  5.  I.       CD  are  equal*  to  one  another,  but  the  /  ^S.  \ 

angle  ECD  is  greater  than  the  angle  / /l/\\. 
BCD  ;  wherefore  the  angle  FDC  Ts  like- 
wife  greater  than  BCD ;  much  more 
then  is  the  angle  BDC  greater  than  the 
angle  BCD.  Again,  becaufe  CB  is  equal  ^ 
to  DB,  the  angle  BDC  is  equal »  to  the 
angle  BCD ;  but  BDC  has  been  proved,  to  be  greater  than  the 
fame  BCD;  which  is  impoQible.  The  cafe  in  which  the  ver- 
tex of  one  triangle  is  upon  a  fide  of  the  other,  needs  no  de- 
mon flration. 

Therefore  upon  the  fame  bafe,  and  on  the  fame  fide  of  it, 
there  cannot  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bafe  equal  tq  one  another, 
and  likewifethofe  which  are  terminated  in  the  other  extremity. 
Q^E.  D, 

PROP.    VIII       T  H  E  O  R. 

> 

TF  two  triangles  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  each   to  each,  and  have  likcwifc 
tbeir  bafes  equal  ;  the  angle  which  is  contained  by  the 
,  two  fides  of  the  one  (hall   be   equal  to  the   angle  con- 
tained by  the  two  fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB, 
AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB  to 
DE,    and   AC  to  A  n   f; 

DF  i  and  alfo  the  ^  ^   "^ 

bafe  BC  equal  to 
:  the  bafe  EF.  The 
angle  BAC  is  e* 
qua!  to  the  angle 
EDF. 

For,  if  the  tri- 
angle ABC  be  ap- 
plied to  DEF,  fo 
that  the  point  B  be  on  E,'  and  the  ftraight  line  BC  upon  EF; 

th^  point  C    ihall  alfo  coincide  with  the  point  F,    Becaufe 

i   .   .  '■''-.  BC 
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BC  Is  cqaal  to  EF ;  therefore  BC  coinciding  with  EF,  B  A  and    Bo^*^  ^• 
AC  fliall  coincide  with  ED  and  DI? ;  for,  if  the  bafe  BC  coin-  V^'VNJ 
cidfs  with  the  bafe  EF,  but  the  fides  BA,  CA  do  not  coin- 
cide with  the  (ides  ED,  FD,  but  have  a  different  Gtuation,   as 
£G,  FG ;  then,  upon  the  fame  bafe  EF,  and  Upon  the  fame 
fide  of  it,    there  can    be  two  triangles  that  have  their  fides 
«hicb  are  termrnated  in  one  extremity^  of  the  bafe  equal  to  one 
^notfaeff  and  likewife  their  fides  terminated  in  the  other  extre- 
nUty  :     But  this  is  impoflible  *;  therefore,  if  the  bafe  BC  coin*  ' 
ciJes  with  the  bafe  EF,  the  fides  B  A,  AC  cannot  but  coincide 
with  the  fides  ED,  DF  i  -wherefore  likewife  the  angle  BAC 
coincides  with  the  angle  EDE,  and  is  equal  *»  to  It.    There-  **•  ®*  •^** 
iure  if  two  trianglesi  &c.     Q^  £•  D; 


7.  I. 


I. 


b  I.  I. 


P  R  O  P.    IX.      P  R  O  B. 

TO  bifeft  a  given  rcftilincal  angle,  that  is,  to  divide 
it  into  two  equal  angles. 

Let  BAC  be  the  given  re£^  lineal  angle,  it  is  required  to  bi- 
fc^a  it. 

Take  any  point  D  in  AB,  and  from  AC  cut »  off  AE  e- •  3. 
qual  to  AU  ;  join  DE,  and  upon  it  de- 
fcribe  ^  an  equilateral  triangle  DEF  ; 
then  joih  AF  ;  the  ftraight  line   AF 
biiccls  the  angle  Bx\C. 

Beciufc  At)  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
DAF,  EAF;  the  two  fides  DA,  AF, 
are  equal  co^the  two  fides  £A,  AF, 
each  to  each  ;  and  the  bafe  DF  is  c-  J] 
qual  to  the  bafe  £F  ;  therefore  the 
angle  DAF  is  equal  ^   to    the  angle 

EAF ;  wherefore  the  given  rectilineal  angle  BAC  is  bifedted 
by  the  ftraight  line  AF.     Which  was  to  be  done. 


c  8.  z. 


P  R  O  P.    X.      P  R  O  B. 

TO  bifcSt  a  given  finite  ftraight  line,  that  Is,  to  divide 
It  into  two  equal  parts. 

Let  AB  be  the  given  ftraight  liie;  it  is  required  to  divide  it 
into  two  equal  parts. 

Defcribe*  upon  it  an  equilateral  triangle  ABC,  and  bifed  *  '• 
^  the  angle  ACB  by  the  ftraight  line  CD.  AB  \$  cat  into  two  b  9. 
equal  oarts  in  the  point  D. 

.  B  3  Becaufe 
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Becaufe  AC  is  tqual  to  CB,  and  CD 
common  to  the  two  triangles  ACD, 
BCD ;  the  two  fides  AC,  CD  are  e- 
qual  to  BCf  CD,  each  to  each  ;  and  the 
angle  ACD  is  equal  to  the  angle  BCD } 
therefore  the  bafe  AD  is  eaual  to  the 
bafe  c  DB,  and  the  ftraight  line  AB  is 
diTided  into  two  equal  parts  in  the 
point  D.    Which  was  to  be  done. 


P  R  O  P.    XI.      P  R  O  B. 


SeeK. 


T 


Let  AB  be  a  given  ftraight  line,  and  C  a  point  given. in  it; 

it  is  required  to  draW  a  ftraight  line  from  the  point  C  at  right 

angles  to  AB.  , 

a  3.  X.  .        Take  any  point  D  in  AC,  ahd  ■  make  C£  equal  to  CD»  and 
b  I.  Jm       vpon  D£  defcribe  ^  the  equila- 
teral   triangle   DF£|   and  join 

FC  ;  the  ftraight  lln6  FC  drawn 

from  the  given  point  C  is  at 

right  angles  to  the  given  ftraight 

line  AB. 

Becaufe  DC  is  equal  to  CE, 

and  FC    common  to   the  two  

triangles  DCF,  ECF  ;  the  two  /^ 

fides  DC,  CP,  are  equal  to  the 

two  EC,  CF,  each  toleach  ;  and  the  bafe  Dl^  is  equal  to  the 

e  ft.       bafe  £F ;  therefore  the  angle  DCF  is  equal «  to  the  angle  ECF ; 

and  they  are  adjacent  angles.     But,  when  th«  adjacent  atigles 

which  one  ftraight  line  makes  with  another  ftraight  line  are 

4  xo.  Def.  equal  to  one  another,  each  of  them'  is  called  a  right  ^  angle  *, 

<•  therefore  each  of  the  angles   DCF,  ECF,   is  a  right   angle. 

Wherefore,  from  the  given  point  C,  in  the  given  ftraight  line 

AB,  FC  has  been  drawn  at  right  angles  to  AB.    Which  was 

to  be  done. 

Cor.  By  help  of  this  problem,  it  may  be  ^cmonftrated,  that 
two  ftraight  lines  cannot  have  a  common  fegment. 

If  it  be  poffible,  let  the  two  ftraight  lines  ABC,  ABD  hare 
the  fegment  AB  common  to  both  of  them.  From  the  point  B 
draw  BE  at  right  angles  to  AB ;  and  becaufe  ABC  is  a  ftraight 

Imc, 
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line,  ttie  angle  CBE  is  equal  • 
to  the  angle  £B4  ;  in  th-;  fame 
manna,  becaufe  ABD  is  a 
ilraight  line,  the  angle  DBE  is 
eqaal  to  the  angle  £B  A  ;  where- 
fore the  angle  DBE  is  equal  to 
the  angle  CBE,  the  lefs  to  the 
greater ;  which  is  impoffible  ;  .^_....^_^ 
therefore  two  ftraight  lines  can-  ^f 
not  have  a  common  fegment. 

p  R  o  P.   xn.     P  R  O  B. 

TO   draw  a  ftraight  line  perpetidicular  to  a  given 
ftraight  fine  of  an  unlimited  length,,  from  a  given 
point  without  it. 

Let  AB  be  the  given  ftraight  line,  which  may  be  produced 
to  any  length  both  ways,  and  let  C  be  a  point  without  it*    Ic 
is  required  to  draw  a  ftraight 
line  perpendicular  to  AB  from 
the  point  C« 

Take  any  point  D  upon  the 
other  fide  of  AB,  and  from 
the  centre  C,  at  the  dtftance 
CD,  defcribei>  the  circle  £GF 
meeting  AB  in  F,  Q  ;  and  hi* 
fea  c  FG  in  H,  and  join  CF, 
CH,  CO  •,  the  ftraight  line  CH,  drawn  from  the  given  point  C, 
is  perpendicular  to  the  given  ftraight  line  AB. 

Becaufe  FH  is  equal  to  HG,  and  HC  common  to  the  two 
triangles  FHC>  GUC,  the  two  fides  FH,  HC  are  equal  to  the 
two  GH,  UC,  each  to  each  ;  and  the  bafe  CP  is  equal  ^  to  the  d  ir-  Def. 
bafe  CG  ;  therefore  the  angle  CHF  is  equal « to  the^pglc  CHG  ;     '• 
and  they  are  adjacent  angles ;  but  when  a  ftraight  line  ftanding  ^  ^*  '* 
on  a  ftraight  line  makes  the  adjacent  angles  equal  to  one  ano- 
ther, each  of  them  is  a  right  angle,  and  the  ftraight  line  which 
fiands  upon  the  other  is  called  a  perpendicular  to  it ;  therefore 
Irom  the  given  point  C  a  perpendicular  CH  has  been  drawn  to 
the  given  ftraight  line  AB.     Which  was  to  be  done* 

PROP.    XIIL      T  H  E  O  R. 

THE  angles  vhich  one  ftraight  line  makes  with  an-* 
other  upon  the  one  fide  of  it,  are  cither  two  right 
angles^  or  arc  together  equal  to  two  right  angles. 

B4  Let 
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I<ct  the  ftraiKht  line  AB  make  with  CD,  upon  one  lide  of 
it,  the  angles  CBA,  ABD  ;  thefe  are  either  two  right  angles, 
or  are  together  equal  to  two  right  angles 

For,  if  the  angle  CBA  be  cqUal  to  ABD,  each  of  them  is  a 

A 


n 


h 


D 


B 


d 


s  def.  xo.    rJght  a  angle ;  bat,  if  not,  from  the  point  B  draw  BE  at  right 

b  11,  I.  angles  ^  to  CD  ;  therefore  the  angles  CB£,  £BD  are  two  right 
angles  a;  and  becaufe  CB£  is  equal  to  the  two  angles  CBA,  ABE 
together,  add  the  angle  E^D  to  'rach  of  thefe  equals  \  there- 

e  a.  Az.  fore  the  angles  CBE,  £fiD  are  equal  c  to  the  three  angles  CBA, 
ABE,  £BD.  Again,  becaufe  the  angle  DBA  is  equal  to  tbef 
two  angles  DB£,  iiBA,  add  to  thefe  equals  the  angle  ABC  ; 
therefore  the  angles  DBA,  ABC  are  equal  to  the  three  angles 
DB£,  £BA,  ABC  ;  but  the  angles  CBE,  £BD  have  been  de- 
monftrated  to  be  equal  to  the  fame  three  angles ;  and  things 

d  I.  Ax.  that  are  equal  to  the  fame  are  equal  ^  to  one  aifother;  therefore 
the  angles  CBE,  LBD  are  equal  to  the  angles  DBA,  ABC  ;  but 
CBE,  £BD  are  two  right  singles;  therefore  DBA,  ABC  are 
together  equal  to  twp  right  angles.  Wheiefore,  when  a  ibraigfat 
line,  &c*  Q^  £.  D. 

PROP.    XIV.      T  H  E  O  R- 

IF,  at  a  point  inra  ftraight  line,  two  other  ftraight  lines, 
upon  the  oppofite  fides  of  it,  make  the  adjacent  angles 
together  equal  to  two  right  angles,  thefe  two  ftraight 
fines  fhall  be  in  one  and  the  fame  ftraight  llne« 

At  the  point  B  in  the  ftraight  ^ 

line  AB,  let  the  two  ftraight  lines  A 

BC,  BD  upon  the  oppofite  frdes 
of  AB,  make  the  adjacent  angles 
ABC,  ABD  equal  together  to 
two  right  angles.  BD  is  in  the 
fame  Itraight  line  with  CB.  /  £ 

For,  if  BD  be  not  in  the  fame 
ftraight  Ime  with  CB,  let  BE  be  Q    . ; 


m 


o  If  E  u  C  L I  5.  if 

• 

in  ttie  fame  ftraight  line  with  it ;  therefore,  becauft  the  ftraight    Book  L 
line  AB  makes  angles  with  the  ftraight  line  CBE,  upon  one  V>^y^^ 
fide  of  it,  the  angles  ABC,  ABE  are  together  equal » to  .two*  »3*  »• 
right  angles  i  but  the  angles  ABC»  ABD  are  likewife  together 
equal  to  two  right  aneles;  therefore  the  angles  CBAt  ABE  ara 
equal  to  the  angles  CBA,  ABD:  Take  away  the  common  angle 
ABC,  the  remaining  angle  ABE  is  equal  ^  to  the  remaining  b  3.  Ax* 
angle  ABD,  the  lefs  to  the  greater,  which  is  impoflible ;  there* 
fore  BE  Is  not  in  the  fame  ftraight  line  with  BC.    And,  in  like 
manner,  it  maj  be  demonftrated,  that  no  other  can  be  in  the 
fame  ftraight  line  with  it  but  BD,  which  therefore  is  in  the  fame 
ftraight  line  with  CB«    Wherefore,  if  at  a  point,  &c.  Q.  £•  D. 

PROP.    XV.      T  H  E  O  R. 

« 

1 F  two  ftraight  lines  cut  one  aiiothcr,  the  vertical,  or  op^ 
^  pojtte^  angles  fliall  be  equal. 

Let  the  two  ftraight  lines  AB,  CD  cut  one  another  in  the 
point  £ ;  the  angle  AEC  fliall  be  equal  to  the  angle  DEB,  and 
CEB  to  ALD. 

Becattfe  the  ftraight  line  AE 
makes  with  CI)  the  angles  C£ A, 
AED,  thefe  angles  are  toge-^^ 
ther  equal « to  two  right  angles.  ^    ^N^  .  a  13-  u 

Again,  becaufe  the  ftraight  line  

D£  makfes  with  AB  the  angles  A 

AED,    DEB,    thefe    alfo    arc^ 

together    equal  >  to    two    right 

angles;  and  CEA,  AED  have 

been  demonftrated  to  be  equal  t6 

two  right  angles  ;  wherefore  the  angles  CEA,  AED  are  equal 

to  the  angles  AED,  DEB.    Take  away  the  common  angle 

AED,  and  the  remaining  angle  CEA  is  equal  ^  to  the  remain-  b  3.  Ax. 

ing  angle  D£B.    In  the  fame  manner  it  can  be  demonftrated 

that  the  angles  CEB,  AED  are  equal.      Therefore,  if  two 

ftraight  lines,  &c.  Q.  £•  D. 

CoE.  I.  From  this  it  is  manifeft,  that,  if  two  ftraight  lines 
cut  one  another,  the  angles  they  make  at  the  point  where  they 
cut,  are  together  equal  to  four  right  angles* 

Cor.  2.  And  confequently  that  all  the  angles  made  by  any 
number  of  lines  meeting  in  one  pointj  are^^ipther  equal  to 
(our  right  angles. 
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PK  O  ^-    XVL      T  H  E  O  R. 

IF  one  fide  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  either  of  the  interior  o|^fite 

angles* 

Let  ABC  be  a  triangle,  and  let  its  (ide  BC  be  produced  to  D, 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior 
oppofite  angles  CBA,  BAC. 

Bifea  m  AC  in  £,  join  BE 
and  produce  it  toF,and  majce 
£F  equal  to  Bh ;  join  alfo 
FC,  and  produce  AC  to  G^ 

Becaufe  AE  is  equal  to 
£C»  and  BE  to  £F;  AE,  EB 
are  equal  to  C£,  EF,  each  to 
each;  and  the  angle  AEB  is  ' 
cqual^to  the  angle  C£F,  be- 
caufe  they  are  oppofite  ver- 
tical angles;  therefore  the 
bafjp  AB  is  equal  <^  to  the  bafe 
CF,  anc  the  triangle  AEB  to' 
the  triangle  CEF,  and  the 
remaining  angles  to  the  remaining  angles,  each  to  each,  to  whicli 
the  equal  fides  are  oppofite;  wherefore  the  angle  BAE  is  equal 
to  the  angle  ECF ;  but  the  angle  £CD  is  greater  than  the  angle 
£CF;  therefore  the  angle  ACD  is  greater  than  BAC  :  In  the 
lame  manner,  if  the  fide  BC  be  bifedied,  it  may  be  demonftrated 
that  the  angle*  BCG,  that  is  d,  the  angle  ACD«  is  greater  than 
the  angle  ABC.     Therefore,  if  one  fide,  &c«  (^E.  D. 

PROP.    XVII.      T  H  E  O  R. 

ANY  two  angles  of  a  triangle  are  together  le&  than 
two  right  angles. 


Let  ABC  be  any  triangle; 
any  two  of  its  angles  together 
are  lefs  than  two  right  angles. 

Produce  BC  to  D ;  and  be^ 
caufe  ACD  is  the  exterior  angle 
of  the  triangle  ABC,  ACD  as 
greater  >  than  the  interior  and 
oppofite  angle  ABC ;  to  each  of 


or  ir  CLi: 

grcMET  Ohb  nc  xb^is  J 

getfaa  cfB^  ^  *•  twi  r:pc  anrn  ^ 

BCAmc  Mi  tkiH  rwr  r^rc  iiT\iris. 

dcnoatnudiitktf  £AC,ACL.hu^  Cti-,.*3Cg-T  i 

two  rick  aaglcs.    T^ockt;  ar»  rmi  at^i=.  t:    ;^  3 

p  »  o  r.  im.    T  H  r  o  t 

THE  grtatrr  6Jc  of  ctrrr  — .znrc  a  irroid 
gitairr  zcgk. 

Let  ABC  he  a  tria;}:,  a 

irhich  tke  fi^  AC  s  pivs- 

tban  tbc  fide  AB;  iae  >Ef>£ 

ABC  is  aiSo  {Toser  ii»x  tii£ 

ancle  BCA. 

Bscatdc  AC  U  greMa-  d:i3 
AB,  nuke  ■  AD  ecu!  is  AB, 
and  jotn  BD ;  sad  boasic  ADB 
is  die  aminr  ogle  «^  ibe  tri- 
angle BDC,  it  it  gicjta  *itaii  —  .— — 
the  interkir  aod   oppoLtc  anzk  DCB  ;  b=t  ADB  is  cq«aictecLj-i. 
ABD,  becaale  dte  Ede   AB  is  eqsal  to  ibc  £de  AD ;  there* 
fore  the  laglc  ABD  is  likcviie  prMxt  tfaas  tbc  ansic  ACB  ; 
vhcrdbre  madi  Bore  ii  tbc   angle  ABC  grcacer  tkaa  ACB. 
Tbcrefore  the  gram  fide,  &c  Q~  E.  D. 

PROP.    XIX.        T  H  E  O  R. 

THE  greater  angle  of  crcry  tiiangle  is  fobtendcd  by 
tbc  greater  fidCf  or  bas  tbt  greater  fide  tpfofite  H  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  it  greater 
than  the  angle  BCA  ;  the  fide  AC  is  Ukcwtfe  greater  than  the 
fide  AB. 

FoTf  if  it  be  not  greater,  AC 
mall  cither  be  cqaal  to  AB,  or 
lets  than  it ;  i :  .  '■.^- 

canfe  then  ihi;a:;t,.L  Abi^  iv.uiJ 
be  ei)iial*[o  the  ang^c  ACBi 
but  it  is  not ;  therefore  ACi 
not  equal  to  AB;  ncidiCT  jj 

ABC 
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BooicT.     ABC  woald  be  lefs  ('than  the  angle  ACB;  but  It  is  ndt;  rhere^ 
y^^^''"'^^^  fore  the  fide  AC  is  not  Icfs  than  AB  ;  and  it  has  been  (hewn 
oi^u      jj^-j  -f  jg  jjQf  equal  to  AB  ;  therefore  AC  is  greater  than  AB. 
Wherefore  the  greater  angle,  &c.  Q^E.  D. 

PROP.    XX.      THE  OR. 

Sec  N.         A  NY  two  fides  of  a  triangle  arc  together  greater  than 
*  JTjL  the  third  fide. 

Let  ABC  be  a  triangle ;  anjr  two  fides  of  it  together  are 
greater  than  the  third  fide,  viz.  the  fides  B A,  AC  greater  than 
the  fide  BC ;  and  AB,  BC  greater  than  AC ;  and  BC,  CA 
greater  than  AB. 

Produce  BA  to  the  point  D, 

*3'»-         and  make*  AD  equal  to  AC;  IJ 

and  join  DC. 

Becaufe  DA  is  equal  to  AC,  A^ 

the  angle  ADC  is  likewife  equal 

b 5-  '•        b  to  ACD  ;  but  the  angle  BCD 

is  greater  than  the  angle  ACD  |  . 

therefore  the  angle  BCD  is  great-    B  C 

er  than  the  angle  ADC;  and  be- 
caufe the  angle  BCD  of  the  triangle  DCB  is  greater  than  its 

c  19  I.  angle  BDC,  and  that  the  greater  ^  fide  is  oppofite  to  the  greater 
angle ;  therefore  the  fide  DB  is  greater  than  the  fide  BC  ;  but 
DB  is  equal  to  BA  and  AC  ;  therefore  the  fides  BA,  AC  are 
greater  than  BC.  In  the  fame  manner  it  may  be  demon llrated, 
that  the  fides  AB,  BC  are  greater  than  CA,  and  BC,  CA 
greater  than  AB.     Therefore  any  two  fides,  &c«  Q^£.  i3. 
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PROP.    XXr.        T  H  E  O  R. 

IF,  from  the  «nds  of  the  fide  of  a  triangle,  there  be 
drawn  two  ftraight  lines  to  a  point  within  the  triangle, 
thcfe  fhall  be  lefs  than  the  other  two  fides  of  the  tri- 
angle,  but  ihali  contain  a  greater  angle,  ^ 

Let  the  two  ftraight  lines  BD,  CD  be  drawn  from  B,  C, 
the  ends  of  the  fide  BC  of  the  triangle  ABC,  to  the  point  D 
within  it;  BD  and  DC  are  lefs  than  the  other  two  fides  £A, 
AC  of  the  triangle,  but  contain  an  angle  BDC  greater  than  the 
ai)gle  BAC. 

^rroduce  BD  to  £  ;  and  becaufe  two  fides  of  a  triangle  are 
^  greater  than  the  third  fide^  the  two  fides  BA|  A£  of  the  tri- 
angle 
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angle  ABE  are  f;reaUr  than  BE.    To  each  of  thefc  iM  EC  ; 

therefore  the  GdesBA,  AC  are 

grcanrrthan  BE, EC:  Again, 

becanfe  the  two  (ides  CL,  £D 

cl  the  uiaDgle  CED  are  great-  - 

cr  [ban  CD,  add  DB  to  each  ' 

of  thefe;    therefore  the  fides 

CE,  £B  are  greater  than  CD, 

DB;  but  it  has  been  {hewn  that 

ItA,  AC  ace  greater  than  BE, 

£C;  much  moic  then  are  BA 

.\C  greater  than  BD,  DC. 

Again,  becaufe  the  exterior  angle  of  a  triangle  is  greater  than 
the  interior  and  opporue  angle,  the  extqrior  angle  BDC  of  the 
triangle  CDE  is  greater  than  CED ;  for  the  fame  realon,  the  ex- 
terior angle  CEBof  the  triangle  ABE  is  greater  than  BACj  and 
i;  n^s  been  demonllraied  that  the  angle  BDC  is  greater  than 
the  angle  CEB;  much  more  then  is  the  angle  BDC  greater  than 
the  angle  BAC.     Therefore,  if  frorn  the  ends  of,  &c  Q^E.  D. 

PROP.    XXII.        PRO  B. 

TO  make  a  triangle  of  which  the  fides  fhall  be  equal  sh  n. 
to  three  given  ftraight  lines  t  but  any  two  whatever 
of  thefc  muft  be  greater  than  the  third'.  »«>.i, 

Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  which  any 
two  whatever  arc  greater  than  the  third,  viz.  A  and  B  greater 
ihan  C 1  A  and  C  greater  than  B ;  and  B  and  C  than  A.  It  is 
nquired  to  make  >  triangle  of  which  the  fides  fhail  be  equal  to 
A,  B,  C,  each  to  each. 

Take  a  Itriight  line  DE  terminated  st  the  point  D,  but  un- 
limited towards  £,  and 
malce*DF  equal  to  A,FG 
to  B,  and  GH  equal  to  C ; 
and  from  the  centre  F,  at 
the  diftancc  FD,  defcribe 
''the  circle  DKL;  andD| 
from  the  centre  G.  at  the 
diilance  GH,  defcribe  b 
another  circle  HLKi  an*' 
join  KF,  KG ;  the  tri- 
angle KFG  ha)  its  fides , 
equal  to  the  three  ftraight 
linei.  A,  B,  C. 

Becanfe  the  point  F  Is  the  ci 
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^Book  L  eqnal  *  to  FK ;  but  FD  is  equal  to  tbe  ftraight  line  A  ;  there- 
^^^^^^^  fore  FK  is  equal  to  A :  Again,  becaufe  G  is  the  centre  of  the 
«-«.i>«fi  circle  LKH,  GH  is  equal  c  to  GK;  but  GH  is  equal  toC; 
therefore  alfo  GK  is  equal  to  C ;  and  FG  is  equal  to  B ;  there- 
fore the  three  ftraight  lines  KF,  FG,  GK  are  equal  to  the  three 
A,  B,  C  :  And  therefore  the  triangle  KFG  has  itt  three  fides 
KV,  FG,  GK  equal  to  the  three  given  ftraight  lines  A,  B,  C, 
Which  was  to  be  done. 

PROP,    xxiir.      P  R  O  B. 

AT  a  given  point  in  a  given  ftraight  line,  to  make  a 
rediiineal  angle  equal  to  a  given  redilineal  angle. 

Let  A6  be  the  given  ftraight  line,  and  A  the  given  point  in  it, 
and  DCE  the  given  re^ilineal  angle ;  it  is  required  to  make  an 
angle  at  the  given  point 
A  in  the  given  ftraight 
line  AB,  that  (hall  be 
equHl  to  the  given  rec- 
tilineal angle  DCE. 

Take  in  CD, CE,  any 
points  D,  E,  and  join 
m.  ai.  I-  D£ ;  and  make  a  the 
triangle  AFG  the  fides 
of  which  fiiall  be  equal 
to  the  three  ftraight 
lines  CD,  DE,  CE,  fo 
that  CD  be  equal  to  AF,  CE  to  AG,  and  DE  to  FG ;  and  becaufe 
DC,  CE  are  equal  to  FA,  AG,  each  to  each,  and  the  bafe  D£ 

b.  8. 1.  ^^  ^^^  ^^^^  ^^  •  ^^^  angle  DCE  is  equal  *>  to  the  angle  FAG. 
Therefore,  at  the  given  point  A  in  the  given  ftraight  line  AB, 
the  angle  FAG  is  made  equal  to  the  given  reftilineal  asglc 
DCE.    "Which  was  to  be  done. 


SrcN. 


PROP.    XXIV.        T  H  E  O  R. 

IF  two  triangles  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  each  to  each,  but  the  angle  con- 
tained by  the  two  fides  of  one  of  them  greater  than  the 
angle  contained  by  the  two  fides  equal  to  them,  of  the 
other;  the  bafe  of  that  which  has  the  greater  angle  fhall 
be  greater  than  the  bafe  ot  the  other* 

* 

Let  ABC,  DBF  be  two  triatigles  which  hare  the  txro  Hdes 

.    AB, 


\ 


OF    EU  C  LID.  31 

AB,  AC  eqaal  to  the  two  DE»  DF^  each  to  each^  viz.  AB  eqaal    Book  L 
to  DE,  and  AC  to  DP;'  but  the  angle  BAC  greater  than  the  ^«OrV^ 
angle  EDF  ;  the  bafe  BC  is  alfo  greater  than  the  bafe  EF» 

Of  the  tvo  fides  DE,  DF.  let*  D£  be  the  fide  which  is  not 
greater  than  the  others  arid  at  the  point  D,  in  th^  ftraight  line 
DEy  make  >  the  angle  EDG  equal  to  the  an^le  BAC^  and  make  ••  ^3*  x^ 
DG  equal  *>  to  AC  or  D?,  and  join  EG,  GP.  b.  3.  i- 

Becaufe  AB  is  equal  to  D£,  and  AC  to  DG,  the  two  fides 
BA,  AC  are  equal  to  the  two  £D|  DG,  each  to  each,  and  the 
angle  BAC  is  equal  _^ 

to  the  angle  EDG;2i.  JD 

therefore  the  bafe  BCK 

is  equal  c  to  the  bafe  I    >^  \  \««^  c.  4.  x. 

EGi  and  becaufe  DG  I      \^ 
is  equal  to  DF,  the  1  \. 

angle  DFG  is  equal  ^  \  X  \        W       «*•  5-  '• 

ID  the  angle  DGF;  \  X 

but  the  angle  DGF  is    1  X  ^] 

greater  than  the  angle  B  C 

EGF  ;   therefore  the  V 

a?gle  DFG  is  greater  than  EGF  }  and  much  more  is  the  angle 
EFG  greater  than  the  angle  EGF ;  and  becaufe  the  angle  EFG 
of  the  triangle  EFG  is  greater  than  its  angle  EGF,  and  that 
the  greater « fide  is  oppofite  to  the  greater  angle;  the  fide  EG^  ^9«i' 
is  therefore  greater  than  the  fide  EF ;  but  EG  is  equal  to  BC ; 
and  therefore  alfo  BC  is  gre;^ter  than  £F.  Therefore,  if  two 
triangles.  Sec.  Q.  £.  D. 


PROP.    XXV.        T  H  E  O  R. 

TF  two  triangles  have  two  (ides  of  the  one  equal  to  two 
-*•  fides  of  the  other,  each  to  each,  but  the  bafe  of  the 
one  greater  than  the  bafe  of  the  other }  the  angle  alfo 
contained  by  the  fides  oi  that  which  has  the  greater  bafe, 
fhall  be  greater  than  the  angle  contained  by  the  fides  c«. 
qual  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 
AB,  AC  equal  to  the  two  fides  D£,  DF,  each  to  each,  viz.  AB 
equal  to  Dh,  and  AC  to  DF ;  but  the  bafe  CB  is  greater  than  the 
hub  EF ;  the  angle  BAQis  like  wife  greater  than  the  angle  EDF* 

For^ 
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For,  if  it  be  not  greater,  it  muft  cither  be  equal  to  it,  or 
Icfs;  but  the  angle  BAG  is  not  equal  to  the  angle  EDF,  bc- 
caufe  then    the  bafe 
BC  would  be  equal  * 
to  £F ;  but  it  is  not ; 
therefore  •  the    angle 
BAG  is  not  equal  to 
the  angle  £DF;  nei- 
ther  is  it  lefs  \  becaufe 
then    the    bafe    BC 
would   be   lefs  (^  than 
the  bafe  EF;  but  it 
is  not;  therefore  the 
angle  BAG  is  ^ot  lels  than  the  angle  EDF  ;  and  it  was  (hewn 
that  It  IS  not  equal  to  it ;  therefore  the  angle  BAG  is  greater 
than  the  angle  EDF.  Wherefore,  if  two  triangles,  &c.  (^E.D. 

PROP.    XXVL      THE  OR. 

TF  two  triangles  have  two  angles  of  one  equal  to  two 
-*•  angles  of  the  other,  each  to  each  ;  and  one  fide  c- 
qual  to  one  fide,  viz.  either  the  fides  adjacent  to  the  equal 
angles,  or  the  fides  oppofitc  to  equal  angles  in  each  ;  then 
fliall  the  other  (ides  be  equal,  each  to  each  j  and  alfo  the 
third  angle  of  the  one  to  the  third  angle  of  the  other. 

Let  ABG,  DEF  be  two  triangles  which  hare  the  angles  ABC 
BCA  equal  to  the  angles  DEF,  EFD,  viz.  ABG  to  DEF,  and 
BGA  to  EFD  5  alfo  one  fide  equal  to  one  fide ;  and  firft  let  thofc 
fides  be  equal  which  are  adjacent  to  the  angles  that  arc  equal  in 
the  two  triangles,  viz. 

BC  to  EF  J  the  other  A  P 

fides   (hall  be  equal,^! 
each  to  each,  viz.  AB^' 
toDE,andACtoDF; 
and  the    third  angle 
BAG    to    the    third 
angle  EDF. 

For,  if  AB  be  not 
equal  to  DE,  one  of 
(hem    muft    be    the 

greater.      Let  ABvbe  the   greater  ^   the  two, '  and   make 
BG  equal  to  DE,   and  join  GG }   therefore,  becaufe  BG  is 

equal 
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^QUal  to  DE^  and  BC  to  EF,  the  two  fides  GB,  BC,  are  equal    Book  U 
to  the  two  DE,  EF^  each  to  each ;  and  the  angle  GBC  is  equal  V^YX^ 
to  the  angle  DEF ;  therefore  the  bafe  GC  is  equal » to  the  bafe  *  4-  x- 
DF,  and  the  triangle  GBC  to  the  triangle  DEF,  and  the  other 
aoglestothe  other  angles,  each  to  each^  to  which  the  equal 
^dcs  are  oppofite ;  therefore  the  angle  GCB  is'  equal  to  the 
angle  DFE  $  but  DFB  is,  b^  the  hypothefisi  equal  to  the  angle 
BCA ;  wherefore  alfo  the  angle  BCG  is  equal  to  the  angle 
BCA,  the  iefs  to  the  greater,  which  is  impoffiblc}  therefore 
AE  is  not  unequal  to  D£,  ^hat  is»  it  is  equal  to  it ;  and  BC  is 
equal  to  EF  5  therefore  the  two  ^B,  BC  arc  equal  to  the  two 
D£,  EF,  each  to  each  ;  and  the  angle  ABC  is  equal  to  the  angle 
DEF;  the  bafe  therefore  AC  is  equal* to  the  bafe  DF,  and 
the  third  angle  BAC  to  the  third  angle  EDF. 

Next,  let  the  fides  a 
which  are  pppofite  to 
equal  angles  in  each 
triangle  be  equal  to 
one  another )  viz  AB 
to  D£;  likewife  in 
this  cafe,  the  other 
fides  fliall  be  equals 
AC  to  DF,  and  BC 
to  £F  i  and  alfo  the 
third  angle  BAC  to  the  third  EDF. 

For,  if  BC  be  not  equal  to  EF^letBC  be  the  greater  of  them, 
and  make  BH  equal  to  EF,  and  join  AH  ;  and  becaufe  BH  is 
equal  to  EFy  and  AB  to  DE|  the  two  AB,  BH  are  equal  to 
the  two  DE9  EF|  each  to  each  ;  and  thej  contain  equal  angles  1 
therefore  the  bafe  AH  is  equal  to  the  bafe  DF,  and  the  triangle 
ABH  to  the  triangle  DEF,  and  the  other  angles  (hall  be  equal, 
each  to  each,  to  which  the  equal  fides  are  oppofite ;  therefore 
the  angle  BHA  is  equal  to  the  angle  EFD;  but  EFD  is  equal 
to  the  angle  BCA;  therefore  alfo  the  angle  BHA  is  equal  to 
the  angle  BCA,  that  iS|  the  exterior  angle  BH  A  of  the  triangle 
ARC  is  equal  to  its  interior  and  oppofite  angle  BCA  ;  which 
is  impodible  b ;  wherefore  BC  is  not  unequal  to  EF,  that  is,  b  16.  f • 
it  is  equal  to  it ;  and  AB  is  equal  to  DE  \  therefore  the  two  AB, 
BC  are  equal  to  the  two  DE,  EF,  each  to  each ;  and  they  contain 
equal  angles;  wherefore  the  bafe  AC  is  equal  to  the  bafe  DF, 
and  the  third  angle  BAC  to  the  third  angle  EDF.  Therefore, 
if  two  triangles,  &c*  Q;^£.  D. 

C  PROP. 
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*~*^-  PROP.    XXVU.       THEOR. 

TF  a  ftraight  line  falling  upon  two  other  (traight  Iine< 
makes  the  alternate  angles  equal  to  one  another,  thefe 
twd  ftraight  lines  (hall  be  parallel. 

Let  the  ftraight  line  EF«  which  fsills'  upon  the  two  ftraight 
lines  Afi,  CD)  make  the  alternate  angles  AEt^,  £FD  equal  to 
one  another;  AB  is  parallel  to  CD. 

For,  if  it  be  not  parallel,  AB  and  CD  beine  produced  fliall 
meet  either  towards  B,D|  or  towards  A,C;  let  them  be  produced 
and  meet  towards  B,  D  in  the  point  C  ;  therefore  GEF  is  a  tri- 
angle, and  its  eiterior  angle  A£^  is  greater  « than  the  interior 
and  oppofite  angle  EPGi 
bat  it  is  alfo  equal  to  it, 
which  is  impoflible;  there-  A         Jf  /  Xt 

fore  AB  and  CD  being  pro- ^/  *> 

duced  do  not  meet  towards 
B,l).    Iii  like  manner  it  may  ^ 
be  demonftrated  that  thef  do  Q 
not  meet  towards  A,  C  ;  but 
thofe    ftraight    lines  which 
meet  neither  way,    though 
h  aj.  Def.  produced  ever  fo  far,  are  parallel <»  to  one  another.  AB  therefore 
is  parallel  to  CD.     WherefOtCj  if  a  ftraight  line,  &c.  Q.  E.  D. 

P  R  O  1>.    XXVIII.      THEOR. 

jt  a  ftraight  line  falling  upon  two  other  ftraight  lines 
makes  the  exterior  angle  equal  to  the  interior  and  op* 
pofite  upon  the  lame  fide  of  the  line  ;  or  makes  the  in« 
terior  angles  upon  the  fame  fide  together  equal  to  two 
right  angles  ;  the  two  ftraight  lines  fiiall  be  parallel  to  one 
another. 

Let  the  ftraight  line  £F,  which 
falls  upon  the  two  ftraight  lines      p^ 
.     AB,  CD,  make  the  eiterior  angle 
EGB  equal  to  the  interior  and 
oppofite  angle  GHD   upon  the\« 
fame  fide ;  or  make  tiie  interior 
angles  on  the  fame  fide  BGH^ 
GHD  together  equal  to  two  right /^ 
'  angles ;  AB  is  parallel  to  CD. 

Becaufe  the  ansle  EGB  is  e 
qual  to  the  angle  GHD|  and  the 
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ingle  EGB  equal  ■  to  the  angle  AGH»  the  angle  AGH  is  cqUal  ^^^,^^-0 
to  the  angle  GHD;  and  they  are  the  alternate  angles  $  therefore  ^  j^,  j^ 
AB  is  parallel  ^  to  CD.     Again,  becaure  the  angles  ^GH,  GHD  b  %?- 1. 
are  equal  ^  to  two  right  angles,  aad  thatAGH,  BGH  arc  aHb«  Jr  "TP» 
equal  ^  to  two  right  anglfss  $  the  angles  jSGH,  BGH  are  equal      ^'  ' 
to  the  angles  BGH,  GHD  t  Take  away  the  common  angle 
BGH,  therefore  the  rerhaining  angle  AGH  is  equal  to  the  re- 
maining angle  GHD ;  and  they  are  alternate  angles  ;  there* 
fore  AB  is  parallel  to  CD.    Wherefore,  if  a  ftfaight  line,  kc 
Q^E-D. 

V 

PROP.    XXIX.       T  H  E  O  R. 

IF  a  (Iraight  litie  falls  upon  two  parallel  ftraight  lines,  it  set  the 
makes  the  alternate  angles  equal  to  one  another  ;  and  [bu  Vrop^ 
the  exterior  angle  equal  to  the  interior  and  oppofite  upon  fitSoD, 
the  fame  fide ;  and  likeWife  the  ttlkro  interior  angles  upon 
the  fame  fide  together  equal  to  two  right  angles. 

Let  the  ftraight  line  £F  fall  upon  the  parallel  ftraight  lines 
AB^  CD ;  the  alternate  angles  AGH,  GHD  are  equal  to  one 
another ;  and  the  eiterior  angle  £GB  is  equal  to  the  interior 
and  oppoCte,  upon  the  fame  fidej^ 
GHD  I  .dnd  the  two  interior**^ 
angles  BGH,  GHD  upon  the  fame 
fide  are  together  equal  to  tiro  right  ~ 
angles.  At 

For,  if  AGH  be  not  equal  to  GHD, 
one  of  them  muQ  be  greater  than  the^ 
other;  let  AGH  be  the  greater  5  andU 
bccaufe  the  angle  AGH  is  greater  Xp 

than  the  angle  GHD,  add  to  each  of  ^ 

them  the  angle  BGH  i  therefore  the  angles  AGH,  BGH  arc 

{reater  than  the  anglel  BGH,  OHO ;  but  the  angles  AGH, 
GH  are  equal*  to  two  right  angles;   therefore  the  angles  «  13.  i. 
BGH,  GHD  are  left  than  two  right  angles  j  but  thofc  ftraight 
lines  which,  with  another  ftraight  line  falling  upon  them,  make 
tbe  interior  angles  on  the  fame  fide  lefs  than  two  right  angles, 
do  meet  •  together  if   continually  produced  ;   therefore  the  •  r$.  t«k  ^ 
itraight  lines  AB,CD,  if  produced  far  enough,  fliall  meet;  but  ^J^ 
they  never  meet,  fince  they  arc  parallel  by  the  hypothefis ;  t^i.  propo- 
therefore  the  angle  AGH  is  not  unequal  to  the  anglcTGHD,  futon, 
that  is,  it  is  equal  to  it ;  but  the  angle  AGH  is  equal  ^  to  the  ^  »i-  «• 
anelc  EGB 1  therefore  Hkcwifc  EGB  is  equal  to  GHD ;  add  to 
*  C  a  each 
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B«*  h  each  of  thde  the  angle  BGH;  therefore  the  angles  EGB,  BGH 

^-^^^'^  are.  equal  to  the  angles  BGH,  GHD  j  but  EGB,  BGH  are  c- 

*  '^''*     qaaPto  two  right  angles ;  therefore  alfo  BGH,  GHD  aree- 

lual  to  two  right  angles.    Wherefore,  if  a  ftraight  line,  &c« 

\.  E.  D. 


quai 

5.1 
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PROP.    XXX.      T  H  E  O  R. 

Traight  lines  which  are  parallel  to  the  fiaime  ftraight 
line  are  parallel  to  one  another* 

Let  AB.  CD  be  each  of  them  parallel  to  EF(  AB  is  alfo 
parallel  to  CD. 

Let  the  (tratght  line  GHK  cut  AB,  EF,  CD ;  and  becaafe 
GHK  cut6  the  parallel   ftraight 

*      is   cqiial  ■  to    the  angle   GHl*. 

Again,  becaufe  the  ftraight  line  A  ^'         '  '      /  '  ^ 

GK  cuts  theparallelftraight  lines 


6 


£F.  CD,  the  angle  GHF  is  equal  jp 
*  to  the  angle  GKD  i  and  it  was 


fliewn  that  the  angle  AGR  is  e-f«, 
qual  to  the  «ngle  GHF;  there 
fore  alfo  AGK  is  .  qual  to  GKD; 
and   they    are   alternate  anges i 
b  s;.  I.    '  tberelore  AB  is  parallel  ^  to  CD.   Wherefore  ftraight  lines,  &c. 
Q.  £.  D. 


T 


PROP.    XXXI.      PROS. 

O  draw  a  ftraight  line  through  a  given  point  paral- 
lel to  a  given  ftraight  line. 


Let  A  be  the  given  point,  and  BC  the  given  ftraight  line  i  it 
is  required  to  draw  a  (lr«iight  lin^-  .^  a  <|-i 

through  the  point  A»  parallel  to  the  ^  j^        ^ 

ftraight  line  BC. 

In  bC  take  any  point  D,  and  jo  n 

AD  (   and  at   the  point  A  in  the    

•  iS«x>      ftraight  line  AD   make*  the   .ngle  n  -r^ 

DAh  equal  to  the  angle  A  DC  ;  anu  **  •^ 

produce  the  itraight  line  £A  to  F 

Becaufe  the  ftraight  line  AD»  i^hich  meets  the  two  ftraight 
lines  BCy  I.F,  makes  the  alternate  angles  EAD,  ADC  equal  *^ 
h  17.  s.     one  another^  £1  is  parallel  ^  to  BC.  Therefore  the  ftraight 
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EAFti  drawn  tbroa^h  the  given  point  A  pardlel  to  the  girea    ^^^^ 
ftraight  line  BC.    Which  wa«  to  be  done. 


PROP.    XjXXn.      THEOIL 

IF  a  fide  of  any  triangle  be  produced,  the  exterior  angle 
is  equal  to  the  two  interior  and  oppofite  angles  ;  and 
the  three  interior  angles  of  every  triangle  are  equal  to 
two  right  angles. 

Let  ABC  be  a  trianglei  and  let  one  of  its  fides  BC  be  pro- 
duced to  D  ;  the  exterior  angle  ACD  is  eqnal  to  the  two  inte* 
rior  and  oppofite  angles  CAB,  ABC ;  and  the  three  interior 
aog'et  of  the  triangle,  viz.  ABC,  BCA^  CAB  are  together  e- 
qoal  to  two  right  angles. 

Throa>;h  the  point  C  draw 
C£  parallel*  so  the  ftraight  •  Si*u 

line  AB ;  and  becaufe  AB  is  J^ 

parallel  to  CE  and  AC  meas  >^  X 

them,  the    alternate   anglts  ^r      \  ^^ 

BAC,  ACE  are  equals     A-  y/^  \  >^ 

gain,  becaufe  AB  ib  parallel     yT  \     ^^  *  ^'• 

to  CE,  and   BD  falls  upon    r  i        V^         ■■ 

them,  the  exterior  angle  ECD  B  C  11 

is  eqaal  to  the  interior  and 

oppofite  angle  ABC ;  but  the  angle  ACE  wasihown  to  be  equal 
to  the  angle  BAC  ;  therefore  the  whole  exterior  anre  ACD 
is  equal  to  the  two  interior  and  oppofite  angles  CaB,  ABC  ; 
to  thefe  equals  add  the  angle  A  CB,  and  the  angles  ACD,  ACB 
are  equal  to  the  three  angles  CBA,  BAC,  ACB ;  but  the  angles 
ACD,  ACB  are  equal  ^  to  two  right  angles  $  therefore  alto  the  c  ij.  i* 
angles  CBA,  BAC,  ACB  are  equul  to  two  right  angles. 
Wherefore,  if  a  fide  of  a  trianj^le,  &c.  (^  E.  D, 

Cor.  I.  All  the  interior  angles 
of  any  re£ljineai  figure,  together 
with  lour  right  an^^ies,  are  equ  il 
to  tw  ce  as  many  right  angles  as 
the  figure  has  fides. 

For     any     rectilineal     figure 
ABCDE  ean  be  ditided  into  as 
many  trian'^'     *       '     Aaiir#»  hat 
fidcb,   by 
fromapi 

to 
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a  1.  Cor« 
Xi.  X. 


b  X3t  f. 


a  %p'  I* 


b  4*  !• 


Book  r.  to  each  of  its  angles.  '  And,  hj  the  preceding  proportion,  alt 
the  angles  of  thefe  triangles  are  equal  to  twice  as  many  righ? 
angles  as  there  are  triangles,  that  is,  as  there  are  Hdes  of  the 
figure  ;  and  the  fame  angles  are  equal  to  the  angles  of  the  fi« 
gure,  together  with  the  angles  at  the  point  F,  whjch  is  the  com- 
mon vertex  of  the  triangles ;  that  is  S  together  with  four  right 
angles,  Tberefpre  all  t()e  angles  of  the  figure,  together  with 
four  right  angles,  are  equal  to  twice  as  many  right  angles  as  the 
figure  has  (ides* 

'  Cou*  2.  All  the  exterior  angles  of  any  rcAilipeal  fi^urci  are 
together  equal  to  four  right  angles. 

Becaufe  every  interior  angle 
ABC,*  with  its  adjacent  exterior 
ABD,  is  equals  to  two  right 
angles;  therefore  all  the  interior, 
together  with  all  the  exterior 
angles  of  the  figure,  are  equal 
to  twice  as  many  right  angles  as 
there  are  fides  of  the  figure ;  that 
is,  by  the  foregoing  corollary,  T\ 
they  are  equal  to  all  the  intc-  ^^ 
rior  angles  of  the  figpre,,  toge- 

ther  with  four  right  angles ;  therefore  al]  the  exterior  angles  ar(} 
equal  to  four  right  angles. 

PROP.    XXXIII.      T  H  E  O  R. 

THE  ftraight  lines  which  join  the  extremities  of  twq 
equal  and  parallel  ftraight  lines,  towards  the  fame 
parts,  arc  alfo  thcnifclvcs  equal  and  parallel* 

Let  AB,  CD  be  equal  and  pa-  .. 
rallel' ftraight  lines,  and  joined 
towards  the  fame  parts  by  the 
ftraight  lines  AC,  BD;  AC,  BD 
are  alfo  equal  and  parallel. 

Join  BC ;  and  becaufe  ABis  p&-> 
rallel  to  CD,  and  BC  meets  them, 
the  aUernatc  angles  ABC,  BCD 

are  equal  V;  and  becaufe  AB  is  equal  to  CD^  and  BC  commofi 
to  the  two  triangles  ABC,  DCU,  the  two  fides  AB,  BC  arc  c- 
4]ual  to  the  two  DC,  CB;  and  the  angle  ABC  is  equal  to  the 
angle  BCD  ;  therefore  the  bafe  AC  is  equal  ^  to  the  bafe  B0, 
and  the  triangle  ABC  to  the  triangle  BCDt  ^^  the  other  angles 
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to  the  other  angles  b,  each  to  each,  to  which  the  equal  fides  are    Book  f. 
oppofite  I  therefore  the  angle  ACB  is  equal  to  the  angle  CBD  ^V^i^y^y 
and  becaafe  the  ftratght  line  BC  meets  the  two  ftraight  lines  ^  4*^* 
AC,  BDy  and  makes  the  alternate  angles  ACB,  CBD  equal  to 
one  another,  AC  is  parallel '  to  BD ;  and  it  was  (hown  to  be  c  »;.  r. 
equal  (o  it.    Therefore  ftraight  lines,  &c.  Q;  £•  D* 

PROP.    XXXIV.       T  H  E  O  B. 

THE  oppofite  (ides  and  angles  of  parallelograms'  are 
equal  to  one  another,  and  the  diameter  bifc&s  them, 
that  is,  divides  them  in  two  equal  parts. 

N,  B.  A  farallelogram  is  a  four  fided figure^  of  which 
the  oftofite  fides  art  faraliel ;  arid  the  diameter  is  the 
ftraigbt  line  joining  two  of  its  oppofite  angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter ; 
the  oppofite  fides  and  angles  of  the  figure  are  equal  to  ofie  an- 
other ;  and  the  diameter  BC  bife£ts  it. 

Becaafe  AP  is  paralfel  to  CD,  ^  j^ 

and  BC  meets  them,  the  aker-    x  ^^ 

natc  angles  ABC,  pCD  are  e*     \  ^/^  \ 

qual » to  one  another  5  and   be-      \  \y^  \       •  a?-  r. 

caufe  AC  is  parallel  %o  BO,  and        \   ^/^  \ 

BC  meets    them,   the  alternate         \^  \ 

angles  ACB,   CBD  are  equal*  C  D 

to  one  another ;  wherefore  the  two  triangles  ABC»  CBD  nave 
two  angles  ABC,  BCA  i"  one»  equal  to  two  angles  BCD,  CBD 
in  the  other,  each  to  each,  and  one  fide  BC  common  to  the 
two  triangles,  which  is  adjacent  to  their  equal  ang^es  \  there- 
fore their  other  fides  (hall  be  equal,  each  to  each,  and  the 
third  angle  of  the.  one  to  the  |hir4  angle  df  the  other  >>,  Was*  ^  26.  ^. 
the  .Gde  AB  to  (he  (ide  CD,  and  AC  to  BD,  and  the  angle 
BAC  equal  to  the  arigle  BDC  :  And  becaufe  the  angle  ABC  is 
equal  to  the  angle  BCD,  and  the  angle  CBD  to  the  angle  ACB, 
the  whole  angle  ABD  is  equal  to  the  whole  angle  ACD :  And 
the  angle  BAC  has  been  (hown  to  be  equal  to  the  angle  BDC  \ 
therefore  the  oppofite  fides  and  angles  of  parallelograms  are  e- 
qaal  to  one  another ;  alfo,  their  diameter  bife£is  them ;  for 
AB  being  equal  to  CD,  an^  BC  eommon,,  the  two  AB,  BC 
are  equal  to  the  two  DC,  CB,  each  to  cachj  and  the  angle  ABC 

C  4  is 
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Book  I.  ig  equal  to  the  angle  BCD ;  therefore  the  triangle  ABC  is  e. 
^^^^'^^  qual  c  to  the  triangle  BCD,  and  the  diameter  BC  divides  the 
^  4- '-      paralldogram  ACDB  into  two  equal  parts.    Q.  ^.  D. 


PROP-    XXXV.       T  H  E  O  R. 

6m  N.      T^Arallelograms  upoii  the  faoie  bafe  and  between 
■      the  fame  parallels,  are  equal  to  one  another* 

See  the  3d       Let  the  parallelograms  ABCD,  EBCF  be  upon  the  fame 
tnd  3d  fi.    bafe  BC,  and  between  the  fame  parallels  AF,  BC  ;  the  paralle* 
•"'**'        logram  ABCD  (hall  be  equal  to  the  parallelogram  £BCF. 
If  the  fides  AD,  DF  of  the  pa- 
rallelograms ABCP,  DBCF  oppofite  A__JD F 

to  the  bafe  BC  be  terminated  in  the        '  ' 

fame  point  D  {  it  is ,  plain  that  each 
a.  34.  z.     of  the  parallelograms  is  double  «  of 
fhe  triangle  BDC;  and  they  are  there- 
fore equal  to  one  another. 

But,  if  the  udes  AD,  EF,  oppoflteB 
to  the  bafe  BC  of  the  parallelograms 

ABCp,  EBCF,  be  not  terminated  in  the  fame  point;  then^  be- 

caufe  ABCD  is  aparalleiogram,  AD  is  eqi^al  *  toBC  1  for  the 

bx.Ax.    fam^  rcafon  £F  is  equal  to  BC ; .  wherr.fore  AD  is  equal  b  to 

EF.^  and  D£  is  common  ;  therefore  the  whole,  or  the  remain- 

^  %.  or  3.    dcr\  AE  is  equal  ^  to  th^  ^bp)e,  or  the  remainder  DF ;  AB  al- 

4*'  fo  is  equal  to  DC  ;  and  the  two  £A,  AB  are  therefore  equal  to 

A       D  E        F 


.  the  two  FD,  DC,  eath  to  each ;  and  the  exterior  argle  FDC 

d  »9. 1,     is  equal  <*  to  the  interior  £AB;  therefore  the  bafe  EB  is  equal 

e4'i*        toCthe  bafe  FC,  and  the  triangle  £AB  equal  *  to  the  triangle  . 

FDC  \  take  the  triangle  FDC  trpm  the  trapezium  ABCF,  and 

from  the:famc  trapezium  taice  the  triangle  £AB ;  the  remam- 

I  3.  Ax.     ^^f^  therefore  arc  equal ',  that  is,  the"  parallelogram  ABCD  is 

equal  ro  the  parallelograiT<  EBCF.    Therefore  parallelograms 

.  v^on  the  fame  bafe,  &c,  Q.  £.  D. 

^  PROP. 
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PROP.    XXXVI.      T  H  E  O  R. '  :    ^^. 

>  '  (  . 

PAnALLELOGRAMi  upon  cqual  baCes^and  becween  the 
iatnc  paralleU)  are  cqual  to  oti^  another. 

Let  ABCD,  EFGH  be  4  "0   1?  TT 

parallelograms    upon  e  A -  -^    "  •*•* 

qual  bafes  BC,  FG,  and 
between  the  fame  paral- 
leift  AH,  EG  ;  the  paral- 
lelograro  ABCD  is  equal 
to  tFGH. 

Join  BE,  CH  5    andW  ^        -n  f\ 

bccaufe  BC  is  equal  to*  Vy         -T  VJ 

FG,  and  FG  to  «  EH,  BC  is  equal  to  EH  \  and  th^y  are  pa«  \%^x. 
rallelsi  and  joined  towards  the  fame  parts  by  the  ttraight  lines 
BE|CH':  But  ftraight  lines  which  join  equal  and  parallel 
(Iraight  lines  towards  the  fame  parts,  are^themfelves  equal  and 
parallel^;  therefore  EB,  CH  are  both  equal  and  parallel  and  b  33*  i« 
£BCH  is  a  parallelogram ;  and  it  is  equal  «  to  ABCD,  becaufe  c  35.  u 
it  is  apon  the  fame  bafeBC,  and  between  the  fame  parallels  BC, 
AD :  For  the  like  reafon,  the  parallelogram  EFGH  is  equal  to 
the  fame  EBCH  ;  Therefore  alfo  the  parallelogram  ABCD  is 
cqaal  to  EFGH.    Wherefore  parallelograms,  &c.  Q^  £•  D. 

PROP.    XXXVU.      T  H  E  O  R. 

TRiAKGLES  Upon  the  fame  bafe,   and  between  the 
lame  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DBC  be  upon  the  fame  bafe  BC  and 
between   the  fame  parallels  n  A         Tl  T7 

AD,  BC  :  The  triangle  ABC  ^  -^^      ^ 1^ 

is   equal    to     the    triangle 
DBC. 

Produce  AD    both    ways 
to  the  poinu  E,  F,  and  thro' 

B  uraw  -  BE  para  lei  to  C  A  ;  •  \^ >^  •  3''  '• 

and  thro'  C  dfaw  CF  paraU 
Id  to  BD  :    Therefore  e^ch 

of  the  figures  EBC A,  DBCF  is  a  pirallelogram.  $  and  EBCA  is 
equal  ^  to  DBCF,  becaufe  they  are  upon  the  fame  bafe  BC»  and  b  3;, 
between  the  fame  parallels  BC|  LF  \  and  the  triangle  ABC  is 

the 
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Book  I.     the  half  of  the  pttrallelogram  EBC  A,  bccaufe  tbe  diameter  Ah 

\^rr%J    bifeas  e  it ;  and  the  triangle  OBC  ia  the  half  pf  the  parallelo- 

«  34- 1-     gr^m  DBCF,  becaure  the  diameter  DC   bifcas  it :    Bot  the 

fl  7«  As.    halves  of  equal  things  are  equal  ^  }  therefore  the  triangle  A^BC 

It  equal  to  the  triangle  DBC.     Wherefore  trianglea^    &c. 


T 


PROP.    XXXVm.      T  H  E  O  R. 

RiAKGLEs  Upon  equal  bafcs,  and  between  the  fame 
paraiiels,  are  equsd  to  one  another. 

I.et  the  triangles  ABC,  DEF  be  upon  equal  bafcs  BC,  EF^ 

and  between  the  fame  parallels  BF,  AD  :  The  triangle   ABC 

is  equal  to  the  triangle  DEF. 

^Produce  AD  both  ways  to  the  points  G,  H,  and  through  B 
p  it*  X*      draw  BG  parallel « to  C  A,  and  through  F  draw  FH  parallel  to 

EP  :  Then  each  of    /^  a  -i^  tt 

-  the  6guies   GBCA,    %jr  A  U  rX 

DEFH  IS  a  parallel 

logram  i    and    they 
\  3&  >•     are  equal  to^  one  an<« 

pther,  becaufe "  they 

are  upon  equal  bafes 

fiC,EF,and  between 

the    fame    parallels 
c  14*  '•     BF,  GH I  and  the  triangle  ABC  is  ths  half  «  of  the  parallelogram 

GBC A,  bccaufe  the  diameter  AB  bifeAs  it ;  and  the  trianale 

DEF  is  the  half  c  of  the  pai:allek)gram  DEFH,  bccaufe  the  di. 
4  7.  Ax.     ametcr  DF  bifefts  it :  Buf  the  halves  of  equal  things  are  equai<( 

therefore  the  triangle   ABC  is  equ^l    to  tbe  triangle  D£F* 

Wherefore  triangles,. &c-    Q.  E.  D.  ^  ' 


E 


PROP.    XXXUt.      T  H  E  O  R. 

f 

QUAL  trianKlcs  upop  the  £imc  bafe,  and  upon,  the 
fame  fide  of  it,  arc  bctwccQ  tbe  lame  parallels. 

Let  the  equal  triangles  ABC>  DBC  be  upon  the  fame  bafc 
BC,  and  upon  the  fame  fide  of  it )  they  are  between  the  fame 
parallels- 

f  Join  AD  ;  AD  is  parallel  to  BC  ;  for,  if  it  is  nor,   throagh 
a  3»'  !•     the  point  A  draw  *  AE  parallel  to  BC,  and  join  EC  t  The  tri- 

a»g'e 
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Mgk  ABC  ••  eqiul "  to  the  triangle  EBC.  bectufc  |t  i»  opon  J"*^ 

the  famebafe  BC,  apd  between  the  fame    a B  1>  37.  |, 

pirallelj  BC,  AE  :    But  the  triangle    ir- 

ABC  i»  equal  to  the  tnanele  BUi,  i 

therefore  alfo  the  triangle  flDC  »»  e* 

quil  to  the  triangle  EBC,  the  greater 

to  the  left,  which  >8  impoOiWe  :  ThercT 

fore  AE  is  not  parallel  tq  BC-    In  the 

fjme  mafinfr,  i%  can  be  dcmonftrated 

th«  no  other  line  hut  AD  i«  parallel  to 

BC  5  AD  is  therefore  parallel  19  it.    Wherpfprc  equal  tnanglcf 

upon,  &c  Q;  E  p. 

t 

PROP.    XL.  '  T  H  E  O  R. 

■nOUAL  triangles  upon  equal  Ijafcs,  in  the  fame 
rj  ftraight  line,  and  towards  the  fame  parts,  are  be- 
t'^cci)  tHc  laine  p?tfsillels. 

Let  the  eqnal  triangle?  ABC,  DEF  be  upon  equal  b^fes  BC. 
n\  in  the   fame  ftraight  »  *- 

line  BF,  and  toward?  the 
fime  parts  j  thry  are  be- 
tween the  bme  parallel*. 

Join  AD  ;  AD  U  paral- 
lel to  BC:  For^«««>ot.     /  \  I  ^^     •31.1, 

through  A  draw*  AG  pa-  / \         1  > 

hlleltoBF,  and  join  GF:.|S  r     E  F  «•»«•'' 

cqnal  triaqgles,  &c.    Q;.  E.  D. 

PROP,    XLL     THEOR. 

IF  a  patallelogram  a»d  triangle  be  .»P«J  ^^jjj^  *^ 
^  and  between  the  feme  paraUeU ',  the  paraUdogtam 
liiaU  be  double  of  the  triaogle.  j^ 
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*  Let  the  parallelogram  ABCD  and  the  triangle  EBC  be  n. 
the' fame  bafe  BC,  and  between  the  Tame  parallels  BC.   AE 
the  parallelograin  ABCD  is  double  of 
the  triatigV  EBC 

JolA  AC ;  then  the  triangle  ABC 
it  equal  *  to  the  triangle  EBC«  be 
Cflttfe  thev  are  upon  the  famf  bafe 
BC,  and  between  the  fame  parallels 
BCy  AE.  But  *  the  parallelogram 
ABCD  is  double  ^  of  the  triangle 
ABCt  btc^ufe  the  diameter  AC  di- 

Tides  it  into  two  equal  parts  ;  where-  1}  (j 

fore  ABCD  is  alio  double  of  the  tri- 
angle EBC.    Therefore,  if  a  parallelogram)  &c.  Q.  £•  D. 


^  as  I. 
c  5Z.  I. 


d  sZ.  z* 


•  41*  <• 


PROF.    XLU.     P  R  O  B. 

TO  defer ibe  a  parallelogram  that  fhall  be  equal  to  a 
given  triangle,  and  have  one  of  its  angles  equal  to 
a  given  redilineal  angle. 

Let  ABC  be  the-given  triangle,  and  D  the  given  redilineal 
angle  It  :$  rt  quired  to  defcrthe  a  paraileiogram.that  (hall  be 
equal  tfl  the  given  triangle  ABC,  and  have  one  of  its  angles 
equal4o  D.  ^ 

JiiUQ  •  BC  in  E,  join  AE,  and  a^  the  point  E  in  the  ftraight 
Hpr£C  ma)tc^rHr^^pgt«^£F  equtal  to  D  \  and  through  A  draw 
^AG  parallel  caEC^and  through 
C.draw  CG  *  parallel  to  £F  t 
3lit;reforeF£CG;is  a  parallelo- 
grjoi  r. » And  becaufe  B£  is  equal 
Cc  EC,  the  triangle  AB£  is  l:ke* 
rwile  tqyutL<>.to  the  triangle  A£C, 
•finoe.  they  are  upon  equ^l  bafes 
'3E,  EC,,  and  between  the  iMne 

p.>ra)  els  LC,  AG  }  fh»  rifore  the 

tnan^ie  AbC   i6  c'oub.e  of  the  0         £         O 
triangjt  A£C  :  .  At  d  the  pura! 

lei('gi<  m  ytCG  u  hkrwie  douUe*  of  the  triangle  AEC,  be* 

c;)ule   it  is  up^n  the  fame  bafe,   and  between  the  fame  pa* 

jyjtS'S:: /ihc^ciore  the  .paralleiogram  FECG  is  equal  to  the 

itrungk.Al^C,  .*nd  it  hsfs  one  of  itt  angles  CLF  equal  to  the 

given  augie  D ;  Wherefore  there  haa  b<;eQ  dclccibed  a  parallc- 

-•   '  logram 
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iogrem  FEC6  equal  lo  a  given  triangle  ABC,  having  one  of  ^^^^l\ 
Its  angles  C£F  equal  to  tke  gi? en  angle  D«    Which  was  to  be  ^^^^^^^^ 


done* 


PROP     XLin.     T  H  E  O  R. 

THE  complements  of  the  parallelograms  which  are 
about  the  diameter  of  any  parailelogrami  are  equal 
to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC,  and  EH,  F6  the  paral- 
le'ograms  about  AC,  that  is% 
thrwgb  whUb  AC  pdffts^  and 
BK,  KD  the  other  pak^allelo^ 
grams  which  make  up  the 
whole  hgure  ABCD,  which 
ire  therefore  called  the  com* 
plemenu:  The  complement 
BK  is  equal  to  thfe  comple- 
ment KD. 

fiecaafe  ABCD  is  a  paral- 
lelogram, and  AC  iu  diameter,  the  triangle  ABC  is  equal  *  to 
thetnangie  ADC :  And,becaufeEKHA  is  a  parallelogram,  the 
diameter  of  which  is  AK,  the  triangle  AEK  is  equal  to  the  tri- 
angle AHK:  By  the  fame  reafon,  the  triangle  KGC  is  equal  to 
the  triangle  KPC  :  Then,  becaufe  the  triangle  AEK  is  equal  to 
the  triangle  AHK,  and  the  triangle  KQC  to  KFC  %  the  triangle 
AEK,  together  with  the  triangle  KGC  is  equal  to  the  triangle 
AHK  together  with  the  triangle  KFC  :  But  the  w'hole  triangle 
ABC  is  equal  to  the  whole  ADC  %  therefore  the  remaining 
complement  BK  is  equal  to  the  remaining  complement  KD* 
Wherefore  the  complements,  &c.    (^  £•  D. 


a  34.  I, 


P  R  Q  P.    XLIV.      P  R  O  Bw 

TO  a  givep  ftraight  line   to  apply  at  parallelogram, 
which  ihall  be  «qual  ta  a  g'lten  tkiailglCy  and  bave 
00c  of  its  angles  equal  to  a  given  redihneal  angle* 

•     *    •     . 

Let  AB  be  the  giten  fttaigbt  linei  and  C  the  given  triangle, 
Md  D  the  given  rc^iiineal  angle.  It  is  required  to  apply  lo 
tbe  ftraight  line  AB  a  parallelogram  equal  1^  cIm  tMangk  C, 
md  bating  an  angle  equal  to  D. 

Make 
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•  4««  S< 


Make  •  the 

Sirallelogram 
lEFG  equal 
to  the  triangle 
Cfand  having 
theangleEBG 
cqaal  to  the 
«nffleD,fethat 
BE  be  in  the 
fame  ftraight 
AB, 


%  |t.  f  •  and  produce  FG  to  H }  and  thro*  A  draw  ^  AH  parallel  to  BG 
or  EF,  and  join  HB*  Then,  becanfe  the  ftraight  line  HF  falls 
upon  the  parallels  AH,  EF,  the  angles  AHF,  HFE,  arc  tog<^- 

«  s^.  f.  ther  equal '  to  two  right  angles  ^  wherefore  the  angles  BHF, 
HFE  are  lefler  than  two  right  angles  i  But  ftraight  lines  which 
with  another  ftraight  line  make  the  interior  angles  upon  the 

i  IS.  As.  fame  fide  le(s  than  two  right  angles,  do  meet  ^  if  produced  far 
enough  :  Therefore  HB,  FE  fliall  meet,  if  produced  i  let  them 
meet  in  K,  and  through  K  draw  KL  parallel  to  E/L  oi^FH,  and 

I>fodttce  HA,  GB  to  the  points  L,  M :    Then  HL&F  is  a  paral- 
elogram,  of  which  the  diameter  is  HK,  and  AG,  ME  are  the 
parallelograms  about  HK ;  and  LB,  BF  are  the  complements  ; 
s  41*  >•      therefore  LB  is  equal  *  to  BF :  But  BF  is  equal  to  the  triangle  C } 
wherefore  LB  is  equal  to  the  triangle  C :  And  becauCe  the  angle 
I  U*  !•      GBE  is  equal '  to  the  angle  ABM,  and  like  wife  to  the  angle  D  ; 
ihe  angle  ABM  is  equal  to  the  angle  D  >  Therefore  the  paralle- 
logram LB  is  applied  to  the  ftraight  line  AB,  is  equal  to  the 
triangle  C,  and  has  the  angle  ABM  equal  to  the  angle  D : 
^  Which  was  to  be  done. 


a  4S*  ti 


k44*l< 


P  R  O  R    XLV.      P  R  O  B. 

TO  defcribe  a  parallelogram  equal  to  a  giveiii  redili* 
neal  figorc,  and  ha^fig  an  angle  equal  to  a  given 
f  edilineal  angle. 

Let  ABCD  be  the  gtten  reAilineal  figure,  and  E  the  given 
re£kilineal  angle.  It  is  required  to  defcribe  a  parallelogram  e* 
qual  to  ABCD,  and  having  an  angle  equal  to  £• 

Join  DB,and  defcribe  » the  parallelogram  FH  equal  to  the  tri- 
angle ADB,  and  having  the  angle  HKF  equal  to  the  angle  £ ; 
•nS  to  the  ftraight  line  UH  apply  ^  the  parallelogram  GU  equal 

to 
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to  the  triangle  DBC»  having  the  angle  GHM  equal  to  the  angle  BoO:  L 

£;  and  becaafe  the  angle  E  is  equ^l  to  each  of  the  angles 

FKH,  GHM,  the  anfi^le  FKH  is  eqaal  to  GHM  i  add  to 

each  of  thefe  the  angle  KHO ;   therefore  the  angles  FKH^ 

KHG  are  eqnal 

to     the     angles 

KHG      GHM ; 

bnt  FKH,  KHG 

are  equal  *  to  two         \  /      \   i^    ^   I  I        /     c  S9*  n 


right  angles  ; 
therefore  alfo 
KH&  GHM 
are  eqnal  to  two 
right  angles;  and 
becaufe  at  the 
point  H  in  the  ftraighc  line  GH,  the  two  ftraight  lines  KH,  HM9 
upon  the  oppoGte  fides  of  it  make  the  adjacent  angles  equal  to 
two  right  angles,  KH  is  in  the  fame  ftraight  line  '  with  HM ;  d  14*  i« 
and  becauf^the  ftraight  line  HG  meets  the  parallels  KM,  FG^ 
the  alternate  angles  MHG,  HGF  are  equal  ^ ;  Add  to  each  of 
tbefe,  the  angle  HGL :  Therefore  the  angles  MHG,  HGL  are 
equal  to  the  angles  HGF,  HGL :  But  the  angles  MHG,  HGL 
arc  equal ^  to  two  right  angles;  wherefore  alfo  the  angles  HGF, 
HGL  are  equal  to  two  right  angles,  and  FG  is  therefore  in  the 
fame  ftraight  line  with  GL :  And  becaufe  KF  is  parallel  to 
HG,  and  HG  to  ML  ;  KF  is  parallel  *  to  ML :  And  KM,  FL«  3o«  U 
are  parallels ;  wherefore  KFLM  is  a  parallelogram;  and  becaufe 
the  triangle  ABD  is  equal  to  the  parallelogram  HF>  and  the 
triangle  I)BC  to  the  parallelogram  GM;  the  whole  re£lili- 
neal  figure  ABCD  is  equal  to  the  whole  parallelogram  KFLM  ; 
therefore  the  parallelogram  KFLM  has  been  defcribed  equal  to 
the  giTcn  rectilineal  figure  ABCD,  having  the  angle  FKM  e« 
qual  to  the  giiren  angle  £•     Which  was  to  be  done* 

Cor.  From  this  it  is  manifeft  how  to  a  gif  en  ftraight  line  to 
sppljf  a  paralleiogram,  which  (hall  have  an  angle  equal  to  a 
giyen  re&ilineal  angle,  and  fhall  be  equal  to  a  given  re^ilineal 
figure,  viz*  by  applying  ^  to  the  given  ftraight  line^  a  parailelo*  ^  ^*  ^^ 
gram  equal  to  the  firft  uiangle  ABD»  and  having  an  angle  c^ 
(lual  to  the  given  angla 


1*R0P. 


iQokT; 


K 
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PROP.    XLVL     P  R  O  B. 
jL  O  defcribe  a  fquare  upon  a  given  ftraight  lintf. 

I 

Let  AB  be  the  given  ftraight  line  }  it  is  required  to  defcribe 

a  fquare  upon  AB. 
m  II.  f.  From  the  point  A  draw  ■  AC  at  right  angles  to  AB;  and 

k  s.  I.  make*  AD  equal  to  AB,  and  through  the  point  D  draw  DE 
c  3<.  u  parallel '  to  AB,  and  through  B  draw  BE  parallel  to  A  D  ;  there- 
4  34. 1,      fore  ADEB  is  a  parallelogram ;  whence  AB  is  equal*  to  DE,  and 

AD  to  B£ :  But  BA  is  equal  to  AD ;  Q 

therefore  the  four  ftraight  lines  BA, 

AD,  DE,  £B  are  equal  to  one  ano- 
ther,  and  the  parallelogram   ADEBQ 

is  equilateral,  likewife  all   its  angles 

are  right  angles ;  becaufe  the  ftraight 

line  AD  meeting  the  parallels  AB, 

DE,  the  angles  BAD,  ADE  are  e- 
t  a^.  I.      qual « to  two  right  angles  ;  but  BAD 

is  a  right  angle  j  therefore  alfo  ADE 

IS  a  right    angle ;   but   the  oppofite  ^ 

angles />f  parallelograms  are  equaH  ; 

therefore  each  of  the  oppoCte  angles  ABE,  BED  is  a  right 

angle ;  wherefore  the  figure  ADEB  is  reQangular,  and  it  has 

been  demonftrated  that  it  is  equilateral ;  it  is  therefore  a  fquare, 

and  it  is  defcnbed  upon  the  given  ftraight  line  AB :  Which 

was  to  be  done. 

CoK.  Hence  every  parallelogram  that  has  one  right  angle 
has  all  its  angles  right  angles.  « 

PROP-    XLVII-      T  H  fe  O  R. 

TN  any  right  angled  triangle,  the  fquare  which  is  dc- 
-^  fcribcd  upon  the  fide  fubtcnding  the  right  angle,  is 
equal  to  the  fquarcs  dcfcribcd  upon  the  fides  which  con- 
tain  the  right  angle. 

Let  ABC  be  a  right  angled  triangle  hating  the  right  anrie 
SAC  ;  the  fquare  defcnbed  upon  the  Tide  BC  is  equal  to  the 
fquares  defcribed  upon  BA,  AC. 
,  4<.  I.  On  BC  deteribe*  the  fquareBD£C,and  onBA,  AC  the  fqnarea 

CB, 


B 
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GB,  HC  ;  and  through  A  draw^ AL  parallel  to BD or  CE,  and    Bookl. 

join  AD,  FC?  th«n,  becaufe  each  of  the  angles  BAG,  BAG  is  ^^^^^ 

a    right    angle  %    the    two  Q  ,  c|oJ4cf. 

ftratgnt  lines  AC,  AG  up*     «        y>^  .  ^^  ^ 

on  the  oppofitc  fides  of  AB, 

make  with  it  at  the  point  A  r^ 

the  adjacent  angles  eqaal  to'^^ 

two  right  angles;   therefore 

CA  is  in  the  fame  ftraight 

linc^with  AG;  for  the  fame 

rsafon,  AB  apd  AH  are  in 

the  fame  ftratght  line  ;  and 

becaufe  the  angle  DBC  is  e- 

qual  to  the  angle  FB A,  each 

of  them  being  a  right  angle, 

add  to  each  the  angle  aSc, 

and  the  whole  angle  DBA  is 

equal '  to  the  whole  FBC ;  and  becaufe  the  two  (ides  AB|  BD  e  %.  Ax. 

are  equal  to  the  two  Ffi,  BC,  each  to  each,  and  the  angle 

DBA  equal   to  the  angle  FBC  ;  therefore  the  bafe  AD  is  e- 

quaKto  the  bafe  FC,  and  the  triangle  ABD  to  the  triangle  ^^^ 

FBC :  Now  the  parallelogram  BL  is  double  6  of  the  triangle  S  ^^*  ^ 

ABD,  becaufe  they  are  upon  the  fame  bafe  BD,  and  between 

the  fame  parallels,  BD,  AL;  and  the  fquare  GB  is  double  of     ' 

the  triangle  FBC,  becaufe  thefe  alfo  are  upon  the  lame  bafe 

FB,  and  between  the  fame  parallels  FB,  GC  •  But  the  doubles 

of  equals  are  equal  ^  to  one  another :  Therefore  the  parallelor  h  6.  Asi 

gram  BL  is  equal  to  the  fquare  GB:  And  in  th6  fame  mann'er, 

by  joining  A£,  BK,  it  is  demonftrated  that  the  parallelograni 

CL  is  equal  to  the  fquare  HC  :  Therefore  the  whole  fquare 

BDEC  is  equal  to  the  two  fquares  GB,  HC  ;  and  the  fquare 

BDEC  is  defcribed  upon  the  Itraight  line  BC,  and  the  Iquares 

GB,  HC  upon  BA,  AC  :  Wherefore  the  fquare  upon  the  fide 

BC  is  equal  to  the  fquares  upon  the  fides  BA,  AC*   Therefore^ 

in  any  right  angled  triangle,  &g.  (^E-  D. 

PROP.    XLVIIL      T  H  E  O  R. 

IF  the  fquare  defcribed  upon  one  of  the  fides  of  a  tri^ 
angle,  be  equal  to  the  fquares  defcribed  upon  the  o« 
thcr  two  (ides  of  it ;  the  angle  contained  by  thefe  two 
iidcs  U  a  right  angle. 

D  If 
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If  the  Square  defcribed  npcm  BC,  one  of  the  fides  of  the  tri« 

angle  ABUt  oe  equal  to  the  iqaarefi  upoa  die  other  fides  BA, 

Au ;  the  angle  BAC  is  a  right  angle- 
txi.j.  From*  the  point  A  draw*  AD  at  right  angles  to  AC,  and 

make  AD  equal  to  B A,  and  join  DC ;  Then,  be^nfe  DA  is 

equal  to  ABf  the  fquare  of  DA  is  equal 

to  the  fquare  of  AB :  To  each  of  thefe 

i|dd  the  fquare  of  AC  \  therefore  the  fquares 

of  DAf  AC,  are  equal  to  che  fquares  of 

BAy  AC :  But  the  fquare  of  DC  is  equal 
^  ♦y*  ?•      h  to  the  fquares  of  DA,  AC,  becaufe  D  AC 

is  a  right  angle  ^  and  the  fquafe  of  BC,  bf 

hypotbefis,  is  equal  to  the  fquares  of  BA, 

AC;  therefore  the  fquare  of  DC  is  equal 

to  the  fquare  of  BC ;  and  therefore  alfo^ 

the  fide  DC  is  equal  to  the  fide  BC  And 

)>ecaufe  the  fide  DA  is  equal  to  AB,  and  AC  conmon  to  the 

two  triangles  DACf  BAv*  the  two  DA,  AC  are  equal  to  the 

two  BA9  AC }  and  the  bafe  DC  is  equal  to  the  bafe  BC;  there* 
c  8.|,       fore  the  angle  DAC  is  equal  *  to  the  angle  BAC »  But  DAC 

is  a  right  angle ;  therefore  alfo  BAC  is  a  right  angle* .  There- 

fprei  if  the  muare,  iSrc«  (X  £•  D. 
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DEFINITIONS, 

I. 

EVERY  right  angled  paraUelogram  is  faid  to  be  contained 
by  any  two  of  the  ftraight  lines  which  contain  one  of  tho 
rieht  aneies. 

^        ^  11. 

In  eveiy  parallelogram,  any  of  the  parallelograms  about  a  dia« 
meter,    together   with   the  ^ 

^wo  complements,  is  called    ^, =^^ ■ ^D 

a  Oiiomon.   *  Thus  the  pa* 

*  ralietogram    HG,    toge- 

*  ther    with    the    comple- 

*  ments  AF,  FCt  is  the  gno^ 

*  mon,  which  is  more4>rief' 
'  ly  exprcffed  by  the  letters 

<  AGK,orEHC  which  are 

<  at  the  oppofite  angles  of 

*  the  parallelograms  which  make  the  gnomon/ 

PROP.    I.        T  H  E  O  R- 

IF  there  be  two  ftraight  lincsi  one  of  which  is  divided 
into  any  number  of  parts ;  the  redangle  contained  by 
the  two  ftraight  lines,  ia  equal  to  the  rcdangles  contain- 
ed by  the  undivided  line,  and  the  fevcral  parts  of  the 
divided  line* 

D  %  Let 


I      » 
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b  3.  z. 
c  31,  u 


4  3^*' 


Let  A  and  BC  be  two  ftraight  lines  ;  and  let  BC  be  divided 
into  any  parts  in  the  points  D,  E  ;  the  reAangle  contained  by 
the  ftraight  lines  A,  bC  is  equal  -q 
to  the  reAangle  contained  by  A|  Ij 
BD|  together  with  that  contain- 
ed by  A,  D£|  and  that  contained 
by  A,  EC. 

From  the  point  B  draw^BF^ 
at  right  angles  to  BC,  and  make^ 
BQ  equal  ^  to  A ;  and  through 
G   draw ""  GM  parallel  to  BC  ;«^ 
and  through  D,  E»  C  draw*"  DK£ 
EL,  CH  parallel  to  BG ;  then  the 

reAangle  BH  is  equal  to  the  reftangles  BK,  DL,  EH ;  and 
BH  is  contained  by  Ay  BC»  for  it  is  contained  by  GB,  BC9  and 
GB  is  equal  to  A  ;  and  BK  is  contained  by  A,  BD,  for  it  is 
contained  by  GB|  BD,  of  which  GB  is  equal  to  A }  and  DL  is 
contained  by  A,  D£,  becaufe  DK,'  that  is,  ^  BG,  is  equal  to  A ; 
and  in  like  manner  the  re£langle  £H  is  contained  by  A,  EC ; 
Therefore  the  re^angle  contained  by  A,  BC  is  equal  to  the  fe- 
yeral  redUngles  contained  by  A,  BD,  and  by  A,  D£ ;  and  aifo 
by  A»  EC.  Wherefore,  if  there  be  two  ftraight  lines*  &c* 
Q^E.D, 


k  31.  I' 


PROP.    IL        T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  the 
rcdangies  contained  by  the  whole  and  each  of  the 
parts,  are  together  equal  to  the  fquare  of  the  whole 
line. 


any  two  parts  in  the  point  C ;  the  re£^* 
angle  contained  by  Afi,  BC,  together  with 
the  rc£tangle  *  AB,  AC,  i|iail  be  equal  to 
the  fquare  of  A6. 

Upon  AB  dcfcribc'thc  fquare  ADEB, 
and  through  C  draw  ^  CF,  paraliti  to  AD, 
or  BE;  then  A£  is  equal  to  the  re^t/^ngles 
AF,  C£  -,  and  AE  is  the  Iquiire  of  AB ;  P 


C    B 


[ 


F    E 


and 


*  N.  B.  To  IT  Old  repeating  the  word  coHteintd  too  frcqiMniIvy-  the  nd»ngle 
contained  by  two  ilraight  lines  AB,  ^Q  ]s  Ibmctiipea  finpiy  called  the  rc^ogic 
AB,  AC. 
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ind  AF  i$  the  ttGtzhgle  contained  by  BA9  AC ;  fi>r  it  :i  C(5n-  Book  if. 
tained-  by  DA«  AC9  of  which  AD  is  eqaal  to  AB ;  and  CE  ' 
is  contained  by  AB,  BC,  for  BE  is  equal  to  AB ;  therefore  the 
redangle  contained  br  AB,  AC,  toji^tber  with  the  re6langle 
AB,  BC,  18  equal  to  the  fquare  of  ABi    If  therefore  a  ftraighc 
line,  &&  Q«  £•  D« 


PROP.    lii.      THE  OR.       . 

» 

tP  a  (Iraight  line  be  diYided  into  any  two  parts,  th6 
^  rcdangie  contained  by  the  whole  and  one  of  the 
parts,  is  equal  to  the  redangle  contained  by  the  two 
parts,  together  with  the  fquarc  of  the  forefaid  part. 

Let  the  ftratght  line  AB  be  divided  into  My  two  parts  in  the 
point  C;  the  redlangls  AB,  BC  is  equal  to  the  re£tangle  AC,  CB, 
together  with  the  fquare  of  BC. 

Upon    BC  defcribe  >  the   fquare  A      f^  Tf  a  46.  t. 

CDEB,  and  produce  ED  to  F,  and  -^     ^  ^ 

through  A  draw  ^  AF  parallel  to  CD 
or  BE;  then  the  reAangle  AE  is  e* 
qaal  to  the  re^angles  AD,  CE  |  and 
AE  is  the  re£lang)e  contained  by  AB, 
BC,  for  it  is  contained  by  AB,  BE, 
of  which  B£  is  cqdal  to  BC ;  and 
AD  is  contained  by  AC,  CB,  for 
CD  is  equal  to  CB  ;  and  DB  is  thep  I> 
fquare  of  BC ;  therefore  the  veGtamglc 


' 

~ 

k 

b  3X.  I. 


JB 


AB,  BC  is  equal  to  the  redangle  AC,  CB  together  with  the 
fquare  of  BC.    If  therefore  a  ftraight  line,  &c.  Q^E*  D* 


PROP.    IV.      T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  th6 
fquarc  of  the  whole  line  is  equal  to  the  fquares  of  the 
two  parts,  together  with  twice  the  re&angle  contained  by 
the  parts. 

Let  the  ftraight  line  AB  be  divided  into  aiiy  two  parts  in  C  | 
tbe  fquare  of  AB  is  equal  to  the  fquares  of  AC^  CB  and  to 
twisc  the  reQangIc  contained  by  AC,  CB« 

D  3  Upon 
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Upon  AB  defcri W  >  the  fquare  ADEB9  and  join  BD»  ind 
through  C  drtw^  CGF  parallel  to  AD  er  BE, and  tbrdttgh  O  draw 
HK  paralM  to  AB  or  DE :  And  bccauCe  CF  ii  parallel  to  AD, 
and  BD  falte  upon  them,  the  exterior  angle  BGC  is  equal  *  to 
the  interior  and  oppofite  angle  ADB  ;  bur  ADB  is  equal  '  to 
the  angle  ABD,  becaufe  BA  is  eoual  to  AD,  being  fides  of  a 
Iquare ;  therefore  the  angle '  CGB     K  r^        £ 

is  equal  to  the  angle  GBC;  and  there- 
fore  the  (Vde  BC  is .  equal  ^  to  the 
fide  CG :  But  CB  is  equal  f  alfo  to 
GK,  and  CG  to  BK ;  wherefore  H 
.the  figure  CGKB  is  equilateral :  It  is 
likewile  rc£langular ;  for  CG  is  pa- 
'rallel  to  BK,  and  CB  meets  theni; 
the  angles  KBC,  GCB  are  therefore 
equal  to  two  right  angles  \  and  KBC     T)  F        £ 

ii  a  right  angles  wherefdre  GCB  is  <)  right  angle ;  and  therefore 
alfo  the  angles  ^  CGK»  GKB  oppofite  to  thefis  are  right  angles, 
and  CGKo  is  re£langular :  But  it  is  alfo  equilateral  as  was 
deinonftrated  ;  wherefore  tt  is  a  fquare,  and  it  is  upon  the  fide 
CBt  For  the  fame  reafon  HF  alfo  is  a  fquare,  and  it  is  upon  the 
TideHG  which  is  equal  to  AC:  Therefore  HF,  CK  are  the 
fquares  of  AC|  CB*,  and  becauJe  the  complement  AG  is  equal 
^  to  the  complement  G£,  and  that  AG  is  the  re&angle  contain* 
ed  by  AC,  CB,  for  GC  is  equal  to  CB;  therefore  GL  is  alfo  equal 
to  the  redlangle  AC,  CB ;  wherefore  AG,  G£  are  equal  to 
twice  the  redangle  AC,  CB :  And  HF,  CK  arc  the  fquares  of 
JAC^CB;  nKhercfore  the  foir  figures  HF,  CK,  AG,  G£  are 
equal  to  the  fquares  of  AC*  CB,  and  to  twice  the  rectangle 
AC,  CB:  But  HF,  CK,  AG,  G£  makd  up  the  wfaol<f  figure 
AD£B,  which  is  the  fquare  of  AB:  Therefore  the  fquare  of  AB 
is  equal  to  the  fquares  of  AC,  CB  and  twice  the  rcM^langle  AC, 
CB.     Wherefore,  if  a  ftraight  line,  &c.  Q^^E.  D. 

CoR.  From  the  demonitration,  it  is  manififl,  that  the  pa* 
rallelograms  about  the  diameter  gf  a  fq[uars  are  hkewile  fquares. 


PROP. 


b p  tv Chili. 


d  3^.  in 


P  R  O  P.    V.      T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  two  ecjiial  jjarts, 
and  alfo  into  two  unequal  parts ;  the  re£bang1e  con- 
tained by  the  unequal  paFt$»  together  with  the  fquare  of 
the  line  between  the  points  of  fe&ion,  is  equal  to  the 
fquare  of  half  theJine; 

Let  the  ftraigbt  line  AB  be  divided  inta  twd  equal  parts  in 
the  point  C,  and  into  two  unequal  parts  at  the  point  D  i  the 
redaagle  AD,  DB,  together  with  tne  fquare  of  Ct)^  is  equal 
to  the  Iquace  of  CB. 

Upon  CB  d«fcribe'the  fquare  CEFB»  join  BE,  and  through  «  4<.  L 
D  df aw  ^  DHG  parallel  to  CE  or  BF ;  and  through  H  draw  b  31.  i. 
KLM  parallel  to  CB  or  £F ;  and  alfo  through  A  draw  AK  pa- 
rallel to  CL  or  BM :  Aild  becaUfe  the  complement  CH  .is  e* 
qual  "^  to  the  complement  HP,  to  each  Of  thefe  add  DM  |  ^  ^^*  ^ 
therefore  the    whek  CM 
IS  eqaal  to  the  whole  DP ;    ^ 
hot  CM  i«  cqttal^to  AL,  A 
becaufe  AC    is  equal  to 
CB;  therefore  alfo  AL  isjC 
equal  to  DF.     To  each  of 
thefe  add   CH|    and  the 
«hj]e   AH    is    equ^l    to 
DF  and  CH  :  But  AH  is 
the  rc^langle  contained  by 
AD,  DB,  for  DH  ii  cqu;il 
'  to  DB ;  and  DF  togcthrr  with  CH  is  the  gnomon  CMG  1 «  Cor.  4% 
ihcfcforc  the  gnomon  CMG  is  equal  to  the  redangle  AD,  DB :        ** 
To  each  »f  theie  add  LG,  which  is  equal  *  to  the  ^uare  of  CD  ^ 
iherpfore  thegnomon  CMG,  together  with  LG,  is  equal  to  the 
rcdangle  All,  DB,  together  with  the  fquare  of  CD  :  But  the 
gnomon  CMG  aiid  LG  make  up  the  whole  figure  CEFBt  which 
is  the  fquare  of  CB :  Therefore  the  rcftanglc  AD,  DB,  together 
widi  the  fquare  of  CD,  is  equal  to  the  fquare  of  CB.  Wherefore^ 
if  a  ftraight  line,  Ste.  Q^E.  D. 

Prom  this  pfopoiition  it  is  manifeft,  that  the  difference  of  the 
fquares  of  two  unequal  lines  AC,  CD,  is  equal  to  the  reftangld 
contained  by  their  lum  and  difference. 
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P  R  O  P.    VL      TH  E  O  R. 

IF  a  ftraight  line  be  bifeded,  and  produced  to  any 
point ;  the  redangle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  together  wkh 
the  fquare  of  half  of  the  line  bifedcd,  is  equal  to  the 
fquare  of  the  ftraight  line  >¥hich  is  made  up  of  the  half 
and  the  part  produced. 

Let  the  ftraight  line  AB  be  bife£led  in  C,  and  produced  to 
the  point  D*,  the  rectangle  AD,  DB,  together  with  the  fquare 
of  CB,  is  equal  to  the  fquare  of  CD. 

Upon  CD  defcribe  *  the  fqaare  CEFD,  join  D£.  and  through 
B  dra\v  t>  BHG  parallel  to  CE  or  DF,  and  through  H  draw  KLM 
parallel  to  AD  orEF,  and  alfo  through  A  draw  AK  parallel  toCL 
or  DM :  And  becaufe  AC      a  ^x  XL         T\ 

rs  equal  to CB.thcrcaanglc    A.  Vy  O         li 

^L  is  equal  *^  to  CH  ;  but 
CHis  equal  <*  to  HF ;  there 
fore  alfo  AL  is  tqual  to  -ir 
HF :  To  each  of  thtfe  add  •■*' 
CM;  therefore  the  whole 
AM  is  equal  to  the  gno- 
mon CMG:  And  AM  is 
the  re£langle  contained  by 
AD,  DB,  for  DM  is  equal 
c  G»r.4*a.  e^Q  Qg.  Therefore  the  gnomon  CMG  is  equal  to  the  re£i- 
angle  AD,  DB :  Add  to  each  of  thcfe  LG,  which  is  equal  to 
the  fquare  of  GB  j  therefore  the  rcftangle  AD,  DB,  together 
with  the  fquare  of  CB,  is  equal  to  the  gnomon  CMG  and  the 
figure  LG:  But  the  gnotnon  CMG  and  LG  make  up  the 
whole  figure  CEFD,  which  is  the  fquare  of  CD ;  therefore 
the  re£kangle  AD,  DB,  together  with  the  fquare  of  CB,  is  e- 
lual  to  the  fquare  of  CD.    Wherefore,  if  a  ftraight  line,  &c. 


c  36.  z. 
d  41*  I* 


qua 


PROP.    Vn,      THEOR. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  the 
fquarcs  of  the  whole  line,  and  of  one  of  the  parts,  arc 
equal  to  twice  the  redangle  contained  by  the  whole  and 
that  part,  together  with  the  fquare  of  the  other  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in 

the 


O  F    E  U  C  L  I  D. 

the  point  C  ;  tlie  fqaares  of  AB,  BC  are  eqaal  to  twice  the 
redangie  AB,  BC  together  with  the  fqaare  of  AC. 

Upon  AB  defcribe^the  fquare  ADEB,  and  conftruA  the* 
figure  as  in  the  preceding  propofitions  :  And  becaufe  AG  is 
equal  ^  to  G£,  add  to  each  of  them  CK ;  the  whole  AK  is  ^ 
therefore  equal  to  the  whole  C£; 
therefore  AK,    CE .  are  double  of  A 
AK  :  But  AK,  CE  are  the  gnomon  -^^ 
AKF  together  with  the  fquare  CK ; 
thetefore  the  gnomon  AkF,   toge-{j[ 
tber  with   the  fquare  CK,  is  double 
of  AK  :  But  twice  the  redangle  AB, 
BC  18  double  of  AK,  for  BK  is  e* 
qual  ^  to  BC  :    Therefore  the  gno- 
mon AKF,  together  with  the  fquare  ^^ 
CK,  is  equal  to  twice  the  re&angle -^ 
AB,  BC :  To  each  of  thefe  equals 

add  HF,  which  is  equal  to  the  fquare  of  AC ;  therefore  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  is  equal  to 
twice  the  rcdangle  AB,  BC  and  the  fquare  of  AC  9  But  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  make  up  the 
whole  6gure  A  DEB  and  CK,  .which  are  the  fquares  of  AB 
and  BC :  Therefore  the  fquares  of  AB  and  BC  are  equal  to 

twice  the  redangle  AB,  BC,  together  with  the  fquare  of  AC« 

Wherefore,  if  a  ftraight  line,  &c.  Q.  E.  D. 


if 
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c  Cor.  4>s. 


PROP.    VIIL      T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  an^  two  parts,  four 
times  the  redangle  contained  by  the 'whole  line,  and 
one  of  the  parts,  together  with  the  fquare  of  the  other 
part,  18  equal  to  the  fquare  of  the  ftraigbt  line  which  i$ 
made  up  of  the  whole  and  that  part, 

• 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the 
point  C }  four  times  the  i eQangle  AB,  BC,  together  with  the 
iqaare  of  AC,  is  eq  ual  to  the  fquare  of  the  ftraight  line  made  up 
of  AB  and  BC  together. 

Produce  AB  to  D,  fo  that  BD  be  equal  to  CB,  and  upon 
AD  deicribe  the  fquare  A£FD;  and  conftruS  two  figures 
fuch  as  in  the  preceding.  Becaufe  CB  is  equal  to  BD,  and 
that  CB  is  equal  ■  to  GK,  and  BD  to  KN  i  therefore  GK  is  1 34.  i « 

equal 


s* 


tH£    ELEMENTS 
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•  4a<  >• 


•  4lt't' 


X 


P^J^  eqiitl  to  KN :  For  the  faiae  reafbn«  PR  it  eqoal  to  KO  ; 

*  becaufe  CB  is  equal  to  BD»  and  GK  to  KN,  the  rea«ngle 
CKUeqoal^to  BN^  and  GHtoRN:  But  CK  it  eqmai^to 
RN,  becaufe  the^  are  the  complemcvtt  of  the  ^arellclogmm 
CO ;  thetefere  alfo  BN  it  equal  to  GR ;  and  the  four  teBt^ 
angles  BN,  CK,  GR,  RN  are  therefore  equal  to  one  anodier, 
and  To  are  quadruple  of  one  of  them  CK :  Agaiiif  hecaafe  CB 
is  equal  to  BD,  and  that  BD  is 

d  Gor.4a*equaHlo  BK«,  that  is^   to  CG}  1^11^^ 

.     and  CB  equal  to  GK,  that <«  it,  to    A  Vy    13      D 

GP;  thcicfore  CG  it  equal  to  ^^ 
GP  :  And  becaufe  CG  is  equal  to  M 
GP,  and  PR  to  RO,  the  redangle 
AG  is  equal  to  MP,  and  PL  to 
HF I  But  MP  is  equal «  to  PL, 
becaufe  tbcy  are  the  conrptements 
^  of  the  parallelogram  ML ;  where* 
fere  AG  is  equal  alfb  to  RF: 
Therefore  the  four  redaogles 
AG,  MP,  PL,  RF  are  equal 
to  one  another,  and  fo  are  qua- 
druple of  one  of  thrm  AG.  And  it  Was  demonftrated,  that 
the  four  CK,  BN,  OR,  RN  are  quadruple  of  CK :  Therefore 
the  eight  re^angles  which  coAtain  the  gnomon  AOH,  arv 
quadrliple  of  AK:  And  becaufc  AK  iS  the  te  tangle  contain* 
cd  by  AB,  BC,  for  BK  is  equal  to  BC,  four  times  the  re£t- 
angle  AB,  BC  is  quadruple  of  AK :  But  the  gnomon  AOH 
was  demonftrated  to  be  Quadruple  of  AK  \  therefore  four 
times  the  re^iangle  AB,  BC  is  equal  to  the  gnomon  AOH. 

4  Cor.  4.  a. To  each  of  thefe  add  XH,  which  is  equal  ^  to  the  fquare  of 
-  AC  :  Therefore  four  times  the  refkaagle  AB,  BC,  together 
with  the  fquare  of  AC,  is  equal  to  the.  gnomon  AOH  and  the 
fqjuare  XH  :  But  the  gnomon  AOH  and  ^XH  make  up  the  &• 
gurc  AEFD  which  is  the  fquare  of  AD  :  'I'hercfore  four  rimes 
the  rcftanglc  AB,  BC.  together  with  the  fquare  of  AC,  is  c- 
qual  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added  toge^ 
ther  in  one  ftraight  line.  Wherefore,  if  a  ftraight  linej  &c. 
Q.  £»  Ih 


i»iioft 
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f 

IF  a  (Iraigbt  Hne  be  divided  into  two  equal,  and  alfo  in- 
to tVQ  unequal  pans  $  the  fquares  of  the  two  unequal 
pirts  are  together  double  of  the  fquare  of  balf  the 
line,  and  of  the  fquare  of  the  line  between  the  pointg  of 
kOxon. 

Let  the  (b-aight  line  AB  be  divided  at  the  point  C  into  two 
equal,  and  at  D  into  two  unequal  parts  :  The  fquares  of  AD, 
DB  are  together  double  of  the  fquares  of  AC9  CD. 

From  the  point  C  draw  *  C£  at  right  angles  to  AB,  and  a  iz.  x. 
make  it  equal  to  AC  or  CB,  and  join  £A»  £B;  through  D  draw  ' 
^  DF  parallel  fo  C£,  and  through  F  draw  FG  parallel  to  AB ;  b  31*  z« 
and  join  AF :  Then,  becaufe  AC  is  equal  to  CE,  the  angle 
£AC  is  equaPto  the  angle  A£C ;   and  becaufe  the  angle  ^5«'* 
AC£  is  a  right  angle,  the  two  others  A£C,  £AC  together 
make  one  right  angle  ^ }  and  thtj  are  equal  to  one  another  \  ^  ^*'  ^* 
each  of  them  therefore  is  half  inh  . 

of  a  right  angle.     For.  the  fame  ^ 

reafoa  each  of  the  angles  CEB, 
£BC  is  half  a  right  ang^e  \  and 
therefore  the  whole  A£B  is  a 
rigbtangle:  And  becauie  the  angle 
G£F  ia  half  a  right  angle,  and 
EGF  a  right  angle,  for  it  is  e«  A, 

qua!  *  to  the  interior  and  oppo«  019.1. 

iite  angle  ECB,  the  remaining  angle  £FG  is  half  a  right  angle; 
therefore  the  angie  G£F  is  equal  to  the  angle  EFG.  and  the 
fide  £G  equals  10  the  fiJe  GF  :  Again^  becaufe  the  angle  at  B  ^  ^«  >• 
is  half  a  right  angle«  and  FDB  a  right  angle,  for  it  is  equal 
*  to  the  interior  and  oppofite  angle  £CB,  the  remaining  angib 
BFD  is  half  a  right  angle  \  therefore  the  angle  at  B  is  equal 
to  the  angle  BFD,  and  the  fide  DF  to  f  the  fide  DB  :  And  be* 
caafe  AC  is  equal  to  C£»  the  fquare  of  AC  is  equal  to  the 
fquare  of  C£;  therefore  the  fquares  of  AC,  C£  are  double  of 
the  fquare  of  AC:    But  the  fquare  of  £A  is  equal* to  ftie8  47-i* 
fquares  of  AC,  C£,  becauie  ACE  is  a  right  angle  ;  therefore  , 
tuc  fquare  of  £  A  is  double  of  the  fquare  of  AC  :  Again,  be*- 
caufe  £G  is  equal  to  GF,  the  fquare  of  EG  is  equal  to  the 
fquaie  of  GF}  therefore  the  fquares  of  £G,  GF  are  double  of 

the 
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>Bok  n.  the  (i|uare  of  GF ;  but  the  fquare  of  EF  ia  eqaal  to  the  fqnztci 
*^^^^^^  of  EG,  GF ;  therefore  the  fquare  of  EF  is  double  of  the  fquare 
b  34. 1-      Qp ;  ^Qjj  Qp  j3  ^qyjji  h  lo  CD  .  therefore  the  fquare  6f  EF  tS 

double  of  the  fquare  of  CD  :  But  the  fquare  of  AE  is  likewife 
double  of  the  fquare  of  AC  ;  therefore  the  fquares  of  AE,  EF 
are  doub|e  of  the  fquares  of  AC,  CD  :  And  the  iqnare  of  AF  is 
*  4>*  t*  equal  <  to  the  fquares  of  AE,  EF,  becaufe  AEF  is  a  right  angle  $ 
therefore  the  fquare  of  AF  is  double  of  the  fquares  of  ACy 
CD  :  But  the  fquares  of  AD,  DF  are  equal  to  the  fquare  of 
AF,  becaufe  the  angle  ADF  is  a  right  angle ;  therefore  the 
fquares  of  AD,  DF  are  double  of  the  fquares  of  AC,  CD:  And 
DF  is  equal  to  DB ;  therefore  the  Iquares  of  AD,  DB  are 
double  of  the  fquares  of  AC,  CD.  If  therefore  a  ftraighc  line, 
«tc.  (i,  £•  D. 


PROP.    X.      THEOIL 


IF  a  ftraight  line  be  bifcftcd,  and  produced  to  any  poinf^ 
the  fquare  of  the  TJ^holc  line  thus  produced,  and  the 
fquare  of  the  part  of  it  produced,  are  together  double 
of  the  fquare  of  half  the  line  bife£bcd,  and  of  the 
fquarti  of  the  line  made  up  of  the  half  and  the  part  pro* 
duced« 

Let  the  ftraiffhc  line  AB  be  bifefVed  in  C,  and  produced  to 
the  point  D  ;'tne  fquares  of  AD,  DB  are  double  of  the  fquared 
of  AC,  CD. 

a  If.  J.  From  the  point  C  draw  ■  CE  at  right  angles  to  AB:  And 
make  it  equal  to  AC  or  CB,  ahd  join  A£,  EB;  through  £  draw 

h  31.  X.  b  £F  parallel  to  AB,  and  through  D  draw  DF  parallel  to  CE : 
And  becaufe  the  ftraight  line  EF  meets  the  parallels  EC,  FD,  the 

f  »9.  1.  angles  CtF,  EFD  are  cqual*^to  two  right  angles ;  and  therefore 
the  angles  BEF,  EFD  are  Icfs  than  two  right  angles:  But  ftraight 
lines  which  with  another  ftraight  line  make  the  interior  angles 

i  la,.  Ax.  upon  the  fame  fide  lefs  than  two  right  angles,  do  meet  *  if  pro- 
dqced  far  enough  :  Therefore. £B,  FD  fhall  meet,  if  produced, 
toward  B,  D :  Let  them  meet  in  G,  and  join  AG:  Then,  becaufe  . 

c  5-  >•  f  AC  is  equal  to  CE,  the  angle  CEA  is  equal  ^  to  the  angle 
EAC  ;  and  the  angle  ACE  is  a  right  angle;  therefore  each  of  the 

I  js.  I.      angles  CEA,  EAC  is  half  a  right  angle  ^ :  For  the  fame  reafon, 

*'    •  each 


OF    EUCLID. 


Ii34*l* 


each  of  the  angles  CEB,  EBC  is  half  a  right  angle;  therefore  Book  II. 

AEB  is  a  right  angle :  And  becaufe  EBC  is  half  a  right  angle,  ^^""^^ 

DBG  is  alfof  half  a  right  anglei  for  they  are  vertically  oppo-  f  15-  z- 

(ice;  but  BDG  is  a  right  angici  becaufe  it  is  equal  ^  to  the  aU^  ^9*  <• 

ternate  angle  DCE;  therefore  the  remaining  angle  DC^B  is 

half  a  right  angle,  and  19  therefore  equal  to  the  angle  DBG  ^ 

wherefore  alfo  the  fide  BD  is  equals  to  the  fide  DG:  Again, g  6,  u 

becaofe   EGF  is  half  a 

right    angle,    and  that 

the  angle  at  F  is  a  right 

angle,  becaufe  it  is  e? 

qual  ^  to    the    oppofite 

»ngle  ECO,  the  remain* 

ing  angle  PEG  i^  half  a 

right  angle,  and  equal 

to     the    angle    EGF  1 

iprherefare  alfo  the  fide 

GF  is  equals  to  the  fide  FE.  And  becatife  EC  is  equal  to 
CA,  thc'fqaare  of  EC  is  equal  to  the  fqUare  of  CA  \  therefore 
the  fquares  of  EC,  C  A  are  double  of  the  fquare  of  C  A :  But 
the  fquare  of  EA  is  equal  1  to  the  fquares  of  EC,  CA  ;  there-  >  47-  >« 
fore  the  fquare  of  EA  is  double  of  the  fquare  of  AC :  Again, 
becaufe  GF  is  equal  Jto  F£,  the  fquare  of  GF  is  equal  to  the 
fquare  of  FE ;  and  therefore  the  fquares  of  GF,  F£  are  dou- 
ble of  the  fquare  of  EF:  But  the  fquare  of  EG  is  equaHto 
the  fquares  of  GF,  FE ;  therefore  the  fquare  of  EG  is  double 
of  the  fquare  of  EF :  .And  EF  is  equal  to  CD  ;  wherefore  the 
Ifquare  of  EG  is  double  of  the  fquare  of  CD :  But  it  was  demon- 
fixated,  that  the  fquare  of  EA  is  double  of  the  fquare  of  AC ; 
therefpre  the  (quztpa  of  A£,  EG  are  double  of  the  fquares  of 
AC,  CD  :  And  the"  fquare  of  AG  is  equal  >  to  the  fquares  of 
AE,  EG  s  thercii^re  the  fquare  of  AG  is  double  of  the  fquares  of 
AC,  CD:  But  the  fquares  of  AD,  DG  are  equaP  to  the 
fquare  of  AG ;  therefore  the  fquares  of  AD,  DG  are  doublte 
of  the  fquares  of  AC>CD  :  But  DG  is  equal  to  DRi  therefore 
the  fqaires  of  AD,  DB  are  double  of  the  fquares  of  AC,  CD : 
Wl^cfefore^  if  a  iliaight  linci  &c.  (^  £■  D. 
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P  R  O  P.    XL      P  R  O  B. 

TO  divide  a  given  ftraight  line  into  two  ptrts,  lb  that 
the  rcftanglc  contained  by  the  whole,  and  one  of 
the  parta,  (hall  be  equal  to  the  fquare  of  the  other 
part. 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  divide 
it  into  two  parts,  fo  that  the  re£tangle  contained  by  the  wholct 
and  one  of  the  parts,  (hall  be  equal  to  the  fquare  of  the  other 
part. 

Upon  AB  defcribe  •  the  fquare  ABDC  \  bifc€k  *  AC  in  E, 
and  join  BE;  produce  C  A  to  F,  and  make  ^^  EF  equal  to  £B ; 
and  upon  AF  defcribe  *  the  fquare  FGH  A  i  AB  is  divided  in 
JI  fo/that  the  rcfiangle  AB,  BH  is  equal  to  the  fquare  of  AH- 

Produce  GH  to  K :  Becaufe  the  ftraight  line  AC  is  bifeAed 
in  E,  and  produced  to  the  point  F,  the  rc&anglc  CF,  PA*  to- 

f ether  with  the  fqu^^rc  of  A£,  is  equaH  to  the  fquare  of  £F : 
iut  EF  ii  equal  to  EB ;  therefore  the  rectangle  CF,  FA,  toge* 
ihcr  w  th  the.  fquare  of  AE,  is  equal  to  the  fquare  of  EB:  And  the 
fquares  ol  BA,  AE  are  equal  ^  to  the 
fquare  ot  £B>  becaufe  the  angle  EAB 
is  a  right  angle;  therefore  the  re^. 
angle  CF,  FA ,  together  w^th  the  fquare 
pf  AE,  is  equa^  to  the  fquares  of  BA, 
AE  :  lake  aw ^^y  the  fquare  of  A£,  A 
which  is  common  to  both,  therefore 
the  remaiuing  rectangle  CF>  FA  is  e 
qual  to  the  fquare cf  AB:  And  the  fi- 
gure FK  is  the  re&angle  contained  by 


E 


CF,  FA,  for  AF  is  equal  to  FG  ;  and 

AD  is  the  fquare  ot  AB;  therefore 

FK  is  equal  to  AD :  Take  away  the 

common  part  AK,  and  the  remainder  O 

FH   is  equal  to  the  remainder  HD : 

And  HD  18  the  reftanglc  contained  by  AB,  BH,  for  AB  is  c- 

qual  to  BD  ;  and  FH   is  the  fquare  of  AH  :    1  hcrcfore  the 

rcft^ngle  AB,  BH  is  equal  to  the  fquare  of  AH :  Wherefore 

the  ftraight  line  AB  is  divided  in  H  fo,  that  the  reflangle  AB, 

JBH ,18  e^ual  to  the  fquare  of  AH.    Which  vas  to  be  done. 


PROP. 
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II. 


rr  obtufe  angled  trtanglet,  if  a  perpendicular  be  drawn 
from  any  of  the  act^te  angles  to  the  oppofitc  fide  pro- 
duced,  the  fquare  of  the  fide  fubtending  the  obtnfe  anglo 
\t  greater  than  the  (quares  of  the  fide$  containing  the  ^« 
tafe  angle,  by  twice  the  rectangle  contained  by  the  fide 
upon  which,  when  produced,  the  perpendicular  falls,  and 
the  ftraight  line  intercepted  without  the  triangle  between 
the  perpendicqbr  and  the  obtufe  angle. 

Let  ABC   be  an  obtufe  angled  triangle,  having  the  obtufe 
angle  ACB,  and  from  the  point  A  let  AD  be  drawn  *  perpen-  •  »•  x- 
dicular  to  BC  produced  ;  The  fquare  of  AB  is  greater  tnan  the 
(qaares  of  AC.  CB  by  twice  the  re£tangle  BC»  CD. 

Secaufe  the  ftraight  line  BD  is  divided  iQto  two  parts  in  the 
point  C,  the  fquare  of  BD  is  equal  >. 

^  to  the  fquares  of  BC,  CD,  and  j^  b  4.  a. 

twice  the  reAaogle  BC,  CD :  To 
each  ot  thefe  equals  add  the  fquare 
of  DA}  and  the  fquaref  of  BD,  DA 
are  equal  to  the  fquaies  of  BC,  CD, 
DA,  and  twice  the  re£langle  BC, 
CD:  But  the  fquare  of  B  A  is  equal 
^  to  the  fqaares  of  BD,  DA,  be- 
caofe  the  angle  at  D  is  a  right  r^ 
angle)  and  the  fquare  of  CAis  e  ^ 

qual'to  the  fquares  9I  CD,  DA :  Therefore  the  fquare  of  BA 
h  equal  to  the  fquares  of  BC,  C A,  and  twice  the  reaangle  BC» 
CD}  that  189  the  fquare  of  BA  is  greater  than  the  fquares  of  BC, 
CA,  by  twice  the  redangle  BC9  CD,  Thereforci  in  obtufe 
aa|led  triangles^  &c.  (^  E.  D. 
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PROP.    Xin.     T  H  E  O  R. 

IN  every  triangle,  the  fquare  of  the  fide  fubtending  any 
of  the  acute  angles,  is  lefs  than  the  fquares  of  the  fides 
containing  that  angle,  by  twice  the  redangle  contained 
by  either  of  thefe  fides,  and  the  ftraight  line  intercepted 
between  the  perpendicular^  let  fall  upon  it  from  the  oppo- 
fitc  »ngle,  and  the  acute  angle. 

Let  ABC  be  any  trianglct  and  the  angle  at  B  one  of  its  a* 
cute  angles,  and  upon  BC»  one  of  the  fides  containing  it|  let  fall 
the  perpendicular  *  AD  from  the  oppofite  angle :  The  fquare 
of  AC»  pppopte  to  the  angle  B,  is  lefs  thap  the  fquares  of  CB, 
^A  by  twice  the  re£langle  CB,  BD. 

Firft»  Let  AD  fall  within  the  triangle  ABC ;  and  becaufe 
the  ftraight  line  CB  is  divided  in- 
to two  parts  in  the  point  D|  the 
fquares  of  CB|  BD  are  equal  ^  to 
twice  the  re£langle  contained  by 
CB,  BD,  and  the  fquare  of  DC  : 
To  each  of  thefe  equals  add  the 
^uare  of  AD  \  therefore  the 
i|]uares  of  CB,  BD,  DA  are  pqual 
to  twice  the  i edangle  CB,  BD, 
and  the  fquares  of  AD,  PC; 
But  the  fquare  of  AB  is  equal 

^  to  the  fquares  of  £D,  DA,  becaufe  the  angle  BDA  Is  a  right 

'  tnglei  and  the  fquare  of  4C  is  equal  to  the  fquares  of  AD,  DC: 
Therefpre  the  fquares  of  CB,  BA  are  equal  to  the  fquare  of 
AC,  and  twice  the  reflangle  CB,  BD  ;  that  is,  the  fquare  of 
AC  alone  is  lefs  than  the  fquares  pf  CB,  B A  by  twice  the  redt- 
angle  CB,  BD.  ^ 

Secondly,   Let  AD  Tall   with-  *  A 

out  the  ti  laAgle  ABC  :  Then,  be- 
caufe the  angle  at  D  is  a  right 
angle,  the  angle  ACB  is  greater 

'^  '£an  -a  right  angle ;  and  there- 
fore the  fquare  of  AB  is  equal  *  to 
the  fquaies  of  AC,  CB,  and  twice 
the  rcdangle  BC,  CD:  To  thefe  e- 

^  quals  add  the  fquare  of  BCj  and  the  Q 
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fqoares  of  AB.  BC  are  equal  to  the  fquare  of  AC»  and  twice  Book  li» 
the  fqaare  of  ^C|  and  twice  the  reQangle  BC,  CD :  But  be* 
caufe  BD  is  di?ided  into  two  parts  in  C,the  re£Ungle  DB|  BC 
is  eqaal  ^  to  the  reftangle  BC,  CD  and  the  fquare  of  BC  :  And  ^  3 
the  doubles  of  tbefe  are  equal :  Therefore  the  fquares  of  AB, 
BC  are  equal  to  the  fquare  of  AC,  and  twice  th^  rectangle, 
DB,  BC :  Therefore  the  fquare  of  AC  alone  is  lefs  than  the 
fquares  of  AB^BC bytwice  the  re£langle DB,  BC.  A 

Laftly,  Let  the  fide  AC  be  perpendicular  to 
BC ;  then  18  BC  the  ftraight  line  between  the 
perpendtcidar  and  the  acute  angle  at  B ;  and  it 
16  manifeft  that  the  fquares  of  AB,  BC  are  e* 
qual  *  to  the  fquare  of  AC,  and  twice  the 
fquare  of  BC  :  Therefore^  in  every  triangle^  &c. 

cLe.d. 


i 
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PROP.    XIV,      P  R  O  B. 


TO  dcfcribe  a  fquare  that  ihall  be  equal  to  a  given  see  k; 
rectilineal  figure. 

Let  A  be  the  given  reAilineal  figure  ;  it  is  required  to  de* 
icribe  a  fquare  that  (hall  be  equal  to  A. 

Defcribe  *  the  redangular  parallelogram  BCDE  equal  to  the  a  45*  << 
rcAilineal  figure  A«  If  then  the  fides  of  it  BE,  £D  are  equal 
to  one  another!  it 
is  a  fquaret  and 
what  was  required 
is  now  done  :  But 
if  tkey  are  not  e- 
qua),  produce  one 
of  them  BE  to  F, 
and  make  EFequal 
to  £D»  and  bifea 
BFinGi  and  from 

the  centre  G,  at  the  diftance  GB,  or  GF,  defcribe  the  femi- 
cifdc  BHF,  and  produce  DE  to  H,  and  join  GH  :  Therefore,   - 
becaufe  the  ftraight  Kne  BF  is  divided  into  two  equal  parts  in 
the  point  G,  and  into  two  unequal  at  £,  th**  redangle  BE, 
£F,  together  with  the  fquare  of  £G,  is  equal  *>  to  the  fquare  of  b  5.  a< 
GF :  But  OF  is  equal  to  GH  ;  therefore  the  reAangle  BE,  £F, 

E  to* 
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Book  II.  rogether  with  the  fquare.of  EG,  is  equal  to  the  fquaire  of  GH  i 
^^^^  But  the  fqiiares  of  HE,  EG  ^rc  equal « to  the  fquare  of  GH  ; 
C47-  !•  Therefore  the  redangle  BE,  EF,  together  with  the  fquare  of 
EG,  is  equal  to  the  fqnares  of  HE,  EG :  Take  away  the  fquare 
of  EG,  which  is  common  to  both-;  and  the  remaining  re£l- 
angle  BE,  £F  is  equal  to  the  fquare  of  EH  :  But  the  rc^ngle 
contained  by  BE,  £F  is  the  parallelogram  BD,  becaofe  £F  is 
^equal  to  ED ;  therefore  BD  is  equal  to  ui€  fquare  of  EH;  but  BD 
is  equal  to  the  re£ltlineal  figure^  A  ;  therefore  the  rc^Uiineal  fi* 
gure  A  is  equal  to  the  fquare  of  EH :  Wherefore  a  fquare  has 
been  made  equal  to  the  giirenredlilineal  figure  A,  viz.  the  fquafe 
dcfcribcd  upon  EH.     Which  was  to  be  done» 
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DEFINITIONS. 


I. 

EQUAL  circles  are  thofe  of  which  the  diameters  are  equalf 
or  from  the  centres  of  which  the  ftraight  lines  to  the 
circumferences  are  equal. 
*  This  is  not  a  definition  but  a  theorem,  the  truth  of  which 

*  is  evident;  for,  if  the  circles  be  applied  to  one  another,  fo  that 

*  their  centres  coincide,  the  circles  muft  likewife  coincide,  fince 

*  the  ftraight  lines  from  the  centres  are  equah 

II. 
A  ftraight  line  is  faid  to  touch 
a  circle,  when  it  meets  the 
circle,  and  being  produced 
does  not  cut  it. 
UL 
Circles  are  faid  td  touch  one 
another,    which   meet,   but 
do  not  cut  one  another* 

IV. 
Straight  lines  are  faid  to  be  equally  di- 
ftant  from   the   centre   of  a    circle, 
when  the    perpendiculars   drawn  to 
them  from  the  centre  are  equal. 

V. 

And  the  ftraight  line  on  which  the 
greater  perpendicular  falls,  is  faid  to 
be  farther  from  the  centre. 

E  a  VI. 


b  Hi  I. 
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A  fegment  of  t  circle  is  the  figure  con- 
tained by  a  ftraigbt  line  and  the  cir- 
cumference it  cuts  off*. 

VIL 
"  The  angle  of  a  fegment  is  that  which  is  contained  by  the 
<*  ftraight  line  and  the  circumference." 

VIIL 
An  angle  in  a  fegment  is  the  angle  con- 
tained by  two  ftraight  lines  drawn 
from  anv  point  in  the  circumference 
of  the  fegment,  to  the  extremities 
of  the  ftraight  line  which  is  the  bafe 
of  the  fegment. 

^        IX. 
And  an  angle  is  faid  to  infift  or  ftand 
upon  the  circumference  intercepted 
between  the  ftraight  lines  that  con- 
tain the  an£)e. 

*        X. 
Ihe  fedor  of  a  ciccle  i^  the  figure  contain 
ed  by  two  ftraight  lines  drawn  from  the 
centre,  and  the  circumference  between 
them. 

XL 

Similar  fegments  of  a  circle, 
are  thofe  in  which  the  an- 
gles are  equal,  or  which 
contain  equal  angles. 


To 


PROP.    I.     P  R,  O  B. 


find  the  centre  of  a  given  circle. 


Let  ABC  be  the  given  circle;  it. is  required  to  find  its  centre. 
■  icx  X.      .  Draw  within  it  any  ftraight  line  AB,  and  bifca^it  in  D  • 
from  the  point  D  draw  ^  DC  a^  right  angles  to  AB,  and  pro- 
duce it  to  E,  and  bifca  CE  in  F :  The  point  F  is  the  centre  of 
the  circle  ABC 

« 
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Tor*  if  it  be  not»  I^,  if  pof&ble,  G  be  the  centre,  and  join  Book  lir. 

GA,  CD,  GB:,  Then,  becaufe  DA  is  equal  to  DB,  and  DG 

common  to  the  two  triangles  ADOi  g^ 

BDG,  the  two  fides  AD.  DG  arc  e-  ^ 

qual  to  the  two  BD,  DG»  each  to 

each  ;  and    the  bafe  GA  is  equal  to 

the  kife  GB,  becaufe  they  are  drawn 

from  the  centre  G  •  :  Therefore  the 

angle  ADG  is  equal  ^  to  the  angle 

GDB :  Buk  when  a  ftraight  line  ftand-      ^ 

ing  upon  another  ftraight  line  makes  A 

the  adjacent  angles  equal  to  one  ano« 

ther,  each  of  the  angles  is  a  right  an*  V^ 

glc* :  Therefore  the  angle  GDB  is  a  dio,def.i. 

right  angle  :  But  FDB  is  likewjfe  a  right  angle;  wherefore  the 
angle  FDB  is  equal  to  the  angle  GDB,  the  greater  to  the  lefs, 
which  is  impoffible  :  Therefore  G  is  not  the  centre  of  the  cir* 
cle  ABC  :  In  the  fame  manner  it  can  be  (hewn,  that  ao  other 
point  but  F  is  the  centre ;  that  is,  F  is  the  centre  of  the  cirdi^ 
ABC:  Which  was  to  be  found. 

Cor.  From  this  it  is  maniieft,  that  if  in  a  circle  a  ftraight 
line  btfe£l  another  at  right  angles,  the  centre  of  the  circle  is  iti 
the  Ihie  which  bife^s  the  other. 


,    P  R  O  B.    11.      T  H  E  O  R. 

^     ,  . 

IF  any  twp  points  be  taken  in  the*  circumference  of  a 
circle,  the  ftraight  line  which  joins  them  ftiall  fad 
within  the  circle. 


Let  ABC  be  a  circle,  and  A^  B  any  two  points  in  the  cir 


camference;  the  ftraight  line  drawn 
from  A  to  B  ftiall  fall  within  the  circle. 
For,  if  it  do  not,  let  it  fall,  if  pofli- 
ble,  without,  as  AEB ;  find  '  D  the  cen* 
tre  of  the  circle  ABC,  and  join  AD, 
DB»  and  preduce  DF,  tfny  ftraight  line 
meeting  the  circumference  AB,  to  £ : 
Tb^n  l^caufe  DA  is  equal  to  DB,  the 
uigle  DAB  is  equal ^to  the  angle  DBA  \ 
iQ4  becaufe  A£j  ^  fide  of  the  triangle 

B5 


a  z.  3. 


bi.r. 


»-♦, 


*  It.  B.  Whenever  tlit  exprdBon  **  ftraight  linet  from  the  centre/'  or  *'  drawn 
'*  frofi  the  centre,**  •€€«•,  it  U  to  be  uodcrftood  that  they  are  draw^  to  the  cii* 
otoafcrcDoe, 
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B^kUL  DAE,  IS  produced  to  B*  the  angle  DEB  16  greater <^ thanilie 
^-''^'^^  angle  DAE-,  but  DAE  is  eqpai  to  the  angle  DBE  ;  therefore 
the  aQgle  DEB  is  greater  than  the  angle  DBE:  But  to  the  great* 
er  angle  the  greater  fide  is  oppofite  ^  ^  DB  is  thereforr  greater 
than  DE :  But  DB  is  equal  to  DF ;  wherefore  t>¥  is  greater 
than  D£»  the  lefs  than  the  greater,  which  is  impoliible:  There- 
forf  the  (Iratght  line  dravn  frpm  A  to  B  does  not  fall  without 
the  circlel  In  the  fame  manner,  it  may  be  demonflrated  that 
it  does  not  fall  upon  the  circumference;  it  falls  therefore  withr 
in  it.    Whereforei  if  any  two  points,  &c   Q^  £.  D* 


P  R  C/P.    lU.      T  H  E  O  R. 

t?  a  ftraighj  line  drawn  through  the  centre  of  a  circle 
blfe£l  a  llraight  line  in  it  which  docs  not  pafs  through 
the  centre,  it  (ball  cut  it  at  right  ariglcs  ;  and,  if  it  cuts  it 
at  right  angles,  it  ihall  \}\k&  it« 

Let  ABC  be  a  circles  and  let  CD»  a  ftraight  line  drawq 

through  the  centre,  bjfef^  any  ilraightline  AB,  which  doc^  not 

pafs  through  the  centre,  in  tbe.poidt  F:  It  cuts  it  alfo  at  riglit 

angles. 
a  1.  3«  Take '  E  the  ceritre  of  the  circle,  and  join  EA,  EB :  Then, 

hecaufe  AF  is  equa|  to  FB,  apd  F£  commoti  to  the  two  tri- 

f  ngles  AFE,  BFE,  there  arc  two  £des  ip  tfie  one  equal  to  two 

(ides  in  the  other,  and  the  bafe  EA  is  ri 

^9|ia|  \p  the  bafis  EB  ;  therefore  thq 
b  8-  f.      angle  AFE  is  equal  ^  to  the  Angle  BFE; 

But  when  a  Araight  line  (landing  upon 

apother  ^akes  the  adj^^cent  angles  equal 

to  one  another,  each  of  them  is  a  right 
cic^d^r.  x.^  angle  :  Therefore  each  of  the   angles 

AF^,  BFE  i$  a  ri^ht  ang)e;  wherefore 

the  flraight  line  QD^  drawn  through  the   a 

centre  bifefting  another  AB  that  does  "A- 

not  pafst^rdugb  the  centre,  futs  the  famo 

at  right  angle^. 

But  let  CP  cut  A?  at  right  apgles  j  CD  alfp  hik&s  itj  that 

is,  AF  is  equal  ^o  FB. 

The  fame  conft^uQion  beiog  made,  becaufe  EAf  E9  frqm 
#  J.  k       the  tcnlre  are  eqtral  to  one  another,  the  angle  EAF  is  equal  << 

to  the  angle  EBF ;  and  the  right  angle  AFE  is  equal  to  the 

jight  angle  BFE :  Therefore,  in  the  two  triangles  EAF,  EBF, 

there 
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there  are  two  angles  in  one  equal  to  two  angles  10  the  other,  B<>ok  iir. . 
and  the  fide  £P,  which  is  oppofite  to  one  of  the  equal  angles  ViXy^^ 
in  each,  is  common  to  both ;  therefore  the  other  fides  are  e<* 
qual  * ;  AF  therefore  is  equal  to  FB.    Wherefore,  if  a  ftraight  e  26.  i. 
line,  &c  Q.  £.  D. 


PROP.    IV.       T  H  E  O  R. 

IF  ii^  a  circle  two  ftraight  lines  cut  one  another  which 
do  not  both  pafs  through  the  centre,  they  do  not  b\k€t 
each  the  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  ftraight  lines  in 
it  which  cut  one  another  in  the  point  E«  and  do  not  both  pafs 
through  the  centre :  AC,  BD  do  not  bifed  one  another.^ 

For,  if  it  is  i)offible,  let  A£  be  eq^aI  to  EC,  and  BE  to  ED : 
If  one  of  the  lines  pafs  through  the  centre,  it  is  plain  that  it 
cannot  be  bife^ied  by  the  other  which 
doesnot  pafsthrough  the  centre:  But,  if 
neithcroi  them  pals  through  the  centre, 

uke*  F  the  centre  of  the  circle,  and       /  \t\  *  '*  ^' 

join  £F :  And  becaufe  FE,  a  ftraight      I  ^        ^^/^v^ 

line  through  the  centre, bife^  another  ^| 
AC  which  does  not  pafs  through  the 

centre,  it  ftiall  cut  it  at  right*  angles  \     RV^'^^^"^*****^^     *  5-  3* 
wherefore  FEA  is  a  right  angle  :  A-     *^  ^^ss__  _>^ 
gain,  becaufe  the  ftrairiit  line  FE  bi- 

itQi%  the  ftraight  line  BD  which  does  not  pafs  through  the  centre, 
it  (hall  cut  it  at  rignt'*  angles;  wherefore  FEB  is  a  right  angle: 
And  FEA  was  (hewn  to  ^  a  right  angle  ;  therefore  FEA  is  e-« 
qual  to  the  angle  FEB,  the  lefs  to  the  greater.  Which  is  tm« 
poffible :  Therefore  AC,  BD  do  not  bifeA  one  another.  Where-, 
fore,  if  in  a  circle,  &c.  Q^  £.  D. 

PROP.    V.        T  H  E  O  R. 

TF  two  circles  cut  one  another,  they  fliall  not  have  the 
lame  centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the  points 
B,  C }  they  have  not  the  fame  centre, 

E4  For, 


7» 
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"SoTp  if  It  be  poffiblct  let  E  be  their  centre :  Join  EC,  and 
draw  any  ftraight  line  £FG  meet- 
ing them  in  F  and  G:  And  becaufe 
£  is  the  centre  of  the  circle  ABC> 
C£  is  equal  to  £F :  Aeain,  be- 
caufe  £  is  the  centre  of  the  circle 
CDG,  C£  is  equal  to  £G :  But 
C£  was  Ihcwn  to  be  equal  to  £F } 
therefore  £F  is  equal  to  EG»  the 
lefs  to  the  greatert  which  is  impof* 
fible :  Therefore  £  is  not  the  cen- 
tre of  the  circles  ABC,  CDG. 
Whereforei  if  two  circles^  &c.    Q^  £•  D. 


P  R  O  P-    VI.      T  H  E  O  R. 

IF  two  circles  touch  one  another  internally,  they  fhall 
not  have  the  fame  centre. 

Let  the  two  circles  ABC,  CDE,  touch  one  another  internal- 
ly in  the  point  C  :  Theyliave  not  the  fame  centre. 

Fort  if  they  can,  let  it  be  F  ^  join  FC  and  draw  any  ftiaight 
line  F£B  meeting  them  in  £  and  B ; 
And  becaufe  F  is  the  centre  of  the 
circle  ABC,  CF  is  equal  to  FB :  AN 
fo,  becaufe  F  is  the  centre  of  the 
circle  CDE,  Cf  is  equal  to  FE :  And 
CF  was  {hewn  equal  to  FB  ;  there- 
fore FE  is  equal  to  FB,  the  lefs  to 
the  greater,  which  is^mpoiSble: 
Wherefore  F  is  not  the  centre  of  the 
icircles  ABC,  COE.  Therefprc,  if 
two  circles^  &c.  Q^  E.  X>. 


PROP. 
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IF  any  point  be  taken  in  the  diameter  of  a  circle,  which' 
is  not  the  centre^  df  all  the  ftraight  lines  which  can 
be  drawn  from  it  to  the  circtlniftretice,  the  p-e^teft  is 
that  in  which  the  centre  ts,  and  the  other  part  of  that  dia- 
mctef  is  the  Icafl ;  and,  of  any  others,  that  which  is 
nearer  to  the  line  which  pafTes  through  the  centre  is  al- 
ways greater  than  one  more  remote :  And  from  the  faime 
point  there  can  be  drawn  only  two  ftraieht  lines  that  are 
equal  to  one  another,  one  upon  each  fide  of  the  (hortefl: 
line. 

Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let 
any  point  F  be  taken  which  is  not  the  centre  :  Let  the  centre 
be£;  of  all  the  ttraight  lines  FB,  FC^  FG,  &c.  that  can  be 
drawn  from  F  to  the  circumference,  FA  is  the  greateft,  and 
FD|  the  other  part  of  the  diameter  AD,  is  the  feaft  i  and  of 
the  odiers,  FB  is  greater  than  FC,  and  FC  than  FG. 

Join  BE,  C£,  GE ;  and  becaufe  two  fides  of  a  triangle  are 
greater* than  the  third,  BE,  EF  are  greater  than  BFj  but  A£  a  ao*  i • 
ifi  equal  to  £B  ;  therefore  A£,  £F, 
that  is  AP,  is  greater  than  BF :  A- 
gain,  becaufe  BE  is  equal  to  CE. 
ahd  F£  common  to  the  triangles   C 
BEF,  CEF^  the  two  fides  BE,  EF 
are  eqaal  to  the  two  C£,  EF ;  but 
tbe  angle  BEF  is  greater  than  the 
angle  CEFj  therefore  tbe  bafe  BF  is 

greater  ^  than  the  bafe  FC  :  For  the        \    /xV^^S>:^^       i^  *••  '• 
iame  reafon,  CF  is  greater  than  GF: 
Again,  becaufe  GF,  F£  are  greater 
'  than  EG,   and  kG  is  equal  to 

ED ;  GF,  F£  are  greater  than  ED :  Take  away  the  ctJmnlon 
part  FE,  and  the  remainder  GF  is  greater  than  the  remainder 
FD :  Therefore  FA  is  the  greateft,  and  FD  the  lead  of  all  the 
ftraight  lilies  From  F  to  Ac  circumference  •,  and  BF  is  greater 
than  CF.  and  CF  than  GF. 

Alfo  there  can  be  drawn  only  two  equal  ftraight  lines  from 

the  point  F  to  the  circumference,  one  upon  each  fide  of  the 

'^  Ihorteft 
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Book  in.  ihorteft  line  FD :  At  the  point  E  in  the  ftraight  line  EF,  make 
V^^^>^  « the  angle  FEH  equal  to  the  angle  GEF,  and  join  FH  :  Then 
c  ^2*  '•     becaufe  G£  it  equal  to  EH,  and  EF  common  to  the  arc  tri- 
angles GEF,  HEF ;  the  two  fides  GE,  £F  are  equal  to^the  two 
HE,  EF ;  and  the  angle  GEF  is  eonal  to  the  angle  HEF ;  there* 
d  4«  t.      fore  the  bafe  FG  is  equal  ^  to  the  bafe  FH :  But,  befides  FH,  no 
other  ftrajj^ht  line  can  be  drawn  from  F  to  the  circumference 
equal  to  FG:  For,  if  there  can^  let  It  be  FK;  and  becaufe 
FK  is  equal  to  FG,  apd  FG  to  FH,  FK  is  equal  to  FH;  that  is, 
a  line  nearer  to  that  which  pafles  through  the  centre,  is  equal  to 
one  which  is  more  remote ;  which  is  impolfible.    Therefore,  if 
any  point  be  takes,  &c*  Q^E.  D« 


PROP.    Vni-     T  H  E  O  R, 


TF  any  point  be  taken  without  a  circle,  and  ftraight 
lines  be  drawn  from  it  to  the  circumference,  where- 
of one  pafles  through  the  centre ;  of  thofci  which  fall 
upon  the  concave  circumference,  the  greateft  is  that 
tehich  paffrs  through  the  centre ;  and  of  the  reft,  that 
which  is  nearer  to  that  through  the  centre  |f  always 
greater  than  the  more  remote :  But  of  thofe  which  fall 
upon  the  convex  circumference,  the  leaft  is  that  between 
the  point  without  the  circle,  and  the  diameter ;  and  of 
the  reft,  that  which  is  nearer  to  the  leaft  is  always  lefs 
than  the  more  remote :  And  only  two  equal  ftraight  lines 
can  be  drawn  from  the  point  unto  the  circumference,  one 
upon  each  fide  of  the  leaft. 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
l^t  the  ftraight  lines  DA,  D£,  DF,  DC  be  drawn  to  the  cir  - 
cumftrence,  whereof  DA  pafles  through  the  centre*  Of  tfaofc 
which  fall  apon  the  concave  part  of  the  circumference  AEFC, 
the  greateft  is  AD  which  pafles  through  the  centre  i  and  the 
nearer  to  it  is  always  greater  than  the  more  remote*  viz.  D£ 
than  DF,  and  DF  than  DC :  But  of  thofe  which  fail  upon  the 
convex  circumference  HLKG,  the  leaft  is  DG  between  the 
I.  point 


OF  £  u  q  L  I  p.. 
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fornt  D  and  the  diameter  AG;  and  the  nearer  to  it  Si  ihrays  Book  ni. 
Ids  than  the  mpre  remote,  viz.  DK  than  DL,  Mul  DL  than  V^A"^ 
DH.  ' 

Take  ^  M  the  centre  of  the  circle  ABC»  aad  join  ME,  MF,  a  i.  3. 
MC,  MK,  ML,  MH :  And  beeanfe  AM  is  equal  to  ME,  add 
MD  to  each,  tbeiefore  AD  it  equal  to  EM,  MD ;  but  EM,  MD 
are  grcaeer  ^  than  ED ;  therefoie  aUb  AD  ia  greater  than  ED  :  b  ao.  !• 
Agam,  becau(e  ME  is  equal  to  MF,  and  MD  common  to  the 
triangles  EMD,  FMD ;  £M,  MD  r) 

are  equal  to  FM,  MD ;  but  the 
angle  EMD  is  greater  than  the 
an^le  FMD;  therefore  the  bafe 

tD  is  greater^ Chan  the  bafe  FD:  ///   I  \  c  »4*  fi 

la  like  maaser  it  may  be  (hewn 
that  FD  is  greater  than  CD  : 
Therefore  DAisthegreateft;  and 
DE  greater  than  DF,  and  DF  than 
DC :  And  becaufe  MK,  KD  are 
greater^ than  MD,  and  MKis  e« 

quil  to  MG,  the  remainder  KD  ^^      ,     inu*^  %    a  m  a^ 

is  greater- than  the  remainder  GD,  V^  ■■  ^  ■  ^    ^  ^  1    d  4.  a* 

ihAt  is,GD  is  lefs  than  KD ;  And 
b(caufe  MK,  DK  are  drawn  to  the 
point  K  within  the  triangle  MLD 
irom  M«  D,  the  extreipities  of  its 

fide  MD  ;.MK,  KD  arc  lefs  « than  "-       A  ^  »i.  %• 

ML,  LD,  whereof  MK  is  equal 

to  ML  ;  therefore  the  remainder  DK  is  lefs  than  the  remainder 
JpL :  In  like  manner  it  may  be  (hewn,  that  DL  is  lefs  than 
DH  :  Therefore  DG  is  the  lead,  and  DK  lefs  than  DL,  and  DL 
than  DH :  Alfo  there  can  be  drawn  only  two  equal  ftraight 
lines  firom  the  point  D  to  the  circumference,  one  upon  each 
fide  of  the  leaft:  At  the  point  M,  in  the  ftraight  line  MD,  make  ' 
the  angle  DMB  equal  to  the  angle  DMK,  and  join  DB :  And 
becaufe  MK  is  equal  to  MB,  and  MD  common  to  the  triangles 
RMD,  HMD,  the  two  fides  KM,  MD  are  equal  to  the  two  BM, 
MD;  and  the  angle  KMD  is  equal  to  the  angle  BMD ;  there- 
fore the  bafe  DK  is  equal  f  to  the  bafe  DB :  But,  befides  DB,  '  4*  <• 
there  can  be  no  ftraight  line  drawn  from  D  to  the  circumfe- 
rence equal  to  DK:  For,  if  there  can,  let  it  be  DN;  and  becaufe  . 
DK  is  equal  to  DN,  an4  alfo  to  DB;  therefore  DB  is  equal  to 
DN,  tbat  is,  the  nearer  to  the  leaft  equal  to  the  more  remote, 
fhicb  is  impoflible.    l^  therefore,  any  point,  &c»  (^E.  D. 


^ 
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I"  R  O  P.    IX.     Tv  H  E  O  R. 

» 

IF  ^  point  be  taken  within  a  circle^  from  which  there 
fall  more  than  two  equal  ftraight  lines  to  (he  circum* 
ferencey  that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC,  from 
which  to  the  circumference  there  fall  more  than  two  equal 
ftraight  lines,  viz,  DA,  DB,  DC,  the  point  D  is  the  centre  of 
the  circle. 

For,  if  not,  let  E  be  the  centre^ 
join  D£  and  produce  it  to  the  cir* 
eumfercnce  in  F»  G }  then  FG  is 
a  diameter  of  the  circle  ABC  :  And 
becaufe  in  FG»  the  diameter  of  the. 
circle    ABC,    there   is  taken  the 
point  D  which  is  not  the  centre,  DG 
(hall  be  the  greatett  line  from  it  to 
the  circumference,  and  DC  greater 
«  than  DB,  and  DB  than  DA  :  But 
they  are  likelrtfe  equal,  which  is 
impoflible :  Therefere  £  is  not  the 
centre  of  the  circle  ABC:  In  like  manner,  it  may  be  demon- 
ftrated,  that  no  other  point  but  D  is  the  centre  ;  D  therefore  is 
the  centre.    Wherefore,  if  a  point  be  taken,  &c.  Q.  £.  D. 


*  f.  3t 


O 


P  ft  O  P.    X.     T  H  E  O  R. 

N£  circumference  of  a  circle  cannot  cut  another  in 
more  than  two  points. 


If  It  be  polfible,  let  the  clrcumfe* 
reilce  ABC  cut  the  circumference    j^ 
DEF  in  more  than  two  points,  via.    ** 
in  B,  U,  F;  take  the  cenrre  K  of  the  ^ 
circle  ABC,  and  join  KB,  KG,  KF :  X^ 
And  becaufe  witnin  the  circle  DEF 
there  is  taken  the  point  K,  from 
which  to   the  eircumfierence  DEF 
fall  mote  than  two  equal  ftraight 
lines  KB|  KG,  KF,  the  point  K  7s  «^ 


>he 
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the  centre  of  the  circle  DEF:  But  K  is  alfo  the  centre  of  the  loo^iU. 
drcle  AQC  i  therefore  the  (ame  point  is  the  centre  of  two  cir- 
cles that  cot  one  another,  which  is  impoflible  ^    Therefore  one  b  5. 3< 
circumference  of  a  circle  cannot  cut  another  in  more  than  two 
points.    Q^E.  D. 


P  R  O  P.    XL     T  H  ?  O  R. 

IF  two  circles  touch  each  other  Hitemally,  the  ftraigbt 
line  which  joins  their  centres  being  produced  fhall  pals 

through  the  point  of  contact. 

« 

Let  the  two  circles  ABCt  ADE  touch  each  other  internally 
in  the  point  A,  and  let  F  be  the  centre  of  the  circle  ABC, 
and  G  the  centre  of  the  circle  ADE :. 
The   ftraight  line  which   joins  the 
centres  F,  Q,  being  produced,  paffes 
through  the  point  A* 

For,  if  not,  let  it  fail  otherwife,  if 
poffiUe.  as  FGDH,  and  join  AF, 
AG:  And  bccaufe  AG,  OF  are  great- 
er'dian  FA,  that  is,  than  FH,  for 
FA  is  equal  to  FH,  both  being  from 
the  fame  centre;  take  away  the  com- 
mon part  FG ;  therefore  the  remain- 
der AG  is  greater  jthan  the  remainder  GH  :  But  AG  is  equal 
to  CD ;  therefore  GD  is  greater  than  GH,  the  lefs  than  the 
greater,  which  is  impodibie*  Therefore  the  ftraigbt  line  which 
joins  the  points  F,  G  CiinnQt  fall  otherwife  than  upon  the  point 
A,  that  is,  it  muft  pais  through  it.    Therefore,  if  two  circles. 


a  sen; 


P  R  O  P-    Xn.       T  H  E  O  R, 

TF  two  circles  touch  each  other  externally,  the  ftraight 
^  line  which  joins  their  centres  ihall  pais  through  the 
poiot  of  contact. 

Let  the  two  circles  ABC,  ADE  toucl^  egch  other  externally 
m  the  point  Aj  and  let  F  be  the  centre  of  the  circle  ABC,  and* 
G  the  centre  of  ADE:  The  ftriiight  lines  which  joins  the  points. 
Fi  G  fiiall  pafs  through  the  point  of  contact  A. 

For.  if  not,  let  it 'pals  otherwife,  if  poiSble,  as  FCDG,  and: 

join 


tao.  X. 


8m  K. 
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%«J(  iri.  join  VAf  AG :  And  becaufe  F  is  the  centre  of  the  curck  ABC, 
"   '  AF  !•  equal  to  FC  :  Alfo, 
becaufe  G  is  the  centre  of 
the  circle  ADE,.  AG  is  e- 

?ual  to  GD :  Therefore 
A,  AG  are  equal  to  FC, 
DG;  wherefore  the  whole 
FG  is  greater  than  FA, 
AG  :  But  it  is  alfo  lefs  •  j 
which  is  impoflible  : 
Therefore    the     ftraight 

line  which  joins  the  points  F,  G  (hall  not  pafs  otherwife  than 
through  the  point  of  contafi  A,  that  is,  it  muft  pafs  through 
iu    Therefpre,  if  two  circles^  &c.  Ql  £•  D« 

PROP.   xnr.      T  H  E  O  R. 

ONE  circle  cannot  touch  another  in  more  points  than 
one,  whether  it  touches  it  on  the  infide  or  outiidc. 

For^  if  it  be  poiIible,^let  the  circle  EBF  touch  the  circle 

ABC  in  more  points  than  one,  and  firft  on  the  infide,  in  the 

•  la  it.  it.  points  B,  D  ;  join  BD,  and  draw  •  GH  bifeding  BD  at  right 

angles :  Therefore!  becaufe  the  points  B,  D  are  in  the  circunDfe- 


rcnce  of  each  of  the  circles,  the  ftraight  line  BD  hljs  within 
b  s.  3.  ^  each  of  them  :'  And  their  centres  are  ^  in  the  ftraight  line  GH 
cCtf.  i,;3.  which  bife£b  BD  at  right  angles-,  therefore  GH  pafles  through 
d  iz.  J.     ^e  point  of  contaA';  but  it  does  not  pafs  through  it,  becaufe  the 

points  B,  D  are  without  the  ftraight  line  GH,  which  is.abfurd: 

Therefore  one  circle  cannot  touch  another  on  the  inCde  in  more 

points  than  one. 

[  Mor  can  two  circles  tou^h  one  another  oil  the  outfidein 

more 
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more  than  one  point :  For,  if  it  be  poffible,  let  the  circle  ACK  &>ok  ifL 

touch  the  circle  ABC  in  the  points  A,  C,  and  join  AC:  There- 

fbf  e»  becanfe  the  two  points  A,  C  are  in 

the  drcomference  of  the  circle  ACK, 

the  ftraight  line  AC  which  joins'  them 

fliall    fall   withm  ^  the    circle    ACK  : 

And  the  circle  ACK  is  without  the  cir-* 

de  ABC;  and  therefore  the  ftraight  line 

AC  is  without  this  lail  circle  ;  but,  be« 

caofe  the  points  A,  C  are  in  the  circum** 

fercQce  of  the  circle  ABC,  the  ftraight 

line  AC  muft  be  within  ^  the  fame  cir* 

cle,   which  is  abfurd:  Therefore  one 

circle  cannot  touch  another  on  the  out*  J^ 

iide  in  more  than  one  point:  And  it 

has  been  ihewn,  that  they  cannot  touch 

on  the  infide  in  more  points  than  one  :  Therefore,  one  circle, 

&c  Q(  E.  D. 


PROP.    XIV.      THEOR. 

TT*  QUAL  ftraight  lines  in  H  circle  are  equally  diflant 
J^^  from  the  centre ;  and  thofe  which  arc  equally  di- 
itaac  from  the  centre,  arc  equal  to  one  another.  ^ 

Let  the  ftraight  lines  AB,  CD,  in  the  circle  ABDC,  be  equal 
to  one  another ;  they  are  equally  diftant  from  the  centre. 

Take  £  the  centre  of  the  circle  ABDC,  and  from  it  draw  £F, 
£G  perpendiculars  to  AB,  CD  :  Then,  becaufe  the  ftraight  line 
EFy  paiung  through  the  centre,  cuts  the  ftraight  line  ABj  which 
does  not  pafs  through  the  centre,  at  right 
angles,  it  alfo  bifeds  *  it :  Wherefore 
AF  is  equal  to  FB,  and  AB  double  of  4. 
AF.  For  the  lame  reafon,  CD  is  dou-  '^ 
ble  of  CG :  And  AB  is  equal  to  CD; 
therefore  AF  is  ^qual  to  CG :  And 
becaufe  AE  is  equal  tp  EC,  the  fqoare 
of  A£  is  equal  to  the  fouare  of  EC : 
But  the  fquares  of  AF,  FE  arc  equal 
^  to  the  fquare  of  AE,  becaufe  the 
ao^Je  AFK  is  a  right  angle;  and, 
for  the  like '  reafon,  the  /quares  of 
EGf  GC  are  equal  to  the  fquare  of  EC:  Therefore  the 
fquares  of  AF^  £E  sk  equal  to  the  fquares  of  CG^  GE,  of 

wbic^ 


8  3.  3. 
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Book  in*  which  the  {qoare  of  AF  it  equal  to  the  fquare  of  CG,  becaafe 

V^vvl  AF  is  equal  to  CG ;  therefore  the  remaining  fquare  of  FE  is 

'   equal  to  the  remaining  (quare  of  £G|  and  the  ftraight  line  FE 

is  therefore  equal  to  EG  :  But  ftraight  lines  in  a  circle  are  faid 

I  to  he  equally  diftant  from  the  centre^  when  the  perpendiculars 

c  4-  Oct  3.  drawn  to  them  from  the  centre  are  equal  ^ :  Tberdbre  AB,  CD 

are  equally  di^ant  from  the  centre. 

Next,  if  the  ftraieht  lines  AB,  CD  be  equally  diftant  from 
the  centre,  that  is,  it  F£  be  equal  to  EG  ;  AB  is  equal  to  CD  : 
For,  the  fame  conftru&ion  being  made,  it  m^iy,  as  before,  be  de- 
monftrated,  that  AB  is  double  of  AF,  and  CD  double  of  CG,  and 
that  the  fquares  of  £F,  FA  are  equal  to  the  fquares  of  EG, 
GC  ;  of  which  the  fquare  of  FE  is  equal  to  the  fquare  of  EG, 
becaufe  FE  is  equal  to  EG ;  therefore  the  remaining  fquare 
of  AF  is  equal  to  the  remaining  fquare  of  CG  $  and  the  ftraight 
line  AF  is  therefore  equal  to  CG  :  And  AB  is  double  of  AF, 
and  CD  double  of  CG|  wherefore  Afi  is  equal  to  CD.  There* 
fore  equal  ftraight  lines,  &c.  Q^E.  D. 


P  R  O  P.    XV.      T  H  E  O  R. 

SetN.       nPHE  diameter  is  the  grcatcft  ftraight  line  in  a  circle  ; 
j^    and,  of  all  others,  that  which  is  nearer  to  the  cen- 
tre is  always  greater  than  one  mor^  rcnaote ;  and  the 
greater  is  it^rcr  to  the  centre  than  the  lefs. 


a  sp.x. 


Let  ABCD  de  a  circle,  of  which 
the  diameter  is  AD,  and  centre  £  i 
and  let  BC  be  newer  to  the  centre  than    «^ 
FG  y  AD  U  greater  than  any  ftraight    •*  . 
line  EC  which  is  not  a  diatneter,  sind 
BC  grcatVp  than  FG 

From  the  centre  draw  EH,  EK  per- 

p4iculars  to  BC,  FG,  and  join  £B| 
C,  li^F  i  and  becaula  AE  is  equal  to 
£B,  aiiU  ,ED  to  £C^  AD  is  equal  to 
IB,  EC;  But  EB,  EC,  are  greater* 
than  BC;  wbexeforc^  ajfo  AD  is  great« 
jbr  than  BC. 

Andi   beeaufe   BC  is  nearer  10   the   centre   than  FG, 

£H 


e 
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EH  it  Icfi  ^  than  EK :  But,  as  was  d«i$iooftraied  ta  ibe  pre*  Uok  iir. 
ceding,  BC  is  double  of  BH,  and  FG  double  of  FK,  and  the  y^"^^ 
fqoaiesof  £H,  HB  are  equal  to  the  fquarea  of  £K>  KF,  of^^*^^'*^* 
which  the  fquare  of  EH  is  Icfs  than  the  (quare  of  £Kf  beeaufe 
£H  is  left  than  EK  $  therefore  the  fquare  of  BH  is  greater  than 
the  fijuare  of  FK,  and  the  ftraigbt  line  BH  greater  than  FK  | 
and  therefore  BC  is  greater  than  FG. 

Nen,  Let  BC  be  greater  than  FG  v  BC  is  nearer  to  the  een* 
tre  than  FG,  that  is^.the  fame  conftruAion  being  made,  EH  is 
Ufii  than  EK :  Becaufe  BC  is  greater  than  FG,  BH  likewife  is. 
greater  tban  FK  :  And  the  fquares  of  BH,  HE  are  equal  to 
the  fquares  of  FK,  KE,  of  which  the  fquare  of  BH  is  greater 
than  the  fquare  of  FK,  becaufe  BH  is  greater  than  FK )  there* 
fere  the  fquare  of  £H  is  lefs  than  the  fquare  of  £K,  and  the 
ftraigbt  line  EH  lefs  than  EK.    Wherefore  the  diameter,  &c« 


PROP.    XVL      T  H  £  O  R. 

rlE  ftraigbt  line  drawn  at  right  angles  to  the  dia-teN. 
meter  of  a  circle^  from  the  extremity  of  it,  falls 
vithout  the  circle ;  and  no  ftraigbtf  line  can  be  drawn , 
between  thstf  ftraight  line  and  the  ctrcuoifcrence  from 
the  extremity,  fo  as  not  to  cut  the  circle ;  or,  which  is 
the  fame  thing,  no  ftraight  line  can  make  fo  great  an  a- 
cute  angle  with  the  diameter  at  its  extremity,  or  fo  fmall 
an  angle  with  the  ftraight  line  which  is  at  right  angles  to 
it,  as  not  to  cut  the  circle. 

Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  the  dia< 
meter  AB|  the  ftraight  line  drawn  at  right  angles  to  AB  from 
its  exuemity  A,  ihall  fall  without  the  circle.  « 

For,  if  it  does  not,  let  it  fall,  if 
poffible,  within  the  circle  as  AC, 
and  draw  DC  to  the  point  C  where 
it  meets  the  circumference ;  And 


becaufe  DA  is  equal  to  DC,  the  Q 

aogie  DAC  is  equal  ^  to  the  angle        .  ^  #        •  *  . 

ACD  J  but  DAC  is  a  right  ai^ie,        ^  /        a «.  u 

therefore  ACD  is  a  right  angle, 
and  the  angles  DAC,  ACD  are 
therefore  equal  to  two  right  angks$  which  is  impofliblet':^  t;,  u 

V  Therefore 
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Book  lit  Therefore  the  ftraight  line  drawn  from  A  at  right  angles  to  B  A 

^•V%i^  does  not  fall  within  the  circle :  In  the  fame  manner,  it  may  be. 
demonftrated  that  it  does  not  fall  upon  the  circumference ;  there- 
fore it  muft  fall  within  the  circle,  as  AE. 

And  between  the  ftraight  line  AE  and  the  circumference  no 
ftraight  line  can  be  drawn  from  the  point  A  which  does  not 
cut  the  circle:  For,  if  poffiblc,  let  FA  be  between  them,  and 

c  u.  I.  from  the  point  D  draw* DG  perpendicular  to  FA»  and  let  it 
meet  the  circumference  in  H :  And  becaufe  AGD  is  a  right 

d  19. 1,  angle,  and  DAG  Icfs^  than  a  right  angle :  DA  is  greater*  thaa 
DG:  But  DA  is  equal  to  DH» 
therefore  DH  is  greater  than  DG, 
the  lefit  than  the  greater,  which  is 
impoflible:  Therefore  no  ftraight 
line  can  be  drawn  from  the  point 
A  between  AE  and  the  circumfe- 
rence, which  does  not  cut  the  cir 
cle,  or,  which  amounts  to  the  fame  B 
thing,  however  great  an  acute  angle 
a  ftraight  line  makes  with  the  dia- 
meter at  the  point  A,  or  however 
fmall  an  angle  it  makes  with  AE, 
the  circumference  paffcs  between  that  ftraight  line  and  the  per- 
pendicular AE.  •  And  this  is  all  that  is  to  be  underftood, 
*  when,  in  the  Greek  text  and  tranflations  from  it,  the  angle  of 
^  the  femicircle  is  faid  to  be  greater  than  any  acute  redilineal 
^  angle,  and  the  remaining  angle  lefs  than  any  re&ilineal  anr 
•gle.' 

CoR.  From  this  it  is  manifcft  that  the  ftraight  line  which, is 
drawn  at  right  angles  to  the  diameter  of  a  circle  from  the  ex- 
tremity of  it,  touches  the  circle  ;  and  that  it  touches  it  only  in 
one  point,  becaufe,  if  it  did  meet  the  circle  in  two,  it  would 
fall  within  it  *.  *  Alfo  \t  is  evident  that  there  can  be  but  one 
f  ftraight  line  which  touches  the  circle  in  the  fs^me  point.' 


o  %'  3« 


PROP.    XVIL        P  R  O  B. 

T'O  draw  a  ftraight  line  from  a  given  pointy  either 
without  or  in  the  circumference,  which  (hall  touch  a 
given  Qrcle. 

Firftj  Let  A  be  a  given  point  wI|hout  the  given  circle  BCD ; 

it 
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it  IS  required  to  draw  a  ftraight  line  from  A  which  (hall  touch   ^^^ok  nr. 
the  circle.  ^-^YXJ 

Find*  the  centre  E  of  the  circlei  and  join  AE;  and  from  *  '-i- 
the  centre  £,  at  the  diftance  EA,  defcribe  the  circle  AFG  ; 
from  the  point  D  draw  *>  DF  at  right  angles  to  E  A,  and  join  ^  '**  '• 
EBF,  AB  ;  AB  touches  the  circle  BCD. 

Becaufe  E  is  the  centre 
of  the  circles  BCD,  AFG» 
£A  is  equal  to  EF:  And 
ED  to  EB  ;  therefore  the 
two  fides  AE,  EB  are  equal 
to  the  two  FE»  ED,  and 
they  contain  the.  angle  at 
£  common  fo  the  two  tri* 
angles  AEB,  FED  i  there- 
fore the  bafe  DF  is  equal  to 
the  bafe  AB,  and  the  tri« 
angle  FED  to  the  triangle 

AEB,  and  the  other  angles  to  the  other  angles^  :  Therefore  the  c  4.^1. 
angle  EBA  is  equal  to  the  aogle  EDF :  But  EDF  is  a  right 
angle,  wherefore  EBA  is  a  right  angle  :  And  EB  is  drawn  from 
the  centre ;  but  a  ftraight  line  drawn  from  the  extremity  of  a 
diameter,  at  right  angles  to  it,  touches  the  circle** :  Therefore  ACor.id  s* 
AB  touches  the  circle  ;  and  it  is  drawn  from  the  given  point  A. 
Which  was  to  be  done. 

But,  if  the  given  point  be  in  the  circumference  of  the  circhs, 
as  the  point  D,  draw  D£  to  the  centre  £,  and  DF  at  right 
angles  to  D£ ;  DF  touches  the  circle  '• 


PROP.    XVIII.      T  H  E  G  R. 


IF  a  ftraight  line  touches  a  circle,  the  ftraight  line  drawn 
from  the  centre  to  the  point  of  contadl,  fliall  be  per- 
pendicular to  the  line  touching  the  circle. 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point 
C,  take  the  centre  F,  and  draw  the  ftraight  Ime  FC  *,  FC  in 
peipendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular 
to  D£  i  and  becaufe  FGC  is  a  right  angle,  GCF  is ''  an  acute  b  17.  i. 
^ngle  I  and  to  the  greater  angle  the  greateft  ^  fide  is  oppo'^ 

F  a  Thf 
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iBotOL  ilh  Therefore  FC  is  greater  t^an  FG  i 
hot  FC  18  equal  to  FB ;  therefore 
FB  18  greater  ^han  FG,  the  lefs  than 
the  greater,  which  is  impofliblc: 
Wherefore  FG  is  not  perpendicular 
to  DE :  In  the  fame  manner  it  may 
be  (hewn»  that  no  other  is  perpen- 
dicular to  it  beGdes  FC,  that  is*  FC 
is  perpendicular  to  DE.  Therefore, 
if  9  ftraigbt  line,  Jpc.  C^E.  p. 


JS  |8-  3- 


Qee'Kf 


PROP.    XIX.     T  H  E  O  R. 

IF  a  ftraight  line  touches  a  circle,  and  from  the  point 
of  contad:  a  ftraight  line  be  drawn  at  right  angles  to 
the  touching  line,  the  centre  of  the  circle  fhall  be  in 
thai  line. 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  C,  and 
from  C  let  CA  be  drawn  at  right  angles  to  DE ;  the  centre  of 
the  circle  is  in  CA. 

For,  if  not,  let  F  be  the  centre,  if  poflible,  and  join  CF : 
Becaufe  DE  touches  the  circle  ABC, 
and  FC  is  drawn  from  the  centre  to 
the  point  of  contaft,.  FC  is  perpen- 
dicular "ro  DE;  therefore  FCE  is  a 
right  angle :  But  ACE  is  alfo  a  right 
^ngle ;  thercfpre  the  angle  FCE  is 
equal  to  the  angle  ACE,  the  lefs  to  JJ 
the  greater,  which  is  impofliblc: 
"Wherefore  F  is  not  the  centre  of  the  ' 
circle  ABC  :  In  the  fame  manner,  it 
rnay  be  ihewn,  that  no  other  point 
•which  is  not  in  CA,  is  the  centre ; 
that  is,  the  centre  is  in  CA-  Thercfpre,  if  a  ftraight  line,  &c 
q^E.  D. 

PROP.    XX.        THE  OR. 

THE  angle  at  the  centre  of  a  circle  is  double  of  the 
angle  at  the  circumference,  upon  the  feme  bafCj^ 

that  ig,  upon  the  fame  part  of  the  cifcpmfcrcncp. 

J-ct 
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Let  Al^C  be  a  circki  and  BEC  an  anfile  at  the  centrei  and  Book  m. 
BAC  an  angle  at  the  circumference,  which  have  the  fame  cir- 
eumlivencc  BC  for  their  bafe  ;  the  angle 
BEC  is  double  of  the  angle  BAC- 

Iirft»  Let  E  the  centre  of  the  circle  be 
within  the  angle  BAC,  and  join  AE,  and 
produce  it  to  F:  Becaufe  £A  is  equal 
to  EB^  the  angle  EAB  is  equal  *  to 
the  angle  EBA  }  therefore '  the  angles 
£AB»  £B A  are  double  of  the  angle  EAB  ; 
but  the  angle  BEF  is  equal  ^  to  the  angles  |i^ 
EAB,  EBA;  therefore  alfo  the  angle 
BEF  is  double  of  the  angle  EAB :  For  the 
fame  reafon,  the  apgle  FEC  is  double  ef 
the  angle  EAC :  Therefore  the  whole  angle  BEC  is  double  of 
the  whole  angle  BAC. 

Agaia^  Let  £  the  centre  of  the 
circle  be  without  the  angle  BDC,  and 
join  DE  and  produce  it  to  G.  It 
maf  be  demonftrated,  as  in  the  firft 
ca(e,  that  the  angle  GEC  is  doable 
of  the  angle  GDC,  and  that  GEB  a 
part  of  the  firft  is  double  of  GDB  ^ 
part  of  the  other ;  therefore  the  re-  ^ 
maining  angle  BEC  is  double  of  the 
remaining  angle  BDC.  Therefore 
the  angle  at  the  centre,  &c.  Q;  E.  D. 


PROP,    XXI.      T  H  E  O  R. 


THE  angles  in  the  fame  fcgmcnt  of  a  circle  are  equal  ste  n. 
to  one  another* 

Let  ABCD  be  a  circle,  and  BAD^ 
BED  angles  in  the  fame  fegment 
B AED :  i  be  angles  BAD,  BED  are 
equal  to  one  another. 

Take  F  the  C-ntre  of  the  circle 
ABCU;  And,  firft,  let  the  fegmeot 
B AED  be  greater  than  a  femicircle, 
and  join  Br,  FD  ;  And  becaufe  the  ]g 
angle  BED  is  at  the  centre,  and  the 
angle  BAD  at  the  circumference, 
and  that  they  have  the<ame  part  of 
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Book  nr.  the  circutnfcrchcc,  riT.  BCD,  for  their  bafc ;  therefore  the  an- 
V^V^/  gle  BFD  is  double  *  of  the  angle  BAD  :  For  the  fame  reafon^ 
•  *®'  3.     the  angle  BFD  is  double  of  the  angle  BED  :  Therefore  the 

angle  BAD  is  equal  to  the  angle  BED. 
But,  if  the  fcgmcnt  BAED  be  not  greater  than  a  femicircle, 

let  BAD,  BED  be  angles  in  it  $  thefe 

alfo  are  equal  to  otie  another :  Draw 

AF  to  the  centre,  and  produce  it  to 

C,  and  join  CE  :  Therefore  the  feg-  t% 

n\ent  B  ADC  is  greater  than  a  femi-  *^^ 

circle  i  and  the  angles   in  it  BAC, 

BEC  are  equal,  by  the  firft  cafe :  For 

the  fame  reafon,  becaufe  CBED  is 

greater  than  a  femicircle,  the  angles 

CADj  CED  are  equal :   Therefore  , 

the  whole  angle  BAD  is  equal  to  the  C 

whole  angle  BED.  Wherefore  the  angles  in  the  fame  fegmenti 

&c.  Q;^E.  D. 


PROP.    XXIL      THEOR. 

THE  oppoGtc  angles  of  any  quadrilateral  figure  dc* 
fcribed  in  a  circle,  are  together  equal  to  two  right 
angles* 

Let  ABCD  be  a  quadrilateral  iSgure  in  the  circle  ABCD  ; 
any  ti*o  of  its  oppofite  angles  .are  together  equal  to  two  right 
angles. 

Join  AC,  BD ;  and  becaufe  the  three  angles  of  every  tri- 
a  3a.  X.     angle  are  equal  ■  to  two  right  angles,  the  three  angles  of  the 
triangle  CAB,  viz.  the  angles  CAB,  ABC,  BCA  are  equal  to 
two  right  angles :  But  the  angle  C AB      '  y\ 

Im.  3-      is  equal  ^  to  the  angle  CDB,  becaufe  *^ 

they  are  in  the  fame  fegment  B  ADC  ; 
and  the  angle  ACB  is  equal  to  the 
angle  ADB,  becaufe  thtry  are  in  the 
,    fame  fegment  ADCB  :  Therefore  the 


whol^  angle  ADC  is  equal  to  the  A 
angles  CAB,  ACB:  To  each  of  thefe -^ 
equals  add  the  angle  ABC ;  therefore 
the  angles  ABC,  CAB^  BCA  are  e^ 
qual  to  the  angles  ABC,  ADC :  But  ABC^  CAB,  BCA  are 
equal  to  two  right  angles  j  therefore  alfo  the  angles  ABC,  ADC 
are  equal  to  two  right  angles :  In  the  fame  mannerj  the  angles 

BAD, 


O  F    E  U  C  L  I  D.  tj 

BAD,  DCB  may  be  (hewn  to  be  equal  td  two  right  anglesi  Book^lir. 
Therefore,  the  oppoGte  anglesi  &c.  q!^E.  D.  ' 


PROP.    XXIIL      THE  OR. 

UPON  the  Tame  flraight  line,  and  upon  the  fame  (ide  see  n^ 
of  it,  there  cannot  be  two  fimilar   fegmems  of 
arciesy  not  coinciding  with  one  another. 

If  it  be  poflible,  let  the  two  firtlilslr  fegment^  of  cifclest  viz. 
ACS,  ADB,  be  upon  the  fame  fide  of  the  fame  ftraight  line 
AB,  not  coinciding  with  one  another :  Then,  becaufe  the  cir- 
cle ACB  cuts  the  circle  ADB  in  the 
two  points  A,  B,  they  cannot  cut  one 

another  in  any  other  point*:   One  of       y^^^^-«-i^\       *w«3* 
the  fegmcnts^  muft  therefore  fall  within 
the  other;  let  ACB  fall  within  ADB, 

and  draw  the  ftraight  line  BCD|  and ^ 

join  CA,  DA :  And  becaufe  the  feg-  A  H 

aient  ACB  is  fimilar  to  the  fegment 

ADB,  and  that  fimilar  fegments  of  circles  contain  ^  equal  an-  kxz«def.3< 

gles  ;  the  angle  ACB  is  equal  to  the  angle  ADB,  the  exterior 

to  the  interior,  which  is  impoflible^.    Therefore,  there  cannot  c  i6.  x. 

be  two  fimilar  fegments  of  a  circle  upon  the  fame  fide  of  the 

iame  linct  which  do  not  coincide.    Q.  £•  D. 


PROP.    XXIV.     T  H  E  O  R. 

SIMILAR  fegments  of  circles   upon  equal  ftraight  Scq  k. 
lines,  are  equal  to  one  another. 

Let  AEB,  CFD  Be  fimilar  fegments  of  circles  upon  the  equal 
ftraight  lines  AB,  CD  }  the  fegment  AEB  is  equal  to  the  feg- 
ment CFD. 

For,  if  the  feg- 
ment AEB  be  ^  IT 
applied  to  the 
fegment  CFD, 
fo  as  the  point  A 
be  on  C,  and  /^ 
the  ftraight  line 

AB  upon  CD,  the  point  B  fliall  coincide  with  the  point  D,  be- 

£4  caufe 
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BoA  III;  caufis  AB  i8  eqiud  to  CD  i  Therefore  tbe  ftreight  line  AB  eo- 

^•^^"^^^  inciding  with  CD*  the  fegmeot  A£B  muft  *  coincide  with  tbe 

■  *^  ^'     fegmenc  CFD,  and  therefore  is  equal  to  it.    Wherefore 

fegmenta^  &c.  (^£.  D* 


SceN« 


ft  IO.T, 
c  €,l. 
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f  R  O  p.    XXV.     P  R  O  B. 

Segment  of  a  circle  being  gircn,  to  defcribe  the 
circle  of  ,\7hich  it  is  the  fcgincnt. 


Let  ABC  be  the  given  fegment  of  a  circle )  it  ia  required  to 
defcribe  the  circle  of  which  it  is  the  fegment. 

Bifea  *  AC  in  D,  and  from  the  point  D  draw  ^  DB  at  right 
angles  to  AC|  and  join  AB :  Firft,  let  the  angles  ABD.  BAU, 
be  equal  to  one  another;  then  the  ftraight  line  BD  is  equal^ 
to  DA.  and  therefore  to  DC  |  and  becaufe  tbe  three  ftraight 
lines  DA|  DB|  DC  are  all  equal,  D  is  the  centre  of  the  cir- 
cle '  :  From  the  centra  D»  at  the  dtftance  of  any  of  the  three 
DA,  DB»  DC,  defciibe  a  circle ;  this  fliall  pafs  through  the  other 
points  ;  and  the  circle  of  which  ABC  is  a  fegment  is  defcribed  : 
And  becaufe  tbe  centre  D  is  in  AC,  the  fegment  ABC  is  a  fe« 


micircle  :  But  if  the  angles  ABD,  BAD  are  not  equal  to  one 
e  »a«  r.  nnother,  at  the  point  A,  in  the  ftraight  line  AB,  make  *  the  angle 
BAE  equal  to  the  angle  ABD,  and  pioduceBD,  if  neceflar]r,to  £, 
and  join  EC  :  And  becaufe  the  angle  ABE  is  equal  to  the  angle 
BAE,  the  ftraight  line  BE  is  equal  <  to  £A  :  And  becaufe  AD 
is  equal  to  DC,  and  D£  common  to  the  triangles  ADE,  CDE, 
tbe  two  fides  AD,  DE  are  equal  to  the  two  CD,  D£,  each  to 
each ;  and  the  angle  ADE  is  equal  to  the  angle  CDE,  for 
'each  of  them  is  a  right  angle ;  therefore  the  bafe  A£  \%  equal 

fix.        '  ^o  ^^  ^^^^  ^^  '  ^"^  ^^  ^^^  (hewn  to  be  equal  to  EB,  where-* 
fore  alfc  B£  is  equal  to  EC :  And  tbe  three  ftraight  lines  AE, 

£B, 


O  F   I  U  C  L  I  P,  tf 

£69  EC  are  therefore  equal  to  <mt  adother ;  wherefore  ^  E  is    ^^^  iif* 
the  centre  of  the  cirele-t    From  the  centre  E,  at  the  diftance  of  ^'*^^^^>^ 
any  of  the  three  AE,  £B,  EC,  defcribe  a  circle,  this  (hall  pafs  '  ^^^* 
throogb  the  other  points;  and  the  circle  of  which  ABC  is  a  feg'* 
mcnt  is  deforibcd  :  And  it  is  evident  that  if  the  angle  ABD  be 
greater  than  the  angle  BAD,  the  centre  E  falls  without  the 
fegment  ABC,  whicli  therefore  is  lefs  than  a  femicircle :  But 
if  the  angle  ABD  be  lefs  than  BAD,  the  centre  £  falls  within  - 
the  fegment  ABC,  which  is  therefore  greater  than  a  femicir- 
dc :  Wherefore  a  fegment  of  a  circle  being  given,  the  circle  is 
defcrib^  of  which  it  19  a  fegment.    Which  was  to  be  done. 


PROP.    XXVI.        T  H  E  O  R. 

IN  equal  circles^  equal  angles  ftand  upon  equal  ctrcum- 
ferenccSy  whether  they  be  at  the  centres  or  circumfe- 
rences« 

Let  ABC,  DEF  be  equal  circles,  and  the  equal  angles  BGC^ 
EHF  at  their  centres,  and  B  AC,  EDF  at  their  circumferences : 
The  circumference  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  £F  ;  and  becaufe  the  circles  ABC,  DEF  are  equal, 
the  ftraight  lines  drawn  from  their  centres  are  equal :  There* 
(ore  Che  two  fides  BG,  GC,  are  equal  to  the  two  EH,  HFj 


ind  the  angle  at  G  is  equal  to  the  angle  at  H  ^  therefore  tha 
^fe  BC  is  equal  ^  to  the  bafe  £F :  And  becaufe  the  angle  at  A  a  4.  i. 
is  equal  to  the  angle  at  D,  the  fegment  BAC  is  fimilar  ^  to  the  ^  "•  def.^, 
fegment  EDF;  and  they  are  upon  equal  ftraight  lines  BC,  £F; 
w  Gmilar  fegments  of  circles  upon  equal  flbraigbt  lines  are  e* 
qaal^to  one  another;  therefore  the  fegment  BAC  i$  equal  ^*4*|* 
to  the  fegment  EDF :  But  the  whole  circle  ABC  if  eqiud  to  the 

wfaolr 
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Book  lU.  whold  D£F  ;  therefore  the  refnaining  Tegment  BKC 18  eqiial  to 
the  remaining  fegment  ELF,  and  the  circumference  BKC  to 
the  circumference  ELF.  Whereforci  in  equal  circles,  &c 
Q,  E.  D. 


PROP.    XXVU.       THEOR. 

IN  equal  circles,  the  angles  which  (land  upon  equal 
circumferences,  arc  equal  to  one  another^  whether 
they  be  at  the  Centres  or  circumferences. 

Let  tbe^ngles  BGC,  EHF  at  the  centres^  and  BAC  EDF 
at  the  circumferences  of  the  equal  circles  ABC,  DEF  ftand 
upon  the  equal  circumferences  BC,  £F :  The  angle  BGC  is  e- 
qual  to  the  angle  EHF,  and  the  angle  BAC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifeil 
■  so.  3.      *  that  the  angle  BAC  is  alfo  equal  to  EDF  :  Bxit,  if  nor,  one 


-  of  them  is  the  greater :  Let  BGC  be  the  greater,  and  at  the 
h  s^.  X*  point  G,  in.  the  ftraight  line  BG,  make  ^  the  angle  DGK  equal 
to  the  an^le  EHF;  but  equal  angles  (land  upon  equal  circum- 
c  24.  3.  fcrencesS  when  they  are  at  the  centre;  therefore  the  circum 
ferenceBK  is  equal  to  the  circumference  EF:  But  £F  is  equal 
to  BC ;  therefore  alfo  BK  is  equal  to  BC,  the  lefs  to  ihe  great- 
er, which  is  impoflible:  Therefpre  the  angle  BGC  is  not  unequal 
to  the  angle  EHF ;  that  is,  it  is  equal  to  it :  And  the  angle  at 
A  is  half  of  the  angle  BGC,  and  the  angle  at  D  half  of  the  an- 
gle EHF  :  Therefore  the  angle  at  A  is  equal  to. the  angle  at  D. 
Wherefore,  in  equal  circles,  &e.  Q.  E  D. 
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PROP.    XXVm.      T  H  E  O  R. 

« 

IN  equal  circles,  equal  ftraight  lines  cut  off  equal  cir- 
cumferences, the  greater  equal  to  the  greater,  and  the 
kf$  to  the  Icfs. 

Let  ABC,  DEF  be  eqaal  circles,  and  BC,  £F  equal  ftraight 
lines  in  them,  which  cut  off  the  two  greater  circumferences  < 
BAG,  £DF»  and  the  two  lefs  BGC,  £HF :  The  greater  B AC 
is  equal  to  the  greater  EDF,  and  the  lefs  BGC  to  the  lers 
EHF. 

Take  *  K,  L  the  centres  of  the  circles,  and  join  BK9  KC,  a  i.  3. 
EL,  LF  :  And  becaufe  the  circles  are  equal,  the  ftraight  lines 


C  JF- 


from  their  centres  are  equal ;  therefore  BK,  KC  are  equal  to 
EL,  LF ;  and  the  bafe  BC  is  equal  to  the  bafe  EF ;  therefore 
ihc  angle  BKC  is  equal  ^  to  the  angle  ELF :  But  equ^l  angles  b  S.  i. 
ftaod  upon  equal  ^  circumferences,  when  they  are  at  the  cen«  c  16.  3. 
trcs;  therefore  the  circumference  BGC  is  equal  to  the  cir- 
Cttmference  EHF.    But  the  whole  circle  ABC  i$  equal  to  the 
vhole  EDF;  the  remaining  part  therefore  of  the  circumfe- 
rence, viz.  B  AC,  is  equal  to  the  remaining  part  £DF.    There 
fore,  in  equal  circles,  &c.  Q^E«  D, 

PROP.    XXIX.      T  H  E  O  R. 

IN  equal  circles  equal  circumferences  are  fubtended  by 
^  equal  ftraight  lines. 

Let  ABC,  DEF  be  equal  circles*  and  let  the  circumferences 
BGC,  EHF  alfo  be  equal ;  and  join  BC,  EF:  The  ftraight  line 
BC  \%  equal  to  the  ftraight  line  £F. 


9* 


THE    ELfiMEKTS 


B6ok  tti.       Take  ^  R,  L  the  centres  ofjhe  circles,  and  join  BK,  KC, 
^'^^f'*^   £L.  LF :  And  bccaufe  the  drcumference  BGC  is  equal  to  the 

A  D 


b  §7.  3. 


c  4«l< 


Circumference  EHF»  the  angle  BKC  is  equal  ^  to  the  angle 
ELF :  And  becaufe  the  circles  ABC»  DBF  are  equal,  the  ftrarghc 
lines  from  their  <;entres  are  equal :  Therefore  BK,  KC  are  e^ 
qu^l  to  EL,  LF,  and  they  contain  equal  angles :  Therefore  the 
bafe  BC  is  equal  ^  to  the  bafe  EF.  Therefor^  in  equal  circles^ 
&c.  Q.  E.  D. 


T 


PROP.    XXX.      P  R  O  B. 

t  a  given  circumference,  that  is 
vo  equal  parts . 


Let  ADB  be  the  given  circumference ;  it  is  required  to  bi« 

fea  it. 
%  10.  X.  Join  'AB,  and  bifeA  >  it  in  C  ;  from  the  point  C  draw  CD 

at  right  angles  to  AB,  and  join  AD,  DB :  The  circumference 

ADB  is  bifeaed  in  the  point  D. 
Becaufe  AC  is  equal  to  CB,  and  CD  common  to  the  tri« 

angles  ACD,  BCD,  the  two  fides  AC, 

CD  s re  equal  to  the  two  BC,  CD; 

aiid  the  angle  ACD  is  equal  to  the 

angle  BCD,  becaufe  each  of  them  is  a 

right  angle;  i  therefore  the  bafe  AD  ^  ^  -n 

\  4.  «•       is  equal  b  to  the  bafe  BD  :  But  equal  A.  Kj  D 

c  al-  %-      fl^tigbt  Un<^  cut  off  equal  ^  circumferences,  the  greater  equal 

to  the  greater,  and  the  lefs  to  the  lefs,  and  AD,  DB  are  each 

of  them  lefs  than  a  femicirde ;  becaufe  DC  paflcs  through  the 
4  Gsr.  I-  S«  centre  <  9  Wbor^fbre  tbu  circumference  AD  is  equal  to  the  cir- 

GumferenosOB ::  Therefore  the  given  circumference  is  bifeaed 

in  D.    Which  was  to  be  doii«. 

PROP. 


OF    EUCLID.  9i 

PROP.    XXXL     T  H  E  O  ft. 

IN  a  drclc,  the  angle  in  a  femictrcle  i«  a  right  angle ; 
bat  the  angle  in  a  fegment  greater  than  a  feaitdrcle  is 
kfs  than  a  right  angk ;  and  the  angle  in  a  fegtftieift  tefs 
than  a  feoiicircle  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  4iaineter  is  BC,  and 
cencre  £ ;  and  draw  CA  dividing  the  circle  into  the  fegments 
ABC)  ADC,  and  join  BA,  AD^  DC ;  the  angle  in  the  femi- 
circle  B AC  is  a  nght  angle ;  and  the  angle  in  the  regment  > 
ABC,  which  is  greater  than  a  feaiicircle,  h  left  than  alright 
angle;  and  the  ang}e  in  the  fegment  AD^i  which  is  lefs  than 
t  feoiicircle,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F;  and  becaufe  BE  is  equal 
to£A,  the  angle  £AB  is  equal  ^  to  £BA  ;  zUo,  becaufe  A£a  5.  i. 
is  equal  to  EC,  the  angle  EAC  is 
cqaal  to  EC  A ;  wherefore  the 
vbole  angle  BAC  is  equal  to  the 
two  angles  ABC,  ACB:  ButFAC, 
the  exterior   angle  of  the  triangle 

ABC,  is  equal  ^  to  the  two  angles  /[/  \  N^  "^SJ^  ^  ^*'  '• 
ABC,  ACS;  therefore  the  angle 
BAC  is  eq^ial  to  the  angle  FAC^  Ti 
and  each  of  them  is  therefore  a 
right  ^  angle :  Wherefore  the  angle 
BaC  in  a  femicircle  is  a  right  an- 
gle. 

And  becaufe  the  two  angles  ABC^  BAC  of  the  triangle 
ABC  are  together  kfs  ^  than  two  right  angles*  and  that  BAC  ^  '7-  '• 
i^  a  right  angle,  ABC  mud  be  lefs  than  a  right  angle ;  and  there« 
fore  the  angle  in  a  fegment  ASC  greater  than  a  femiqircley  is  ' 
idi  than  a  right  angle* 

And  becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle^  any 
two  of  its  oppofite  angles  are  equal  ^  to  two  right  angles  ;  there*  e  si*  3* 
fore  the  angles  ABC,  ADC  are  equal  to  two  right  angles ;  and 
ABC  is  lefs  than  a  right  angle ;  wherefore  the  other  ADC  is 
greater  than  a  right  angle. 

Befides,  it  is  manifeft,  that  the  circumference  of  the  greater 
iegm«it  ABC  falls  without  the  right  Angle  CAB*  but  the 
circQmference  of  the  left  fegment  ADC  fails  within  the  right 
ugle  CAF.    *  And  this  is  all  that  is  meanti  when  in  the 

<  Greets 
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tn,  <  Greek 'text,  and  the  tranflationa  from  it»  the  angle  of  the 
*  greater  fegment  is  faid  to  he  greater,  and  the  angle  of  thelefa 
^  fegment  is  faid  to  be  iefs,  than  a  right  angle.' 

CoR.  From  this  It  is  manifeft,  that  if  one  angle  of  atrt^ 
angle  be  eqoal  to  the  other  two,  it  is  a  right  angle,  becaufc  the 
angle  adjacent  to  it  is  equal  to  the  fame  two ;  and  when  the  ad  - 
jacent  angles  arc  equal,  they  are  right  angles* 


a  XI.  I. 


PROP.    XXXn.      T  H  E  O  R. 

IF  a  flraight  fine  touches  a  circle,  and  from  the  point 
of  contaft  a  ^raigbt  line  be  drawn  cutting  the  circle, 
the  angles  made  by  this  line  with  the  line  touching  the 
circle,  (hall  be  equal  to  the  angles  which  are  in  the  alter- 
nate legments  of  the  circle* 

Let  the  ftraight  line  £F  touch  the  circle  A6CD  in  B,  and 
from  the  point  B  let  the  flraight  line  BD  be  drawn  cutting  the 
circle  :  The  angles  which  BP  makes  with  the  touching  line  £F 
(hall  be  equal  to  the  angles  in  the  alternate  fegments  of  the 
circle  ;  that  is,  the  angle  FBD  is  equal  to  the  angle  which  is  in 
the  fegment  DAB,  and  the  angle  l)B£  to  the  angle  in  the  feg- 
ment BCD. 

From  the  point  B  draw*BA  at  right  angles  to  EF,  and 
take  any  point  C  in  the  circumference  BD^  and  join  AD» 
DC,  CB  ;  and  becaufe  the  flraight  line  £F  touches  the  circle 
ABCD  in  the  point  B,  and  BA  is 
drawn  at  right  angles  to  the  touch* 
ing  line  from  the  point  of  conta£t 
By  the  centre  of  the  circle  is  ^  in  B  A ; 
therefore  the  angle  ADB  in  a  femi- 
circle  is  a  right  ^  angle,  and  confe- 
4quently  the  other  two  angles  BAD, 
ABD  are  equal  'to  a  right  angle; 
But  ABF  is  likewife  a  right  angle  ; 
therefore  the  angle  ABF  is  equal  to 
the  angles  BAD,  ABD :  Take  from 
thefe  equals  the  common  angle 
ABD  ;  therefore  the  remaining  an* 

gle  DBF  is  equal  to  the  angle  BAD,  which  is  in  the  alternate 

fegment  of  the  circle ;  and  becaufe  ABCD  is  a  quadrilateral 

c  ^^  3*      figure  in  a  circle,  the  oppoiite  angles  BADj  BCD  are  equal  ^  to 

tWQ 


b  Xp.  3. 
c  ax.3. 

4  St.  t. 
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tvo  right  angles;   therefore  the  angles  DBF^  DBE,  b^ing  like-   Book  nu 
vife  eqial^  to  two  right  angles,  are  equal  to  the  angles  BAD,   ^^^^^^'^^ 
BCD  ;  aiid  DBF  h^s  been  prorcd  equal  to  BAD :  Therefore  the. ^  *^•^• 
retnaiiMng  ai^gle  DB£  is  e<}ua1to  the  angle  BCD  in  the  alter-* 
nate  ferment* of  the  ciicle*    Wherefore*  if  a  ftraight  line,  &c« 
Q^K.  D. 


PROP.    XXXIU.        P  R  O  B, 


«  fT9.Z« 


b  31. 3, 


UPON  a  given  ftraight  line  to  defcribe  a  fegmcnt  of  see  k, 
a  circle,  containing  an  angle  equal  to  a  given  rec- 
tilineal angle. 

Let  AB  be  the  given  ftraight  line,  and  the  angle  at  C  the 
given  re&ilineal  angle;  it  is  required  to  defcribe  upon  the  given 
ftraight  line  AB  a  fegment  of  a  circle,  containing  an  angle  e- 
equal  to  the  angle  C* 

Firft,  Let  the  angle  at  C  be  a 
right  angle,  and  tifcd  *  AB  in  F, 
and  from  the  centre  F,  at  the  di- 
ftance  FB,  defcribe  the  femicircle 
AHB ;  therefore  the  angle  AHB  in 
a  femicircle  is  ^  equal  to  the  right 
angle  at  C« 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in 
the  ftraight  line  AB,  make^  the  angle  BAD  equal  to  the  angle  c  13.  x. 
C,  and    from    the  point   A 

draw  ^  AE  at  right  angles  to  ^ ^-  ^  ^^  ^ 

AD  5  bifea  *  A  B  in  F,  and 
from  F  draw««FG  at  right 
angles  to  AB,  and  join  GB : 
And  becaufe  AF  is  equal  to 
FB,  and  FG  common  to  the 
triangles  AFG,  BFG,  the 
two  fides  AF,  FG  are  equal 
to  the  two  BF,  FG ;  and  the 
angle  AFG  is  equal  to  the 
angle    BFG ;    therefore    the 

bafe  AG  is   equal  ^  to  the  bafe  GB  ;  and  the  circle  defcribed^  4*  <• 
from  the  centre  G,  at  the  diftance  GA,  ftiall  pafs  through  the 
point  B  ;  let  this  be  the  circle  AHB  :  And  becaufe  from  the 
point  A  the  extremity  of  the  diameter  AEj  AD  is  drawn  at 

ri' 


TH I    ELEMENTS 
Book  m.  right  angles  to  AE,  therdbre  AD  f  touches  the  cirde ;  and  be- 


g  3»*  s* 


caufe  AB  drawn  from  the  point 
fGDr.i6.3.Q£  eontafk  A  cuts  the  circlei 
the  angle  DAB  is  equal  to  the 
angle  in  the  alternate  fegment 
AHBS:  But  the  angle  DAB 
is  equal  to  the  angle  C»  there- 
fore  alfo  the  angle  C  is  equal 
to  the  angle  in  the  fegment 
AHB:  "Wncrefore,  upon  the 
given  ftraight  line  AB  the  feg- 
ment AHB  of  a  circle  is  defcribed  which  contains  an  an^ 
qual  to  the  given  angle  at  C.  Which  was  to  be  done. 


•  i».  $• 


¥  as*  I* 


e  31*  3« 


T 


PROP.    XXXIV.     P  R  O  B. 

O  cut  oflF  ai  fegment  from  a  given  circle  which  fiiall 
contain  an  angle  equal  to  a  given  redilineal  angle. 


Let  ABC  be  the  given  drcle,  and  D  the  given  refiilineal 
angle ;  it  is  required  to  cut  off  a  fegment  from  the  circle  ABC 
that  ihall  conuin  an  angle  equal  to  the  angle  D. , 

Draw  ^  the  ftraieht  line  £F  touching  the  circle  ABC  in  the 

Eiint  B,  and  at  the  point 
9  in  the  firaight  line  BF^ 
make  b  the  angle  FBC  e. 
qual    to    the       _ 
Therefore,     becaufe 
ftraight  line   £F 
the  circle  ABC, 
drawn  from  the  point  of 
contaft  B,  the  angle  FBC 
18  equal* to  the  angle  in  £ 

the  alternate  fesment  B  AC  < 

of  the  circle :  But  the  angle  FBC  is  equal  to  the  angle  D ; 
therefore  the  angle  in  the  fegment  BAC  is  equal  to  the  angle 
D  :  Wherefore  the  fegment  BAC  is  cut  off  from  the  given  cir^ 
fie  ABC  containing  an  angle  equal  to  the  given  angle  D-^ 
SVhich  was  tp  be  done. 


gle  FBC  e. 
angle    D  :  / 

ecaufe     the  X 

EF   touches  -^  / 
;,  and  BC  is  U  ^ — 


PROP. 
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PROP.    XJ^XV.    THE  OR. 


IF  Mro  ftraight  liii^s  wUbtp  »  drcIiB  cut  one  another,  the  ^^  h. 
fcdangie  contained  by  the  fegments  of  one  of  them 
is  eqoal  Co  the  redaio^le  cont»ned  by  the  fegments  of 
ihc  other* 

Let  the  two  ftraight  line^  AC»  BD,  within  the  circle  ABCD, 
cot  one  anpther  in  the  poiac  £  ^  the  re^^aglp  contained  by  Al^» 
£C  19  equal  to  the  ce^bmglp  lEOptaiapd  ]by 
BEt  ED. 

lif  ACi  BD  pafa  each  of  tbcm  through**^  "s.  n^  ./^  y-* 
jtbe  centre,  fo  that  E  ia  the  centre ;  it  ia 
evidentt  that  AE,  EC,  BE,  ED,  |>eing  all  ^  y^  ^^^j 

eqtuU  the  r^langje  AE,  EC  i^  likewifeB  V  yK0 

equal  to  the  redUngle  B£»  ^p. 

But  let  one  of  thejn  BD  pgfa  tbrotugh  thf  centre,  and  cttf  the 
other  AC,  which  dgcs  not  pa^  tbrp^eh  the  centce,  at  rlgbt  anglea^ 
in  the  point  £  :  Then,,  if  Bp  be  Sifefied  in  F,  P  ia  the  centre 
of  the  circle  ABCD;  and  joip  AF:  And  bec^ufe  BD,  which 
paflea  throtigh  the  centte,  cnta  the  ftraight  line  Ap,  wbicb  does 
not  pda  through  the  ico^tre,  ^t  rj^t  vv 

angica  in  E,  AE,  ^C  are  eq^a}  ^  to  ^ 

one  another :  And  beCaufe  tbe  ftraight 
line  BD  ia  tg$  into  two  equal.  par)t3  in 
the  point  F,  and  into  two  unequal  in 
the  point  E,  the  reOangle  BE,  ED 
together  with  the  fquare  of  EF,  ia  e* 
qnal  ^  to  the  fquare  of  FB  i  that  ia,  A^ 
to  the  fqaar^  of  FA  i  b|at  the  foo^rea 

of  AE,  EF  are  equal*  to  the  iquare  ^V^ ll->^  «  47* »• 

of  FA  I  therefore  the  redlangle  BE, 

KD,  together  with  the  iquare  of  EF, 

ia  equal  to  the  fqoarea  of  A£,  £F :  Take  away  the  comdion 

Iqoar^  pf  ^F,  tnd  %ht  ren^aining  re&angle  Bb,  ED  ia  equal 

.to  the  re^VMning  Iqua^ie  of  AE  l  jtbaf  ia,  to  the  teGtsa^lc  AE, 

EC 

Next,  Let  BD  which  pafles  thnmgh  the  centre,  cot  the  other 
AC,  which  doea  not  pafa  through  the  cencre»  in  £,  but  not  at 
Qgbr  angles  i  Theq,  aa  M^re,  ifBp  be  bifeOcd  In  F,  F  is  the 
centre  oTxhe  circle*   Join  AF,  s^xd  Xrom  F  draw  ^  lO  parpen-  ^ 

G  dicular 


•  i*a» 


b  5.  a«^ 


xa.Xi 


\ 
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^•^  WV  dicular  to  AC  i  therefore  AG  is  equal  ■  to  GC ;  where^M 


the  fquares  of  EG,  GF»  it  equal  to 
the.  fquares  of  AG|  GF :  But  the  J) 
«  4^  !•  fquares  of  EG,  GF  are  equal «  to  the 
'  fqusre  of  £F;  and  the  fquares  of 
AG,  GF  are  equal  to  the  fqnarc  of 
AF :  Therefore  the  reaangle  AE,  J^ 
£C«  together  with  the  fquare  of  £F, 
is  equal  to  the  fquare  of  AF;  that  is, 
to  the  fquare  of  fB  :  But  the  fquare 
of  FB  is  equal  ^  to  the  reAangle  BE,  ED,  together  with  the 
fo^a^  of  £F ;  therefore  the  re£langle  A£,  EC,  together  with 
the  fquare  of  £F,  is  equal  to  the  rectangle  BE,  ED,  togethef 
with  the  fquare  of  £F  :  Take  away  the  common  fqdare  of  £F, 
and  the  remaining  re£latigle  AE,  £C  is  therefore  equal  to  the 
remaining  reaangle  BE,  ED.  ^ 

LafHy,  LetHctther  of  the  ftraight  lines  AC,  BD  pais  through 
the  centre :  Take  the  centre  F,  and 
through  E,  the  interfe£kion  of  the 
'ftraight  lines  AC,  DB,  driw  the 
diameter  GEFH  :  And  bccaufe  the 
re£tahgle  AE,  EC  is  equal,  as  has 
l>eeh  fliown,  to  the  re£iangle  GE, 
EM ;  and,  for  the  fame  reafon,  the  J^^ 
reaangle  BE,  ED  is  equal  to  the 
fame  redlangle  GE,  EH  i  therefore  n 

the  redangle  AE,  EC  is  equal  to  -D 

the  reaangle  BE,  EQ.    Wherefore,  if  two  ftraight  lines^  &d» 
<^E.D. 

^    P  R  O  P.    XXXVL       T  H  E  O  R. 

IP  from  itij  point  without  a  circle  two  ftraight  lines  be 
drawn,  jone  of  which  cuts  the  circle,  and  the  other 
touches  it ;  the  reaangle  contaiiied  by  the  whole  line 
which  cuts  the  circle,  and  the  part  df  it  without  the  cir* 
cle,  fhall  be  equal  to  the  fquare  of  the  line  which  touched 
It. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA, 
DB  two  ftraight  lines  drawn  from  it,  of  which  DC  A  cuts  the 

circle. 


'  •  i8*  3 


b  «.  %. 


c  47.  I* 


bt   tV  CLlDi 

tiffdet  dtftd  JDB  lovelies  the  fimte :  Tht  re^biigle  AD^  BO  ii  Bc»k 

equal  (a  the  fquare  of  DB* 
Eidier  DGA  ps^es  throt^h  the  eefitre«  or  it  does  not ;  firft^ 

Itt  it  paft  thn^gh  the  centre  E»  And  join  EBj  therefore  the  anglo 

£BD  is  a. right*  angle:  Ad^  becaufe 

the  ftrait^ht  line  AC  is  bifeaed  in  £» 

and  produced  to  toe  point  D,  the  re^^ 

angle  AD».  DC^   together  with    Uie 

fqoaroof£C»  is  equal  ^  to  the  Iquate 
of  £0,  andCE  is  equal  to.C3 :  There-    . 
fore  the  reAangie  AD,  DC,  together  ,  j) 
^ith  the  fi|«are  of  EB,  is  equal  to  the 
fqoare  of  £D  t    But  the  fqnare  of  £D 
is  eqiial^  to  the  fqnares  of  £B,  BDf  be*  . 
canle  £BD  is  a  right  gngle:  Therefore 
the  reaangle  AD»  DC,  together  with 
the   fquare  of  £B,  is  equal   to   the 
fqliarcs  of  £B,  BD :    Take  away  the 
cooimon  fquare  of  £B  $  therefore  the 

remaining  reaangle  AD,  DC  is  equal  to  the  fquare  of  the 
tangent  DB. 

J.  ^^  *^  P^^  ^^^^  "^  P***  trough  the  centre  of  the  circle 
ABC,   tokc*  the  centre  E,  and  draw  Ef  perpendicular*  to  ^  t- 3- 
AC,  and  join  £B,  EC,  ED  :  And  becaufe  the  ftraight  li^ic  EF  *  '*•  ' 
Which  paffcs  thrbugh  the  fccntrc,  cUts  the  ftraight  line  AC,  which 
does  not  pafs  through  the  centre,  at  right 
angles^  it  (hall  like  wife  bifefir  it }  there* 
fore  aF  is  equal  to  ^C :   And  becaufe 
the  ftraight  line  AC  is  bifeaed  in  F^ 
and  produced  to  D,  the  reaangle  AD^ 
DC,  together  with  the  fquare  of  FC,  is 
equal  ^  to  the  fquare  qf  Fi>  :  Xo  each  of 
thefe  equals  add  the  fquare  of  F£;  there- 
fore the  rectangle  AD,  DC,  together 
with  the  fquares  of  CF,  FE,  is  equal  to 
the  fquares  of  DF,  FE :   Bttt  the  Iquare 
of  £13  is  equal  ^  to  the  fquares  of  DF,  J\^ 
FE,  becaufe  £FD  is  a  right  angle ;  and 
the  fqoare  of  EC  is  equal  to  the  fquares 
of  CF,  F£;  therefore  the  reaanrie  AD, 
DC,  together  with  the  fquare  of  EC,  i^  equal  to  the  fquare  of 
ED :   And  CE  is  equal  to  EB  |  therefprc  the  redanjile  AD, 
DC,  rogether  with  the  fquare  of  EB,  is  equal  to  the  fquare  of 

G2  ^    BD; 


99 


ui: 
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Book  itt  XD:  Bot  tht'lteitm  ^  £^  BI>  ii«  equal  tb  the  tipMe^  ^ 
V^V%^ED,  bccaufc  EBD  18  a  right  angle;  therefore  the  reOaofirle 
c  47-  !•      AD,  DC»  'together  ^^h  the  Tquare  o{  £B,  i»  equal  tc^  the 

Iquarei  of  EB»  BD  :  Take  away  the  common  fqnare  of  £B  ; 

therefol^e  thS  remaining  re€banglc  AD,  DC  is  equal  to  the 

fquare  of  1)B.    Wherefore,  if  firoiii  any  point)  &c.  Q^E.  D. 
CoE.   If  from  any  point  without  a 

cirdey  tberis  be  drawn  two  ftraight 

linea  cutting  it|  U  AB,  AC,  the  redt^ 

angles  contained  hy  the  whole  lines 

and  the  parts  of  ^em  without  the 

circlet  are  equal  to  one  another,  Tic. 

the  reAangle  BA»  AE   to  the  reA* 

angle  CA,  AF :   For  each  of  them  is 

eqtial  to  the  iquare  of  the  ftraight  line 

AD'  which  touches  the  circle* 


PllOf-    XXXVIL       tSEOR. 

IF  from  a  point  without  a  circle  there  be  drawn  two 
ftraight  linesy  one  of  which  cuts  the  jcitcle,  and  the 
other  meets  k  ;  if  the  re&angle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without  the 
cirde  be  equal  to  the  fquare  of  the  line  ^hich  meets  it, 
the  line  which  meets  fliall  touch  the  circle. 

Let  any  point  D  be  taken  without  the  circle  ABC^  and  from 
it  let  two  ftraight  lines  DCA  and  DB  be  drawn^  of  which  DC  A 
cuts  the  circle,  and  DB  meets  it  |  if  the  re&angle  AD^  DC  be 
equal' to  the-fquare  of  DB ;  DB  touches  the  circle.' 
a  17.  3w  Draw  a  the  ftraight  line  D£  touching  the  circle  ABC,  find 

h  x8.  3-  its  centre  F,  and  join  FE,  FB,  FD  |  then  FED  is  a  right  ^  an-r 
gle :'  And  becaufe  D£  touches  the  circle  ABC>  and  DCA  cuts 
€  36.  3*  it,  the  re£bngle  AD.  DC  is  equal  ^  to  the  fquare  of  D£ :  But 
the  redangle  AD,  DC  is,  by  hyppthefis,  equal  to  the  iquare 
of  DB :  Therefore  the  fquare  of  £)£  is  equal  to  the  fquare  of 
DB }  and  the  ftraight  line  D£  equal  to  the  ftraight  line  DB  : 

An4 
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tot 


AS.  I. 


and  FE  18  equal  to  FB^  n^hervfoit  DE,  EF  are  equal  to  DB>  *^™\ 

BF I  and  the  bafe  FD  is  common  to 

the  two  trian£le8  DBF,  DBF ;  tl)ere«- 

fere  Ae  angle  DBF  U  equal '  tqi  tbe 

angle  DBF;  but  DBF  is  a  right  angle, 

therefore  mUb  DBF  is  a  right  angle : 

And  FBy  if  produced,  is  a  diameter, 

and  the  ftraight  line  which  is  drawn 

at  right  aoglcf  to  a  diamet^ry  from  the  B 

cKtrenaity  of  k,  touches  ^  the  circle : 

Therefore  DB^toucbes  the  circle  ABC 

VniereforCf    if  from   a    point9   &c. 

Q.  E.  D. 


e  x6.  3. 
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IV. 


DEFINITION  i^. 

I. 

AReAilmeal  figure  is  faid  to  be  infcribed  in  another  r^^i- 
lineal  fig^re,  when  all  the  angles  of  the  infcribed  figure 
are  upon  the  fides  of  the  figure  in  which  it  if 
infcribed,  each  upon  each. 

II. 
In  like  m«nner»  a  figure  is  faid  to  be  deferibed 
about  another  ifigure»  when  all  the  fides  of 
the  circurafcribed  figure  pafs  through  the  an* 
gular  points  of  the  figure  about  yrhich  it  is  defcribed,  ^ch 
through  each. 

III. 
A  re£UlineaI  figure  is  faid  to  be  infcribed 
in  a  circle,  when  all  the  angles  of  the  in» 
fcribed  figure  are  upon  the  circumference 
of  the  circle. 

IV- 

A  reftilineal  figure  is  faid  to  be  defcribed  about  a  circle,  whe^ 
each  fide    of    the  circunafcribed   figure 
touches  the  circumference  of  the  circle* 

In  like  manner,  a  circle  is  faid  to  be  infer!- 

'  bed  in  a  re£iilineal  figure,  when  the  cir- 
cumference of  the  circle  touches  each  fide 
of  the  figure. 


i 


OF   E  V  C  L  I  IX 

VI. 
A  drcle  is  faid  to  be  defcrtbed  zhont  a  rec« 
tilineal  figure,  when  the  circumference 
of  the  circle  paffes  throUG^h  all^  the  angu- 
lar points  of  the  figure  al>out  which  it  ia 
dcfcribed« 

VII. 

A  ftnight  line  is  faid  to  be  placed  in  a  cifde,  when  the  extre- 
mitica  of  it  are  in  the  drcamfereace  of  the  cirde* 


Uoktt, 


P  R  O  P.    L      P  R  O  B. 

TN  a  ^▼cn  circle  to  place  a  ftraight  line,  equal  to  a  gi- 
ven ftraight  fine  not  greater  than  the  diameter .  of  the 
cirde*  • 


Let  ABC  be  the  gi?cn  circle,  and  D  the  given  ftraight  line, 
not  greater  than  the  diameter  of  the  cirde. 

Draw  BC  the  diameter  of  the  circle  ABC  %  then,  if  BC  is 
equal  to  D^  the  thing  required  is  done  %  for  in  the  circle  ABC 
a  ftraight  line  BC  is  placed  e- 
qual  to  D:  But,  if  it  is  not,  BC 
IS  greater  than  D;  make  CB 
equal  *  to  D,  and  from  the  cen« 
tre  C,  at  the  diftance  CE»  de* 
fcribe  the  circle  AEF,  and  Join 
CA :  Therefore,  becaufe  C  is 
the  centre  of  the  circle  AEF, 
C  A  is  equal  to  CE ;  but  D  is  1^ 
equal  to  CE ;  therefore  D  is  equal  to  C  A  :  Wherefore,  in  the 
circle  ABC,  a  ftraight  line  is  placed  equal  to  the  given  ftraight 
line  B,  which  is  not  greater  than  the  diao^eter  of  the  circle. 
Which  was  to  be  done*  ^ 


a  3.  X. 


PROP.    U.      P&OB. 


JN  a  given  circle  to  infcribe  a  triangle  equiangular  to  a 
^  given  triangle. 

64'  Let 


ie4  THEZLEMEMTS 

S^  1*      Lee  ABC  be  the  given  ardej  and  DZF  the  given  triangle ; 
^^^<^^    it  is  reqaired  to  infcribe  in  the  circle  ABC  «  triato|(le  eqtf  iI^iIp 

lar  to  the  triangle  DEF. 
a  rj.  J.  Draw  *  the  ftraight  line  GAH  toiiching  the  cilde  in  the 

pdot  Ay  and  at  the  point  A,  in  the  ftraight  line  AH,  nako 
b  13. 1.     ^  the  angle  H  AC  equal  to  the  angle  DEF  1  and  at  the  poiitt  A, 

in  the  (faraicht  line 

AG,  mal^  the  angle 

GAB   eqml  to  the 

.angle  DFE,  and  join 
•  BC :  Therefore,  be«* 

canfe  HAG  touchea 

the  circle  ABC,  and 

AC  ia  draim  fhini 

the  point  of  contact 

die  angk  HAC  ia 
C3a.3.     eqnal^  to  the  ingle 

ABC  in  die'  alternate  fegnkent  of  die  drde :  But  HAC  ia  eonal 

to  the  angle  DEF  $  therefore  alfo  the  angle  ABC  is  equal  to 

DEF :  For  the  lame  reafim,  the  angle  ACS  ia  equal  to  the  angle 
d3a*  I*     DFE  I  therefore  the  rtmiining  angle  BAC  ia  equal  ^  to  die 

remaining  angle  EDF:  Wherefore  the  triangle  ABC  is  equian^ 

ffular  to  the  triangle  DEF^  apd  it  ia  infcribcd  }n  ibe  arc}e  ABC. 

'Which  WM  tP  b^  done. 


b  17-  s. 


A 


PHOP.   m.     PROB. 

r 

BOUT  a  given  circle  to  defcribe  a  triangk  cquiaQ^* 
gular  to  ^  given  triangle. 

Let  ABP  be  the  given  dfclc,  and  DEF  the  gi?en  triangle  j 
it  is  required  to  defcribe  a  uiangle  about  the  circle  ABC  equi- 
angular to  the  triangle  DEF. 

Produce  £?  both  ways  to  the  points  G,  H,  and  find  the 
centre  K  oif  the  circle  ABC,  and  from  it  draw  any  ftraight 

^  ^h  t.  lipe  )CB ;  at  the  point  K  in  the  ftraight  line  KB,  make  *  the 
angle  BKA  equal  to  the  angle  DEG,  and  the  angle  BKC  e« 
qual  to  the  angle  DFH ;  and  through  the  points  A.  B,  C,  draw 
the  ftraight  lines  LAM,  MBN,  MCL  toilehingi»  the  circle 
ABC:  Therefore,  becaufe  LM,  MN,  NL  touch  the  cir<:le  ABC 
in  the  points  A,  B,  C,  to  which^rom  the  centre  are  drawn 

c  iS,  a  k A»  KB,  KC,  xbe  angles  at  Ae  f  bints  A,  B,  C,  are  right  ^ 
upgl^ :  Apd  becapfe  the  four  angles  of  the*  quadrilateral  fignre 


OF   BUG- LIU. 


•  * 


»* 


AMBK  are  eqbal  t6  toot  right  Mglis,  fcr  itttfn  M  dlvMid  Ift*^  Aibk  If* 

ta  two  trnnglea ;.  ind  cIm  two  dftbeiH  KiLMv  KBM  tvt  tigbl  ^^>1r^ 

angles^  ihe  otbcr  ^  '  ^ 

two  AKB,  AMB  JLj 

are  t^Qal  td  liAr^  . 

right  angles :  Buc 

tiic  angles  DEO, 

DEF  are  Ukcwife 

eqsal^tQtWo  right  j^ 

sagles  %  therefore 

the  angles  AKB, 

AldB  arc  equal  to  ^ 

the  angles  D£G,  -a^-         in 

DEF,    of  which  *^*         -D 


A  tj.  z> 


FH 


N 


AKB  is  equal  to  DE64  w i^erefore  the  rematiitng  angle  AMB 
is  equal  to  the  rediaihinj  angle  DE^ :  In  like  manner,  the 
angle  LNM  may  be  demonftrated  to  be  equal  to  DFE }  and 
therefore  the  remaining  angle  MLN  is  equal '  to  the  remaiftjmg  <  S^  s« 
angle  EDF  ;  •  Wherefore  the  triangle  IfMK  is  eqmum^v^Ur  to 
the  triangle  0EF :  And  it  is  defcrlbed  about  the  circle  ABC 
Which  was  to  be  done. 


T 


P  A  O  ?•    iV.      P  R  O  B. 


O  infcribe  a  circle  in  a  given  triangle.  /   ses  k. 

Let  the*giten  triangle  be  ABC ;  it  is  rehired  to  Mpfifye  ^     "% 
circle  lA  ABC. 


Bifea  *  the  ansles  AQC,  BCA  by  thfr  (iraight  ^nes  ^ 
meeting  one  another  in  the  poitit  D,  froiD-'whichdrhw^  DE| 
DG  perpendiculars  to  AB,  BC^ 
C A:  And  becaufe  the  angle  EBD 
is  equal  to  the  angle  iP'BD,  for  the 
angle  ABC  is  bifeAed  by  BD, 
and  that  the  right  angle  BED, 
ii  equal  to  the  right  anflte'BFD, 
the  two  jangles  £BD^  FBX> 
have  two  angles  ofthir  onee- 
qial  to  two  angUs  df  the  4* 
ther,  awd  die  Ode  BD,  wMdi  is 
oppoiite  to  one  of  Ihe  ^ual 
aagies  ia  each,  is  comoioA  co  {( 
both ;  tiiefefiire  jAeir  other 
Ues  fliaU  be  equals  ^  whercv 


fore 


CSI.  It 


m( 
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f^j^\  fere  OX  is  ecfoid  to  DF :  For  the  fame  reafooy  DG  k  eq«al  feo 
'  DFi  therefore  the  three  ftnught  linet  DE,  DF,  DG  are  equal  id 
one  another,  and  the  circle  defcribed  from  the  centre  D^  at  the 
diftanceof  any  of  them,  (hall  pafs  through  the  eatremttieaoTthe 
mher  two,  and  touch  the  ftraight  lines  AB,  BC*  CA^  becaufe 
the  angles  at  the  points  £,  F,  G  are  right  angles,  ai^  die 
ftraight  line  which  is  drawn  from  the  extremity  of  a  diameter 
at  right  angles  to  it,  touches'  the  circle :  Therefore  the  ftraight 
lines  AB,  BC»  CA  do  each  of  them  touch  the  cirele,  ^id  tho 
circle  £F&  is  infcribed  in  the  triangle  ABC.  Which  was  ta 
bedonci 


i  !(•  3f 


PH.OP.    V.     PRO  B. 


Sec 


n;    To 


a  IO.I* 
^  si«  I* 


e  4.  s, 


defcribe  a  circle  about  a  given  triangle* 


Let  the  given  triangle  be  ABC  i  it  is  required  to  defcribe  a 
circle  about  ABC 

Bife£k "  AB,  AC  in  the  points  D,  C,  and  from  thefe  points 
draw  DF»  £F  at  right  angles^  to  AB,  AC  *,  DF»  EF  produced 


meet  one  siiother :  Fory  if  they  do  nbt  meet,  they  arc  parallel, 
wherefore  *AB,  AQ,  which  are  at  right  aogl^  to  thcmi  are  pa- 
rallel; which  is  abfurd^  Let  them  meet.in  F,  and  join  FA; 
alfo,  i^he  point  F  be  not  in  BC,  join  BF,  CF :  Then,  becaufe 
AA^  equal  to  PB,  ani.d  DF  common,  and  at  right  angles  to 
ABi:tbe  bafe  AF  is  equal  *  to  the  bafe  FB :  In  like  manner,  it 
mjt  ^  fticywn  th;^t  CF  ifi-  equal  to  FA ;  and  thercfofe  SF 
is  equal  to  FC ;  and  FA,  FB,  FC  are  equal  to  one  another ; 

wJherefore 


OF  E  u  e  L  I  s. 


«•! 


♦ 

wlierefere  tbe  circle  deftribed  from  tibe  centre  F,  at  the  dt«  Book  IV. 
Oance  of  one  of  thetfif  fliall  p%($  ibioiigh  the  extremities  of  the 
other  two  i  and  be  delcribed  about  the  triangle  ABCj  which 
was  to  be  done. 

Coa.  Awid  it  is  manifeft,  that,  whenthecentre^of  the  circle 
HUb  within  tbe  triangle>  each  of  its  angles  is  left  than  a  right  ^ 
angle,  each  of  them  being  in  a  fegment  greater  than  a  femicir<« 
cle;  bnt,  when  the  centre  is  in  one  of  the  fides  of  the  triangle, 
tbe  angle  oppoiite  to  this  fide,  being  in  a  femicircle,  it  a  right 
angl^  ;  and,  if  the  centre  fiills  without  tbe  triangle,  the  angk 
oppofite  to  the  fide  beyond  which  it  is,  being  ip  a  fegmen(>le(8 
than  a  femicirde,  is  greater  than  a  right  angle :  Wherefore,  if 
rbe  given  triangle  he  acute  angled,  the  centre  of  the  circle  falb 
within  it ;  if  it  be  a  right  angled  triangle,  tbe  centre  is.  in  the 
fide  oppofite  to  the  right  angle  i  and,  it  it  be.  an  obtnfe  angled 
triangle,  the  centre  faHs  withoottbe  triangle,  beyond  the  fide 
oppofite  to  {he  obtufe  angle* 


T 


F  R  b  P.    VI.     P  R  O  & 


O  hifcribe  a  ^iiare  in  a  giTcn  drde. 


I«et  A6CD  b^  the  giiren  circle  i  it  is  required  to  infcribe  a 
fquare  in  ABCD. 

Draw  the  'diameters  AQ^BO  at  right  angles  to  oiie  an- 
pcbcr  ;  and  join  AB,  Bp,  yp,  DA  |  becaufe  BE  is  equal  to 
£D|  for  £  is  the  centre,  and  tliat  £  A 
is  common,  and  at  right  angles  to 
BD  i  the  bafe  B A  is  cquaj  *  to  the 
1^  AQi  aifd,  for  the  fame  reafon, 
BC,  CD  are  each  of  them  equal  to 
BA  or  AD  i  therefore  the  quadri^ 
lateral  figure  ABCD  is  equilateral. 
It  is  alfo  re<£bii)gulf  r  j  for  the  ftraight 
iioe  BD,*  l)eing  the  diameter  of  the 
circle  ABCD,  BAD  is  a  femicircle ; 
vbeiefore  the  angle  BAD  is  a  right 
P  angle  $  for  the  Ume  reafon  each  of  the  angles  ABCy  B€Dt  b 
CPA  is  a  right  angle  $  therefore  the  quadrilateral  figure  ABCD 
ii  redangttlar,  andit  faas'beta  (hown  to  be  equilateral ;  there- 
fore it  it  9.  ff^uare;^  and  it  is  infcribefl  in  ihe  circle  ABCD. 
Which  wis  tp  be  dope.        , 

PROP. 


a4«si 


$1.  3. 


f  I 


1*1 


b  i8.3. 


eftS.  I. 


ai4.t. 


b  31.  I. 


T 


THr  tiEllE  tTTS 


p  R  o  P.  vn.    P  R  O  B. 

O  def:ribe  a  Iquare  about  a  jpYca  circl€< 


Let  ABCD  be  the  given  circle  1  it  is  required  to  defcribe  a 
fqntre  aboot  it. 

Draw  two  diameten  AC.  BD  of  the  circle  ABCD,  at  right 
angles  to  one  another,  and  through  the  points  A,  B,  C,  D  draw* 
FG,  GH,  HK|  KF  torching  the  circle  $  and  becaofe  FG  touches 
the  wcle  ABCD,  and  EA  is  drawn  from  the  centre^E  to  the 
point  of  contaA  A,  the  angles  at  A  are  right  ^  angles ;  for  die 
fiiBic  rea&B,  the  angles  at  the  points  B»  C,  D  are  right  angles  i 
and  becaofe  the'angk  AEB  is  a  right  rs.  A  IT 

•nele,  as  Ukewifc  is  EBG,  GH  U  pi- ^r 
ralTel  ^  to  AC ;  for  the  fame  reafon, 

AC  is  parallel  to  FK,  and  in  like 
manner  GF,  HK  may  each  of  them 
be  demonftrated  to  b^  parallel  to  BED; 
therefore  the  figures  GK,  GC,  AK, 
FB,  BK  are  parallelograms  $  and  GF 
is  therefore  equal*  to  HK,  and  GH 
to  FK ;  and  becaofe  AC  is  equal  to 
BD,  and  that  AC  is  equal  to  each  of  the  two  GH,  FK ;  and  BD 
to  each  of  the  two  GF,  HK  e  GH  FK  are  each  of  them  equal 
tp  GF  or  HK  i  therefore  the  quadrilateral  figure  FGHK  is  equi- 
lateral. It  is  alfo  re£langular  %  for  GBEA  being  a  parallelo* 
cram,  and  AEB  a  right  angle,  ACB  *  is  likewife  a  rignt  anele ; 
£1  the  fame  manner,  it  may  be  fhown  that  the  angles  at  H,  &,  F 
are  rigbt  angles ;  therefore  the  quadrilateral  figure  FGHK  ia 
re£Ungular;  and  it  was  demonftrated  to  be  equilateral  i  therC'* 
fore  it  is  a  iquare ;  and  it  is  defcribed  about  the  circle  ABCD* 
"Whicb  was  to  be  doao. 


s 


To. 


F  R  o  p,  vm.    P  R  O  B. 


uifcribe  a  circle  ia  a  given  fquarc< 


t»et  ABCD  be  the  giten  fqusre  %  it  is  required  to  inlbribe  a 
drde  in  ABCD*     , 

Bifea  *  each  of  the  fides  AB,  AD,  in  the  points  F»  £,  and 
through  f  draw^  fS  parallel  tp  A9or  DCi  and  through  F  draw 


OF    EUCLID. 

M  psenSkSt  to  AD  or  3C ;  dienforc  each  of  the  figures  AKt 
KB|  AH.  HD,  AG,  GC,  BG»  GD  it  i  paraUelognuii,  lod  their 
Uppofite  fides  sre  eqnsl "" ;  rad  1>eca«fe  AD  is  equal  to  AB,  a^d 
that  AE  is  the  half  of  AD,  add  AF  the  half  of  AB,  A£  iseqwl 
io  AP ;  miberefece  the  &ies  oppofite 
to  the£e  are  equal,  tiz.  FG  to  G£  ;  in 
the  firnie  manner,  it  maji  be  demon* 
firated  that  GH,  GK  are  each  of  them 
equal  to  FG  or  G£;   therefore  the 
lour  ftraight  lines  G£,  GF,  GH,  GK,  {T 
are  equal  to  one  another;  and  the  cir- 
ele  dmribed  fiDm  the  centre  G,  at  the 
diftance  of  one  of  them,  IhsU  pais  thro' 
the  ejtremities  of  the  other  three,  and      n  XI         r^ 

touch  the  ttraight  lines  AB,  BC,  CD,     ^  **         *^ 

DA  i  becjiofe  the  angles  at  the  points  E,  F,  H,  E  are  right '  d  29.  r. 
angles,  and  that  the  ftraight  line  which  is  drawn  from  the  ex- 
tremity of  a  diameter,  at  right  angles  to  it,  touches  the  circle  * ;  e  t6.  3. 
therefore  each  of  the  ftraight  lines  AB,  BC,  CD,  DA  touches 
the  circle,  which  therefore  is  infcribed  in  the  fquare  ABCD* 
Which  was  to  be  done« 
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P  R  O  P.   IX.      P  R  O  & 


deforibe  a  circle  about  a  given  Iquare. 


« t»  i^ 


Let  ABCD  be  the  given  fquare  1  it  is  required  to  defcribe  a 
circle  about  it. 

Join  AC,  BD  cutting  one  another  in  E ;  and  becaufe  DA  is 
equal  to  AB,  and  AC  common  to  the  triaogles  D  AC^  B  AC^ 
the  two  fides  DA,  AC  are  equal  to  the 
two  BA,  AC  (  and  the  bafe  DC  is  equal  J^ 
to  the  bafe  BC  i  wherefore  the  angle 
DAC  is  equal*  to  the  angle  BAC,  and 
the  angle  DAB  is  bifefted  by  the  ftraight 
line  AC :  In  the  fkme  manner,  it  mar  be  ^ 
demonftratcd  that  the  angles  ABC,  BCD,  'D 
CD  A  ate  fe^erfldijr  bifoaed  by  the  ftraight  ^ 
Unes  BD,  AC  i  therefore,  becaufe  the 
•Bgle  D Afi  is  equal .  to  the  aogle  ABC,  and  that  the  angle 
£AB  is  the  half  of  DAB,  and  £B A  the  half  of  A^C ;  the 
ngle  EAB  is  equsl  to  the  ^gle  £BA  i  wherefore  the  fide 
EA  is  eqoal^  to  the  fide  £B :  In  the 'lame  manner,  it  may  beb  6.  /• 

demonftr^ted 


iM 


THE    ELEMENT  S 


MtA^.  ddiAoiiftnited  that  the  ftraightitnet  U»  ED.  are  eic&'of  tiiStot 
'  equal  (o  £A  or  EB  f  tfaerefbtfe  the  four  ftraight  lines  J£ A»  UtU 
EC,  ED  are  equal  to  oae  .another}  and  the  circle  deferibed.  from 
the  centre  £,  at>the  diftance  of  doe  of  them,  flu}l  pais  Ifacongb 
the  extremities  of  the  ether  three#  and  be  defaifaed  abottf  the 
fqitate  ABCp.    Which  was  to  be  ddne. 


a  II.  Si 


^  I.  4* 


€5.  4. 


d  37«  !• 


e  as.  3* 


f  3S.  I< 


vnpO  dercribe  an  ilbiccles  trtai^le^  having  each  oif  thd 
X    angles  at  the  balb  double  of  the  third  angle. 


Take  any  ftraight  line  AS,  afid  divide^  it  ih  {he  «oi«t  C,  f6 

that  the  teflangle  AB,  BC  be  equal  to  the  fquafe  of  CA  s  and 
from  the  *    -.  .^    ^.«     .     .n    .  -  ...    ..      ...   Jiw- 

in  whi 


he  teaangle  AB,  BC  be  equal  to  the  fquafe  of  CA  s  and 
the  centre  A»  at  the  diftance  Ail,  defcKbe  the  cifclebDE, 
^icb  place  II  the  ftraight  line  BD  e^iial  to  AC.  ifi^hich  is  not 


ABDy  ADB  is  double  of  the  angle  B  AD« 

Becaufe  the  refbngle  AB,  BC  is  equal  to  the  fquare  of  AC^^ 
and  that  AC  is  equal  to  BD,  the  reSangle  AB,  BC  is  equal  to 
the  fquare  of  BD  $  and  becaufe 
from  the  point  B  without  the 
circle  ACD  two  ftraight  lines 
BCA,  BD  are  drawn  to  the  cir« 
cumferencei  one  of  which  euts, 
and  the  other  meets  the  circle, 
and  that  the  rcAangle  AB,  BC 
contained  by  the  whole  of  the 
cutting  line,  and  the  part  of  it 
Without  the  circle,  is  equal  to  the 
fquare  of 'BD  which  meets  it; 
the  ftraight  line  BD  touches^ 
the  circle  ACD  *,  arid  'becaufe 
BD  touchea  the  circle,  and  DC 
il  drawn  from  the  point  of  con^^ 
taa  D,  the  angle  BDC  Ms  equal''  to  the  angle  DAC  in  Ae 
alternate  fegment  of  the  circle ;  to  each  of  thefe  add  the  angle 
CD  A;  therefore  the  whole  angle  BDA  is  equal  to  the  two 
atlgliS  CD Atf  DAC ;  but  the  exterior  angle  BCD  is  equal  f  to 
the  angles  CDA|  DACi  therefore  alfo  BDA  is  equal  to  BCD| 
'  hut 
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\Mt  BBA  U  eqnais  to  tke  angle  CBD,  beealifethe  fide  AD  Book  jv; 
h  c^aal  to  the  fide  AB ;  di«iefore  CBD^  or  DBA  is  equal  to  ^i^"^''^ 
BCD  ;  and  eonfeqnently  the  three  angles  BDA,  DBA,  BCD» '  ^*  '' 
«f e  eqnal  to  one  another  %  and  becaofe  the  angle  DBG  it  equal 
to  the  angle  BCD,  the  fide  BD  is  equal  >»  to  the  fide  DC  4  but  ^  ^* '' 
BD  was  made  equal  to  OA ;  therefore  aUb  CA  it  equal  to  CD9 
and  the  angle  CDA  equal  £  to  the  angle  DAC  i  therefore  the 
angtea  CDA>  DAC  tether,  are  double  of  the  angle  DAC : 
But  BCD  U  equal  to  the  angles  CDA,  DAC  t  therefore  alfo 
BCD  it  douUe  of  DAC,  and  BCD  is  equal  to  each  of  thp 
angles  BDA,  DBA  )  each  therefore  of  the  angles  BD  A,  DBA 
is  double  bf  the  angle  DAB  ;  wherefore  an  ifofceles  triangle 
ABD  is  defcribed,  having  each  of  the  angles  at  the  bafe  double 
^  the  third  angle*    Which  was  to  be  done* 


/ 
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TO  infcribe  an  equilateral  and  equiangular  pentagon 
in  a  given  circle. 

Let  ABCDE  be  the  given  circle  %  it  is  required  to  infcribe  ^ 
aid  equilatteral  and  equiangular  pentagon  in  thie  circle  ABCIJE. 

Defcribe*  an  ifofceles  triangle  F6H,  havinz  each  of  the  axe.  4. 
Angles  at  6,  H,  double  of  the  angle  at  F ;  and  in  the  circle 
ABCDE  infcribe  ^  the  triatlgle  ACD  equiangular  to  the  tri*  b  a.  4> 
angle  FGH,  fo  that  the  angle 
CAD  be  eqiial  td  the  angle 
at  F,  and  each  of  the  angles 
ACD,  CDA  equal  to  the 
angle  at  G  or  H 1  wherefore 
each  of  the  angles  ACD, 
CDA  is  double  of  the  angle 
CAD.    Bifea""  the  angles 
ACD,  CDA  by  the  ftratght 
lines  CE,  DB ;  and  join  AB,  ■■■  . 

BC,  DE,  EA.    ABCDE  is  Q       g 
the  penugon  required. 

Becaufo  each  of  the  anries  ACD,  CDA  is  dcmble  0f  CAD, 
ftbd  are  bife^ed  by  the  ftraight  lines  CE,  DB,  the  five  anska 
DACy  ACE,  ECD,  CDB,  BDA  are  equal  to  one  another »  but 
equal<angles  ftand  upon  equadf  circumferences  1  tbesefore  the  4  ^^  ^^ 
five  circttfliferencct  AB|  BC|  CD|  D£|  EA  are  equal  to  one 

another ; 


c  9.  u 
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taittlitr ;  And  equal  ^rdUDfitaeacei  wtt  AdMidffl  hf  t^rni^ 
ftraigl^  liaes  i  cheKfore  the  ^t  ftraigbt  liMi  AB»  BC^  CO, 
«  af.  3.     p£^  £^  ^^^  ^^  ^  ^^^^  anotber.    Wherefore  the  peittagott 

JIBCDE  it  equiht)ual«  k  is  alio  equfengnlar}  becaefe  the  eir« 
ciunfefetice  AB  is  equal  to  the  eircuaBfierence  D£:  If  to  eaeh  be 
atlded  BCD,  the  whole  ABCD  is  oqual  to  the  whole  EDCB : 
And  the  an^h  A£0  ftasda  6m  ihe  eifcumfereoce  ABCO,  and 
the  aogle  BAE  on  the  cireumfieren^  EDCB  1  thereferid  the 
f  ai.  3.  stiglc  BAE  is  equal  t  to  the  angle  AUb  :  For  the  fame  reafon, 
each  of  the  angles  ABC,  BCfD»  COE  is  equal  to  the  angle 
BAE,  or  AED  :  Therefore  the  peatagoa  ABCDE  is  equiangu* 
lar  \  and  it  has  heea  ihown  that  it  is  equilaCeral.  Wherefore, 
in  the  given  circle,  an  equilaceral  and  equiangular  pentagon 
has  been  infcribed.    Which  waa  to  he  done* . 


d  4f  •  «• 
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To  defcrtbe  an  equilateral  and  equiangular  pentagon 
about  a  given  circle* 
« 

Let  ABCDE  hp  the  given  cirsle  1  it  is  reqmrecl  co  deficribe 
an  equilateral  and  equiaogular  pentagon  about  the  circ)( 
ABCDE. 

Let  the  angles  of  a  pentagon,  infcribed  in  the  circle,  by  the 
laft  propofition,  be  jn  the  points  A»  B,  C,  D,  jE,  fp  that  the 

a  II.  4.  circumferences  AB,  SC,  CD,  DE,  £  A  are  equal  ^  ;  and  thro* 
the  points  A.  B,  C,  V,  £  draw  GH,  HK,  KU  LM,  MG, 

b  17.  t*  tottiehiBg^  the  circle^  take  the  cent;^  F,  and  join  FB,  FK,  FC, 
FL,  f)P :  And  becaufe  the  ftr^ight  line  KL  touches  th^  cirdo 
ABQPE^n  the  point/ C^  to  prhii:h  FC  is  drawn  fron  the 

€18.1.  cetitreF,  FC  is'pprp^dicuhir^  toKLj  therefore  eaph  of  the 
anglei  at  Q  is  a  ri^t  angle ;  For  the  fame  f  eafim,  the  anglea  at 
the  points  B»  D  are  r^t  angles ;  Ani  becaufe  FCK  is  a 
right  angle,  the  fquare  of  FK  is  equal  ^  to  ^  fquares  of  FC, 
XSl  :  Ftar  she  fajne  r^kKk$  the  fquace  of  S]S  is  equal  to  the  fquiires 
«of  FB,  JBK :  T^cefqiCe  ibe  fquares  of  FC,  CK  are  equal  to  the 
jouarts  of  FB,  BK,  of  ^hicb  the  ffuan  of  FC  H  equ^  to  the 
il|aafefi|IB  1  <he  nemjuaing  fquareof  CK  is  dMcefore  equal  tp 

the 
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the  remaining  fquare  ofBK,  and  the  ftraight  line  Cit  eqaal  to  Book  IV. 

BK :  And  becaure  FB  ii  equal  to  FC,  and  FK  common  to  the  V«>%%J 

triangles  BFK,  CFK,  the  two  BF,  FK  are  equal  to  the  two  CF, 

FK  I  ^nd  the  bafe  BK  is  equal  to  the  bafe  KC;  therefore  the 

angle  BFK  ts  equal  ^  to  the  angle  KFC,  and  the  angle  BKF  tb  c  8.  i. 

FKC  \  wherefore  the  angle  BFC  is  double  of  the  angle  KFC» 

and  BKC  double  of  FKC  :  For  the  fame  reafon,  the  angle  CPD 

is  double  of  the  angle  CFL,  and  CLD  double  of  CLF  2  Andbe* 

caafe  the  circumference  BC  is  equal  to  the  circumference  CD, 

the  angle  BFC  is  equal '  to  the 

angle  CFD  ;  and  BFC  is  dou- 

ble   of  the  angle  KFC,    and  a 

CFD  double  of  CFL ;  there  -^ 

fore  the  anffle  KFC  is  equal  to 

the  angle  CFL  \  and  the  right  Fl^ 

angle  FCK  is  equal  to  the  right 

«ngle  FCL :  Therefore,  in  the 

two  triangles  FKC,  FLC,  there 

aie  two  angles  of  one  equal  to 

two  angles  of  the  other,  each 

to  each,  and  the  fide  FC,  which 

is  adjacent  to  the  eq^al  angles  in  each,  is  common  to  both; 

theteiore  the  ocher  (ides  fliall  be  equal '  to  the  other  fides,  and  g  a6.  U 

the  third  angle  to'the  third  angle :  Therefore  the  (Iraight  line 

KC  is  equal  to  CL»  and  ibe  angle  FKC  to  the  angle  FLC: 

And  bcrcaufe  KC  is  equal  to  CL,  KL  is  double  of  KC  :  la  th^ 

fame  manner,  it.may  be  (bown  that  HK  is  double  of  BK :  And 

becaufe  BK  is  1  equal  to  KC,  as  was  demonftrated,  and  that  KL 

is  double  of  KC,  and  HK  double  of  BK,  HK  (hall  be  eoual  to 

KL :   In  like  maxlner,  it  may  be  (hown  that  GH,  GM,  ML 

are  each  of  them  equal  Xo  HK  or  KL :  Therefore  the  pentagon 

GHKLM  is  equilateral.    It  is  alfo  equiangular;  for,  fince  the 

angle  FKC  is  equal  to  the  angle  FLC,  and  that  the  angle  HKL 

is  double  of  the  angle  FKC,  and  KLM  double  of  FLC,  as  wat 

before  demonftrated«  the  angle  HKL  is  equal  to  KLM:  And 

in  like  manner  it  may  be  fliown,  that  each  of  the  angles  KHQ^ 

HGM,  GML  is  equal  to  the  angle  HKL  or  KLM:   Tbero* 

fore  the  ii?e  angles  GHK»  HKL,  KLM,  LMG,.MGH  being 

equal  to  pne  aiiother,  the  pentagon  GHKLM  is  equiangular  * 

And  it  is  equilateralt  as  was  demon (Iratcd,;  and  it  is  dcfcribed 

about  the  circle  ABCDE*    Which  was  ,to  be  done. 
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PROP.   xm.    P  R  O  B. 

To  infcribe  a  circle  in  a  given  equilateral  and  equU 
angular  pentagon. 

Let  AfiCDE  be  the  gi?en  equilateral  and  equiangular  penta« 
gon;  it  18  required  to  infcribe  a  circle  in  the  pentagon  ABCDE. 

Btfea*  the  angles  BCD,  CDE  by  the  ftraight  lines  CF,  DF, 
and  from  the  point  F,  in  which  they  meetrdraw  the  ftraight  lines 
FB^  FA,  F£:  Therefore,  fince  BC  is  equal  to  CD,  and  CF  com- 
mon to  the  triangles  BCF,  DCF,  the  two  fides  BC,  CF  are  equal 
to  thctwo  DC,  CF;  and  the  angle  BCF  is  equal  to  the  angle 
DCF ;  therefore  the  bafe  BP  is  equal  ^  to  the  bafe  FD,  and  the 
other  angles  to  the  other  angles,  to  which  the  equal  fides  are  op* 
poGte;  therefore  the  angle  CBF  is  equal  to  the  angle  CDF:  And 
becaufe  the  angle  CDE  is  double  of  COF,  and  that  CDE  is  equal 
to  CBA,  and  CDF  to  CBF;  CB  A 
ss  alfo  double  of  the  angle  CBF ; 
therefore  the  angle  ABf  is  equal 
to  the  angle  CBF;  wherefore  the 
angle  ABC  is  bifeded  by.  the 
ftraight  line  BF :  In  the  'fame  "n 
manner,  it  may  be  demonftrated,  *^ 
that  the  angles  BAE,  AED  are 
bifefied  by  the  ftraight  lines  AF, 
FE:  From  the  point  F  draw* 
FG,  FH,  FK,  PL,  FM  perpen- 
diculars to  the  ftraight  lines  AB, 
BC,  CD,  D£»  EA  :  And  be^ 
caufe  the  angle  HCF  is  equal  to 

KCF,  and  the  right  angle  FHC  equal  to  the  right  angle  FKC  ; 
in  the  triangles  FHC,  FKC  there  are  two  angles  of  one  equal 
to  two  angles  of  the  other,  and  the  fide  PC,  which  is  oppofifc 
to  one  of  the  equal  angles  in  each,  is  common  to  both;  therefore 
the  other  fides  fliall  be  equal  <*,  each  to  each ;  wherefore  the 
perpendicular  7H  is  equal  to  the  perpendicular  FK :  In  the  fame 
manner  it  may  be  demonftrated  that  PL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK ;  therefore  the  five  ftraight  lines  FG, 
FH,  FK,  FL,  FM  arc  equal  to  one  another  t  Wherefore  the  cif- 
cle  defcribed  from  the  centre  F,  it  the  diftance  of  one  of  thefe 
fivei  fliaU  pafs  through  the  extremities  of  the  other  four,  and 

touch 
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biich  the  ftraight^ines  AB,  BC,  CD,  DE,  EA,  heckUte  the  Bookiv. 
3n|i[le8  at  the  points  G>  H,  Kf  L»  M  are  right  angles ;  and  tlnz  ^-^^^^^ 
a  ftraight  line  drawn  from  the  extremity  of  the  diameter  of  a 
circle  at  right  angles  to  it^  touches  *  the  circle :  Therefore  each  *  '^'  3* 
6\  the  (traight  liiies  AB,  BC,  CD,  DE,  EA  touches  the  circle ; 
wherefore  it  is  infcribed  in  the  pentagon  ABCDfi.    Which 
Was  to  be  done. 


t  R  O  P.    XIV.      t^  It  6  B. 


r>  dcfcribe  a  circle  about  a  giren  equilateral  and 
cquiaogtilar  pentagdh. 

Let  ABCDE  be  the  given  equilateral  and  eqcilangular  pen- 
tagon  I  it  is  required  to  defcribe  a  eircle  about  it. 

Bifea*  the  angles  BCD,  CDE  bv  the  ftraigbt  lines  CF,  FD,  a  9.  i. 
and  from  the  point  F,  in  which  tliey  meet,  draw  the  ftraighc 
lines  FB,  FA,  F£  to  the  points  B, 
A,  £.    It  may  be  deriionftrated,  in 
the  fame  manner  as  in  the  preceding 
propoGtion,   that  the  angles   CBA, 
BAE.    AED    are  bifeaed    by  the  B 
ftraight  lines    FB^  FA,  FE ;   And 
jbecaufe  the  angle  BCD  is  equal  to 
the  angle  CDE,  and  that  FCD  is 
the  half  of  the  angle  BCD,  and  CDF 
the  half  of  CDE ;  tht  angle  FCD  is 
equal  to  FDC ;  wherefore  the  fide 

CP  is  equal  ^  to  the  fide  FD  i  In  like  nfahner  it  may  be  demon-  %  $.  x, 
ftrated  that  FB,  FA,  FE  are  each  of  them  equal  to  FC  or  FD  : 
Therefore  the  five  ftrarght  lines  FA,  FB,  FC.  FD,  FE  arc 
equal  to  one  another  i  and  the  circle  defcribed  from  the  centre 
F,  at  the  diftanct  of  one  of  them,  (hall  pafs  through  the  extre* 
mities  of  the  other  four,  and  be  defcribed  about  the  equilateral 
and  equiangular  pentagon  ABCDE.    Which  was  to  be  done. 
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PROP.    XV*      P  R  O  B. 

TO  infcribe  an  equilateral  and  equiangular  hexagon 
in  a  given  circle. 

Let  ABCDEF  be  the  given  circle ;  it  is  required  to  infcribe 
afi  equilateral  and  equianj^ular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  dr«w  the  di^ 
axneter  AGD }  and  from  D  as  a  centre,  at  the  diftance  DG, 
defcribe  the  circle  £GCH»  join  EG,  CGt  and  produce  them 
to  the  points  B,  F;  and  join  AB,  BC,  CD,  DE,  EF,  FA  :  The 
k^ktigon  AfiCOEF  i«  equilateral  and  equhngular. 

Becaufe  G  is  the  centre  of  the.circie  ABCbEF,  G£  it  equal 
to  GD  :  And  becaufe  D  is  the  centre  of  the  circle  EGCH,  DE 
is  equal  to  DG;  wherefore  GE  is  equal  to  ED,  and  thp  tri- 
angle £GD  is  equilateral;  and  therefore  its  three  angles  £GD» 
GDE,  D£G  are  equal  to  one  another,  becaufe  the  angles  at 
tbe  bjifc  of  an  ifofcelcs  triangle  arc  equal  •;  and  the  three  angles 
of  a  triangle  arc  rqual  ^  to  two  right  angles ;    therefore  the 
angle  EGD  is  the  third  part  of  two  right  angles  :  In  the  fame 
manner  .it  may  he  demonftcaced  that 
the  an^l^  DGC   is  alfo  the  third  part 
oftwcf  right  angles  :  And  becaufe  the 
ftraight  line  GC  makes  with  £B  the  ti 
adjacent  angles  EGC,  CGB  equal  ^  ' 
to  two  rijrat  angles ;  the  remaining 
angle  CGd  is  the  third  part  of  two 
right   anghri  ;    therefore    the   angles  V 
EGD,  DGC,  CGB  are  equal  to  one  "^ 
another :  And  to  ihcfc  arc  cquaH  .the* 
vertical  oppofue  angles  BGA,  AGF, 
FGE  :  Tbcreforc  the  fix  angles  EGD, 
DGC,   CGB,    BGA,    AGF,    FGE 
are  equal  to  one  another :   But  equal 
angles  (land  upon  equal  ^  circumfe* 
rences ;   therefore   the  fix  circumfe- 
rences AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one  another: 
And  equal  circumferences  are  fuhtended  by  equal  f  flraight 
lines ;  therefore  the  fix  ftraight  lines  are  equal  to  one  another, 
and  the  hexagon  ABCDEF  is  equltaterat.     it  is  alfo  equiangu^ 
lar ;  for,  fince  the  circumference  AF  is  equal  to  £D,  to  each  of 
thefe  add  the  circumference  ABCD ;  therefore  tbe  whole  cir- 
cumference FABCO  (ball  be  equal  to  the  wholt  EDCBA  : 

And 
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And  the  angle  FED  ftands  npon  the  circumference  FABCDj  ^^^  ^t 
and  the  angle  AF£  upon  EDCBA;  therefore  theangl^  AFE  is 
equal  to  FED :  In  the  fame  manner  it  may  be  deroonftrated  that 
the  other  angks  of  the  hexagon  ABCDfiF  are  each  of  them 
equal  to  the  angle  AFE  or  FED :  Therefore  the  hexagon  is 
equiangular;  and  il  is  equilateral,  as  was-ftiown ;  and  it  is  in* 
fcrtbed  in  the  given  circle  ABCDEF.    Which  was  to  be  done* 

Cor.  From  this  it  ts  manifed,  that  the  fide  of  the  hetagon 
is  equal  to  the  ftraight  line  from  the  centre,  that  is,  to  the  fe« 
midiameter  of  the  circle. 

And  if  thro' the  points  A,  B,  C,  D,  E,  F  there  be  drawn 
ftraight  lines  touching  the  circle,  an  equilateral  and  equiangu* 
lar  hexagon  (hall  be  defcribed  about  it,  which  may  be  demon- 
ftrated  from  what  has  been  faid  of  the  pentagon;  and  likewife  a 
circle  maybe  infcribed  in  a  given  .equilateral  and  equiangular 
hexagon,  and  circumfcribed  about  it,  by  a  method  like  to  that 
ufed  for  the  pentagon* 


PROP,    3^VI.      P  R  O  B, 

TO  infcribe  ati  equilateral  and  equiangular quiadeca-^see  k. 
gon  in  s^  given  circle. 

Let  ABCD  be  the  given  circle  ;  it  is  required  to  infcribe  an 
equilateral  and  equiangular  quindccagon  in  the  circle  ABCD. 

Let  AC  be  the  fide  of  an  equilateral  triangle  infcribed*  in^  ^^  ^^ 
the  circle,  and  AB  the  fide  of  an  equilateral   and  equiangular 
pentagon  infcribed  ^  in  the  fame;  therefore,  of  fuch  equal  partsb  n.  4. 
as  the  whole  circumference  ABCDf  contains  fifteen,  the  cirt 
cumference  ABC,   being  the  third 
part  of    the  whole,    contains  five ; 
and  the  circumference  AB,  which 
is  tbe^fifth  part  of  the  whole,  con 
tains  three;  therefore  BC  their  dif*  ^ 
ference  contains  two  of    the  fame      L  ^  \/u 

parts  ;  Bifcft'  BC  in  E  ;  therefore  £'  ' 

BE,  EC  are,  each  of  them,  the  fif- 
teenth  part  of  the  whole  circumfe-    ^ 
reoce  ABCD  :    Therefore,   if   the 
ftraight  lines  BE,  EC  be  drawn,  and 
ftraight  lines  equal  to  them  be  placed^  around  in  the  whole  cir-^  ,.  ^, 
clcj  an  equilateral  and  equiangular  quindecagon  fhall  be  in- 
fcribed in  it.    Which  was  to  be  done. 

H  3  And 
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Book  IV.  *  And  in  the  fame  fnaooer  as  was  done  in  the  pentagonj  i(i. 
through  the  points  of  diyifion  made  by  infcribing  the  quhide- 
cagoHf  flraight  lines  1>e  drawn  touching  the  circle,  an  cquila* 
tcral  and  equiangular  quindecagon  ihall  be  defcribcd  about  it : 
And  likewifet  as  in  the  pentagon,  a  circle  may  be  infcribed  ij\ 
a  giTcn  equilateral  and  equiangular  quindecagpn^  and  cirpufq* 
fcribed  about  it. 
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DEFINITIONS. 

I. 

ALefs  magnitude  18  faid  to  be  a  part  of  a  greater  magtiH 
tude,   when  the  lefa  meafures  the  greater,  that  is, 
*  when  the  lefs  is  contained  a  ceruin  number  of  time$  exzQlf 

<  in  the  gi eater.* 

ir. 

A  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the 
greater  is  meafured  by  the  lefs,  that  is,  *  when  the  greater 

*  contains  the  lefs  a  certain  number  of  times  exa^ly/ 

111. 

<  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  fame  gee  K. 

*  kind  to  one  another,  in  refpe£t  of  quantity.' 

'  IV. 

Magnitudes  are  faid  to  have  a  ratio  to  one  another,  when  the 
lefs  can  be  multiplied  fo  as  to  exceed  the  other. 

V. 
The  firft  of  four  magnitudes  is  faid  to  have  the  fame  ratio  to 
the  fecond,  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatfoever  of  the  firft  and  third  being  taken, 
and  any  equimultiplea  whatfoever  of  the  fecond  and  fourth  ^ 
if  the  multiple  of  the  firft  be  lefs  than  that  of  the  fecond, 
the  multiple  of  the  third  is  alfo  lefs  than  that  of  the  fourth  ; 
or,  if  the  multiple  of  the  firft  be  equal  to  that  of  the  fecond, 
the  multiple  of  the  third  is  alfo  equal  to  that  of  the  fourth  % 

H  4  or. 
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^^]*^^       or,  if  the  miilriple  of  the  firft  l^  greater  than  that  of  the 
^^VX^      itcond,  the  maltiple  of  die  third  is  alfe  greater  than  that  of 
the  foarth. 

VI. 
Magnitndct  which  have  the  fame  raftio  art  called  proportionals, 
N.  B.    *  When  four  magnitudes  are  proportionals,   it  is 
<  ufoalljr  ezprefied  by  faying,  the  firft  is  to  the  fecond,  as  the 
*  third  to  the  fourth.* 

vn. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  in 
the  fifth  definition)  the  multiple  of  the  firft  is  greater  than 
that  of  the  fecond,   hot  the  multiple  of  the  third  is  not 

'  greater  than  the  multiple  of  the  fdunh  ;  then  the  firft  is  faid 
to  have  to  the  fecond  a  greater  ratio  than  the  third  magni- 
tude  has  to  the  fourth ;  and,  on  the  contrary,  the  third  is 
faid  to  have  to  the. fourth  a  lefs  ratio  than  the  firft  has  to  the 
fecond. 

VIII. 

*<  Analogy,  or  proportion,  is  the  fimilitude  of  ratios/' 

Proportion  cdnfifts  in  three  terms  at  leaft. ' 

When  three  magnitudes  are  proportionals,  the  firft  is  faid  tp 
have  to  the  third  the  duplicate  ratio  of  that  which  it  has  tp 
die  fecond. 

xr. 

^  ^t  When  four  magnitudes  are  continual  proportionals,  the  firft  if 
faid  to  have  to  the  fourth  the  triplicate  ratio  of  that  which  it 
has  to  the  fecond,  and  fo  on,  quadruplicate,  &c.  increafin^ 
the  denomination  ftill  by  unity,  in  any  number  of  propor* 
tionals. 

Definition  A,  to  wit,  of  compound  ratio 

When  there  arc  any  number  of  magnitudes  of  the  fame  kind, 
the  firft  is  faid  to  have  to  theiaftof  them  the  ratio  com  • 
pounded  of  the  ratio  which  the  firft  has  tp  the  fecond,  and  of 
the  ratio  which  the  fecond  has  to  the  third,  and  of  the  ratio 
which  the  third  has  to  the  fourth,  and  fo  on  unto  the  laft 
magnitude. 

for  example.  If  A,  B,  C,  D  be  foar  magnitudes  of  the  fame 
kind,  the  firft  A  is  faid  to  have  to  the  Faft  P  the  ratio  com* 
pounded  of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C, 
and  of  the  ratio  of  C  to  JD ;  orr  the.  ratio  of  A  to  D  is  faid  tp 
be  compoanded  of  the  fstios  of  A  to  B,  B  to  C,  and  C  ^o  D : 

And 
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And  if  A  has  to  B,.  the  fame  ratio*  which  E  huio  F ;,  and  B  Book  ?^ 
to  C,  the  fame  ratio  that  G  has  to'H ;  and  C  to  B/  the  fame 
that  K  has  to  L  i  thcn^  by  tiii»'  definition,  A  is  faid  to  have 
'  CO  ^.  the  ratio  compounded  of*  ratios  which  ^re  (he  fame  with 
the  ratios  of  £  to  F,  G  to  H,  and  K  to  L  2  And  the  fame 
thing  is  to  be  underftood  when  it  is  more  briefly  expreiTed,  • 
by  faying  A  has  to  D  the  ratio  compounded  of  the  ratios  of 
£  to  F,  G  to  H,  and  K  to  L« 

|n  Jike  manner,  the  fame  things  beipg  {uppofied,  if  M  has  to 
N  the  fame  ratio  which  A  has  to  D  ^  then,  for  (bor.tnefs 
fake,  M  is  faid  to  have  to  N,  the  ratio  compounded  of  the 
ratios  of  E  to  P,  G  to  H,  and  K  to  L. 

XIK 

In  proportionals,  the  antecedent  terms  are  called  homologous 
to  one  another,  as  alfo  the  confequents  to  one  another. 

f  Geometers  make  ufe  of  the  following  technical  words  to  Gg- 
'  nify  certain  ways  of  changing  either  the  order  or  magni- 

*  cude  of  proportiotuls,  fo  as  that  they  continue  ftitl.to  be 

*  proportionals.' 

Xill. 
Permutando,  or  alternando,  by  permutation,  or  alternately ;  See  H. 
this  word  is  ufed  when  there  are  four  proportionalsi  and  it  is 
inferred,  that  the  firfl  has  the  fame  ratio  to  the  third,  which 
the  fecond  has  to  the  fourth ;  or  that  the  firft  is  to  the  third, 
as  the  fecond  to  the  fourth  :  As  is  Qiown  in  the  16th  prop. 
of  this  cth  book- 

XIV. 

Jnvertcndo,  by  inver(ion  :  When  there  are  four  proportionals, 
and  it  is  inferred,  that  the  fecond  is  to  the  firft,  as  the  fourth 
to  the  third.    Prop.  fi.  book.  c. 

Jv  V  ■  ' 

Componendo,  by  compofition  \  when  there  are  four  proportion^ 
als,  and  it  is  inferred)  that  the  firft,  together  with  the  fe- 
cond, is  to  the  fecond,  as  the  third,  together  with  the  fourth, 
is  to  the  fourth.     I8ih  prop,  book  ;• 

XVL  ^ 

pividendo,  by  divifion;  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  excefs  of  the  (irft  above  the  fecond,  ia 
to  the  fecond,  as  the  excefs  of  the  third  above  the  fourth|  ia 
to  the  fouith.     <7rii*prOp.  book  $• 

XYJI. 
Cpnvertendo,  by  converfion  ;  when  there  are  four  proportion- 
al^, and  it  is  inferred,  that  the  firft  is  to  i^  excels  above  the 

fecQQ4 
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ftgfc^^;       ftcond»  as  the  third  to  its  ezcefs  aho?e  the  fourth*    Prop.  E. 

^*  xvni. 

Ex  aeqnali  ffc*  diftantia}i  or  ex  aequo,  from  equality  of  di- 
ftance ;  when  there  is  any  number  of  magnitudes  more  than 
two,  and  as  many  others,  fo  that  they  are  proportionals  when 
taken  two  and  two  of  each  rank,  and  it  is  inferred,  .that  the 
firft  js  to  the  laft  of  the  firft  rank  of  magnitudes,  as  the  firft 
ss  to  the  laft  of  the  others :    <  Of  this  there  are  the  two 

*  following  kinds,  which  arife  from  the  different  order  in 

*  whioh  the  magnitudes  are  taken  two  and  two.' 

XIX. 

Ex  aequali,  from  equality ;  this  term  is  ufed  fimply  by  itfelf, 
when  the  firft  magnitude  is  to  the  fecond  of  the  fiift  rank, 
as  the  firft  to  the  fecond  of  the  other  rank ;  and  as  the  fe« 
»  cond  is  to  the  third  of  the  fitft  rank,  fo  is  the  fecond  to  the 
third  of  the  other ;  and  fo  on  in  order,  and  the  inference  i^ 
as  mentioned  in  the  preceding  definition ;  whence  this  is 
caUed  ordinate  proportion.  It  is  demonftrated  in  aad  prop, 
book  c. 

XX. 

Ex  aequali,  in  proportione  perturbatai  feu  inordinata ;  from  e« 
.  quality,  in  perturbate  or  diforderly  proportion  * ;  this  term  is 
ufed  when  the  firft  magnitude  is  to  the  fecond  of  the  firft 
rank,  as  the  Jaft  but  one  is  to  the  laft  of  the  fecond  rank ;  and 
as  the  fecond  is  to  the  third  of  the  firft  rank,  fo  is  the  laft  but 
two  to  the  laft  but  one  of  the  fecond  rank ;  and  as  the  third 
is  to  the  fourth  of  the  firft  rank,  fo  is  the  riiird  from  the  laft 
to  the  laft  but  two  of  the  fecond  rank  i  and  fo  on  in  a  ciofa 
order;  And  the  inference  is  as  in  the  i8th  definition.  It  ia 
demonftrated  in  the  23d  prop,  of  book  5. 
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C^iMULTiPLEf  of  the  iame,  or  of  equal  inagm< 
tudea,  are  equal  to  ope  another. 


II.  Thpfo 

*  4.  Prop.  lib.  It  Axdiiaicdifdeffluisraflteiflfaito* 
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'  :    •  .      II.  '  *  .  •  Bb6k^v"i 

Thofe  magnitudes  of  which  the  fame,  or  equal  magnitttdei»  tie 

eQBimu]tiple8^  are  equal  to  one  another* 

UL 
A  multiple  of  a  greater  magnitude  is  greater  dian  the  (ame 

multiple  of  a  left. 

That  magnitude  of  which  a  multiple  la  greater  than  the  famo 
multiple  pf  another,  is  greater  than  that  other  magnitude. 
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IF  any  number  of  magnitudes  be  equimultiples  of  as 
many,  each  of  each ;  what  multiple  foever  any  one 
of  them  is  of  its  part,  the  fame  multiple  fhall  all  the*  firft' 
magnitude  be  of  all  the  other.  ^ 


•t  k 


fi 
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Let  any  number  of  magnitudes  AB,  CD  be  equimultiples 
of  at  many  ptheVs  E,  F,  each  of  eaph  ;  whatfocver  multiply  AB' 
is  of  Et  the  fame  multfj^e  fliall  AB  and  CD  together  be  of  E 
and  F  together.  "^ 

Becaufe  AB  is  the  fame  multiple  pf  i;  that  CD  is  of  F,  as 
msiny  magnitudes  as  are  in  AB  equal  to  £,  fo  many  are  there 
ki  ^D  e^i|al  to  F.  DWide  AB  into  magni- 
tudes  equal  to  E,  viz*  AG,  GB ;  and  CD  into  A 
CH,  HD  equal  each  of  them  to  F:  The  niim* 
l^r  therefore  of  the  magnitudes  CH,  HD  (hall  f^ 
be  equal  to  the  number  of  the  others  AG,  ^^ 
GP  :  And  becaqfe  AG  is  equal  to  £,  and  Ci) 
to  F,  therefore  AG  and  CH  together  are 
equal  to*  E  and  F  together ;  For  the  fame  rea- 
fon,  becaufe  GB  is  equal  to  E,  and  HD  to  F ; 
GB  and  HD  together  are  equal  %o  E  and  F 
together.  Wherefore,  as  many  magnitudes  as 
are  in*  AB  equal  to  E,  fp  many  are  there  in  J^^ 
AB,  CD  together  eqiial  to  !p  and  F  together. 
TherefDre,  whatfoeYer  multiple  Ai  is  of  E, 
(be  hme  multiple  is  AB  and  CD  together  of  J\ 
£  and  F  together.  '^ 

Therefore,  if  any  magnitudes,  how  many  foerer,  be  eqiji* 
mi^Itiples  of  as  many,  each  of  each,  whatfocYer  multiple  any 
one  of  them  is  of  its  part,  the  fame  multiple  (hall  all  the  firfl:. 
fnagnititde^  be  of  all  the  odicr ;   *  For  the  fiime  demonftration 

•  ho^i 


^  At.  a.  i« 
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^^  ^'   *  holds  in  9iny  number  of  magniAides,  which  waa  here  appliad 
^^^^•totwo.*    CLE.  D.  *"  *^*^ 


PROP.    U.      THEOR 


IF  the  firft  magnitude  be  the  fame  ipultiple  of  the  fe* 
cond  that  the  third  is  of  the  fourth,  and  the  fifth  the 
fame  mukiple  of  the  fccond  that  the  fixth  is  of  the 
fourth  ;  then  fliall  the  firft  together  with  the  fifth  be  the 
lame  multiple  of  the  fecond^  that  the  third  together  with 
the  fixth  is  of  the  fourth. 

Let  AB  the  firft,  be  the  fame  multiple  of  C  the  fecood,  that 
D£  the  third  is  of  F  the  fourth ;  and  BG  the  fifth,  the  fame 


Di 
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inultipic  of  C  the  fecond,  that  EH 
the  fixth  is  of  F  the  fourth  :   Then      ^ 
is  AG  the  firft*  together  with  the  fifth, 
the  fatne  multiple  of  C  the  fecond, 
that  DH  the  third,  together  with  the        t 
fixth,  is  of  F  the  fourth.  JH  T 

Be^aufe  AB  is  the  fame  multiple 
of  C,  that  DE  is  of  F;  there  are  as 
many  inagnitudes  in  AB  equal  to  C, 
as  there  are  in  D$  equ^  to  F:  In  like  G 
manner,  as  manjr  as  there  are  in  BG 

equal  to  C,  fo  many  are  there  in  EH  equal  to  F :  As  many, 
then,  as  are  in  the  whole  AG  equal  to  C,  fo  many  are  there  in 
f he  whole  DH  equal  to  F :  Therefore  AG  is  the  fame  multi* 
pie  of  C,  that  DH  is  of  F  ^  that  is,  AG  the  firft  and  fifth  to** 
gether,  is  the  fame  multiple  of  the  fecond  ^^  ' 

C,  that  DH  the  third  and  fixth  together  is  -LI 

of  the  fourth  F.    Jf,  therefore,  the  firft  be    a 
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the  fame  multiple,  &c-  Q^£>  D. 

Cor.  *  Frofn  this  it  is  plain,  that,  if  any   B' 

*  number  of  magnitudes  AB,  BG,  GH, 

*  be  multiples  of  another  C;  and  as  many 

*  D£,  £K.  KL  be  the  fame  multiple's  of 
f  F,  each  of  each  }  the  whole  of  the  firft, 
f^Ttz.  AH,  is  the  fame  multiple  of  C, 
<  that  the  whole  of  the  laft,  viab  t).L,  it 

<:9f  r/  jj 
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P  R  O  P.    m.      T  H  E  O  R. 

IF  the  firft  be  the  fame  multiple  of  the  fccond,  which 
the  third  is  of  the  fourth  ;  and  if  of  the  firft  and 
third  there  be  taken  equimultiples,  thefe  (hall  be  cqui* 
multiples,  the  one  of  the  fccond,  and  the  other  of  the 
fourth. 


Let.  A  the  firft,  be  the  fame  multiple  of  B  the  fecond»  that 
C  the  third  is  of  D  the  fourth  ;  and  of  A,  C  let  the  equiolul* 
tiples  £F,  GH  be  taken :  Then  £F  is  the  fame  multiple  of  B» 
that  GH  is  of  D. 

Becaufe  £F  is  the  fame  maltjple  of  A,  that  GH  is  of  C» 
there  are  as  roanjr  roagnitiides  in'EF  equal  to  A|  as  are  in  GU 
equal  to  C  :    Let  £F  be  di- 
vided into  the  magnitudes  1^  TJ 
EK,  KF,  each  equal  to  A,  * 
and    QH    into  GL,   LH» 
each  equal  to  C :  '1  he  inumn 
ber  therefore  of  the  magnii- 
tudes  £K,  tCF,  fiiaU  be  e^  wr^ 
qiial  to  the  number  of  the  "^  |                         Lt 
others  GL,  LH :  And  bo- 
caufe  A  is  the  fame  multi- 
ple of  B,  that  C  is  of  D, 
and  that  £E  is  equal  to  A^ 

and   GL  to    C  i  therefore      .„         '  *ki        •        ■ 

£K  is  the  fame  multiple  of     £       A    B       G     C    D 
B,  that  GL  is  of  D  :   For  ^    *^ 

the  fame  reafon,  KF  is  the  faine  multiple  of  B,  that  LH  is  of 
D ;  and  fo,  if  there  bje  more  parts  in  £F»  GH  equal  to  A«  C .: 
Becaufe,  therefore,  the  firil  £K  is  the  fame  multiple  of  the  fe- 
cond  B,  which  the  third  GL  is  of  the  fourth  D»  and  that  the 
fifkh  KF  is  the  fame  multiple  of  the  fecond  B,  which  .the  fiitk 
LH  is  of  the  fourth  D  }  HF  the  firft,  together  with  the  fifth,  is  . 
the  fame  multiple  *  of  tho  fecond  B,  ^hich  GH  the  third,  to-  a  a,  5s 
gether  witb  the  fixth,  is  of  the  fourth*  £>•    I^  therefor,  jte 

fiift,  &c.  qL^»  D. 
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P  R  O  P-    IV.     T  H  E  O  R. 

IF  the  firft  of  foar  magnitudes  has  the  fame  ratio  ttf 
the  fecond  which  the  third  has  to  the  fourth  ;  thcA 
any  equimultiples  whatever  of  the  fitft  and  third  fhall 
have  the  fame  ratio  to  any  equimultiples  of  the  fecond 
and  fourth,  viz.  ^  the  equimultiple,  of  the  firft  (hall  have 

*  the  fame  ratio  to  that  of  the  fecond,  which  the  cqut* 

*  multiple  of  the  third  has  to  that  of  the  fourth.' 


%$.  5* 


^Hfpoch. 


Let  A  the  firft,  have  to  B  the  fecond,  the  fame 
the  third  C  has  to  the  fourth  D ;  and  of  A  aad  C 
taken  any  equimultiples  whatever 
£,  F ;  and  of  B  and  D  any  equi- 
multiples whatever  G,  H  :  Then 
£  has  the  fame  ratio  to  G,  which 
F  has  to  H;  ' 

Take  of  ^  and  F  any  equimul- 
tiples whatever  K,  Lf  and  of  G, 
H,  any  equimultiples  whatever  M, 
N  :  Then,  becaufe  £  is  the  fame 
multiple  of  Aj  that  F  is  of  C; 
and  oft  B  and  ¥  have  been  taken 
equimultiples  K,  L ;  therefore  K 
is  the  fame  multiple  of  A,  that  L 
is  of  C  ^ :  For  the  fame  rcafon,  M 


ratio  which 
let  there  be 


I 


li  the  fame  multiple  of  B,  that  N  « 
is  of  D  :  And  becaufe,  as  A  is  to  ^ 
B/  fo'if  C  tO'D  i».  and  6f  A  ai^d 


A  B 

O    D 


I 


G  M 
H   N 


have  been  taken  certain  equt 
multiples  K,  L ;  and  of  B  and  D 
have  been  taken  certain  equimuU 
tiples'  M,  N  I  if  therefore  K  be 
greater  than  M,  L  is  greater  than 
ri  s  and  if  equal,  equal ;  if  lefs, 
c  1.  dcf.  i.  ieb  'i  And  Kj  L  are  any  equi« 
.'  '  •  multiples  whatever  of  £,  F  j  and 
Ji,  ,M  any  whatever  of  G,  H : 
As  therefore  £  is  to  G,  fo  is  *^  F 
to  H.  Therefore,  if  the  firft,  &c* 
Q^  E.  D. 

Coa.  Likewife,  if  the  firft  has  the  fame  ratio  to 
%hSoh  ;tlk  third  has  to  the  fourtb|  then  alfo  any 


the  fecond, 
equimulti- 
ples 


OF    E  U  C  t  I  D. 


^ 


pies  wbatCTcr  of  the  6rft  aad  third  hars  the  (ame  ratio  to- the    Bodt  n 
Second  and  foarch:  And  in  like  manner^  the  firft  apd  the  third  ^^Y^/ 
have  the  fame  ratio  to  any  equimultiples  whatever  of  the  fecond 
and  fourth. 

Let  A  the  firft,  have  to  B  the  fecond,  the  fame  ratio  which 
the  third  C  has  to  the  fourth  D,  and  of  A  and  C  let  £  and  F 
be  anj  equimultiples  whatever ;  then  £  is  to  B,  as  F  to  D. 

Taxeof  E,  F  any  equimultiples  whatever  K,  L,  and  of  B, 
D  any  equimultiples  whatever  G,  H  ;  then  it  may  he  deibon- 
ftrated,  as  before,  that  K  is  the  fame  multiple  of  A,  that  L  16 
of  C  :  And  becanfe  A  is  to  B,  as  C  is  to  D,  and  of  A  and  C 
certain  equimultiples  have  been  taken,  viz.  K  and«L  1  and  of 
B  and  D  certain  equimultiples  G,  H ;  therefore,  if  K  be  greater 
than  G,  L  is  greater  than  H ;  and  if  equal,  equal ;  if  lefs,  lefs  « :  c  s*  <ler.  5. 
And,  Kf  L  are  any  equimultiples  of  £,  F,  and  G,  H  any  what- 
ever of  B,  D ;  as  therefore  E  is  to  B,  fo  is  F  to  D  :  And  in  the 
fame  way  the  other  cafe  is  demonftrated. 


P  R  O  P.    V.      THE  OR. 


IF  one  magnitude  be  the  fame  multiple  of  another^  see  n. 
which  a  magnitude  taken  from  the  firit  is  of  a  mag- 
nitude taken  from  the  other  ;  the  remainder  fhall  be  the 
fame  multiple  of  the  remainder^  that  the  whole  is  of  the 
whole. 


•■ » 


A 


I«et  the  magnitude  AB  be  the  fame  multiple 
of  CD,  that  A£  taken  from  the  firft,  is  of  CF 
tak^n  from  the  other  ;  the  remainder  £B  (hall 
be  the  fame  multiple  of  the  remainder  FD,  that 
the  whole  AB  is  of  the  whole  CD. 

Take  AG  the  fame  multiple  of  FD,  that 
AE  is  of  CF :  Therefore  A£  is*  the  fame  mul- 
tiple of  CF,  that  EG  is  of  CD :  But  AE,  by 
the  hypothefis,  is  the  fame  multiple  of  CF,  that 
AB  is  of  CD :  Therefore  EG  is  the  fame  mul- 
tiple of  CD  that  AB  is  of  CD ;  wherefore  EG 
18  equal  to  AB^.  Take  from  them  the  common 
magnitude  AE  i  the  remainder  AG  is  equal  to 
the  remainder  EB.  Wherefore,  fince  AE  is 
the  fame  multiple  of  CF,  that  AG  is  of  FD9 
and  that  AG  is  equal  to  EJ3 }  therefore  AE  is  the  tmnt  mukipfe 
of  CF|  that  £B  iaof  FD :  But  AE  is  the  fame  multiple  of  CF, 

tbtt 
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C 


D 


a  i«  5. 


b  I.  As.  fi 


aaoli  t. 
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that  AB  18  of  CD  }  therefore  EB  is  the  fame  multiple  of  itl, 
that  AB  18  of  CD.   Therefore,  if  any  magnitiide,  8cc.  Q^E.  D\ 
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P  R  O  P.    VI.      T  H  E  O  R. 

te  m;  TF  two  magnitudes  l)e  equimultiples  of  tvo  others,  and 
•«-  if  equi(nolt>(^  of  thefe  be  taken  from  the  firft  two, 
the  remainders  are  either  equal  to  tfaefc  others,  or  equi- 
mukij^es  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  the  two 
E9  Ft  and  AG,  CH  taken  from  the  (irft  two  be  equimultiples 
of  the  fame  £,  F )  the  remainders  GB,  HD  are  either  equal 
to  E|  Fy  or  equimultiples  of  them. 

Firft,  Let  GB  be  equal  to  E  ;  HD  is  e- 
qual  to  F  :  Make  CK  equal  to  F ;  and  be* 
caufe  AG  is  the  fame  multiple  of  £,  that 
CH  is  of  F,  and  that  GB  is  equal  to  £. 
atid  CK  to  F ;  therefore  AB  is  the  fame 
multiple  of  E,  that  KH  i8  of  F.  But  AB, 
1)7  the  hypotbefis,  is  the  fame  multiple  of 
E  that  CD  isof  F;  therefore  KH  is  the 
fam^  multiple  of  F»  that  CD  is  of  F; 
•  t.  At.  5.  wfier-efore  KH  is  equal  to  CD  * :  Take  a* 
way  the  common  magnitude  CH,  then  the 
remainder  KC  is  equal  to  the  remainder 
HD  :  But  KC  is  equal  to  F ;  HD  therefore  is  equal  to  F* 

But  let  GB  be  a  multiple  of  £ ;  then 
HD  18  the  fame  multiple  ot  F:  Make 
CK  the  fame  multiple  of  F,  that  GB  is 
of  £  :  And  becaufe  AG  is  the  fame  mul- 
tiple of  £,  that  CH  15  of  F;  and  GB  the 
'  fame  multiple  of  E,  that  CK  is  of  F ; 
thcvpfore  ^B  is  the  fame  multiple  pf  £, 
that  KH  is  of  Fi> :  But  AB  is  the  fame 
multiple  of  £j  that  CD  is  of  F;  therefore 
Km  is  the  fame  multiple  of  F,  that  CD  is 
oVM^  wh|erefore  KH  is  equal  to  CD*: 
Tijke  awa^  CH  from  both  \  therefore  the 
reinninder-KC  is  equal  to  the  remainder 
HI>:  Afid  becaufe  GB  is  the  fame  multiple  of  £,  that  KC  is 
of  ft  and  that  KC  is  equal  to  HD  \  therefore  HD  is  the  fame 
militiple  of  F|  xbat  GB  is  of  £ :  1/ therefore  two  magnitudes, 

&u  q;£.d. 
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P  R  O  P.    A.      T  H  E  6  R. 


1^  the  firfl:  of  four  ipagnitudes  has  to  the  fecdnd,  the  «ee  n. 
fame  ratio  which  the  third  has  to  the  fourth  j  then,  if 
the  fir  ft  be  greater  than  the  fecond,  the  third  is  alfo 
|;rcat(ir  than  the  foutth }  an3^  if  eqiial,  equal }  if  lefs$  lef^* 

Take  any  equimultiples  of  each  of  themi  aS  the  ddubles  ot 
each  ;  then*  by  def.  eth  of  this  book,  if  the  double  of  the  firll  be 
greater  than  the  double  of  the  fecondi  the  double  of  the  third  is 
greater  than  the  double  of  the  fourth ;  but,  if  the  flrft  be  greater 
than  tne  fecond,  the  double  of  the  firft  is  greater  than  the  double 
of  the  fe^ond;  wherefore  alfo  the  double  of  Che  third  is  greater 
than  the  double  of  the  fourth  i  therefore  the  third  is  greater  than 
the  fourth :  In  like  manner,  if  the  firft  be  ^uai  to  the  fecond^ 
or  lefs  than  it,  the  third  can  be  proved  to  be  equal  to  the  fourth^ 
or  lefs  than  it.    Therefore,  if  the  firft,  ftc.  Q^E.  D* 


P  R  O  P.    B.      T  H  E  O  R. 

IF  fouf  magnitudes  are  propdrtionah,  they  are  propof •  see  n. 
tionals  alio  when  taken  inverfely. 


I 


G  A 
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If  the  magnitude  A  be  to  B^  as  C  is  to  D,  then  alfo  in? etfely 
B  is  to  A,  as  D  to  C. 

Take  of  B  and  D  any  equimultiples 
ivbaterer  £  and  F ;  and  of  A  and  C  any  e* 
quimulciples  whatever  G  and  H.  Firft,  Let 
£  be  greater  than  G,  then  G  is  lefs  than  £ ; 
and,  becaufe  A  is  to  B,  as  G  is  to  D,  and 
of  A  and  C,  the  fiift  and  third,  G  and  H 
are  equimultiples  $  and  of  B  and  D^  the  fe* 
cond  and  fourth,  £  and  F  are  equimulti- 
ples \  and  that  G  is  lefs  than  £y  U  is  alfo 
*  lefs  than  F ;  that  is,  F  is  greater  than  H  ; 
if  therefore  £  be  greater  than  G,  F  is  great* 
cr  than  H  :  In  like  manner,  if  £  be  equal 
xo  Gf  ¥  may  be  Qiown  to  be  equal  to  H  ; 
and,  if  lefs,  lefs ;  and  £,  F  are  any  equi- 
multiples whatever  of  B  and  D^  and  G,  H 
any  whatever  of  A  and  9  j  therefore,  as  B 
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B^k  V.    is  to   A,    fo   is    D  to  C.     If,  then,    four  ixiignitudes,    &o 
'^ '    Q^E.  D. 


P  R  O  P.    C.      T  H  E  O  R. 


Set  N. 


TF  the  firft  be  the  Ciroc  multiple  of  the  fecond,  or  the 
fame  part  of  it,  that  the  third  is  of  the  fourth  ;  the 
firft  is  tp  the  fecond,  as  the  third  is  to  the  fourth. 


Let  the  firft  A,  be  the  fame  multiple  of  B 
the  fecond,  that  C  ttie  third  is  of  the  fourth 
D :    A  is  to  B  as  C  is  to  D' 

Take  of  A  and  C  any  equimultiples  what- 
etdr  £  and  F }  and  of  fi  and  D  any  equi- 
multiples  whatever  G  and  H :  Then,  becaufe 
A  is  the  fame  -multiple  of  B  that  C  is  of  D  ; 
and  that  E  is  the  fame  multiple  of  A,  that 
F  is  of  C  ;  E  is  the  fame  multiple  of  B,  that 

•  J«  5«  F  is  of  D  •  i  therefore  E  and  F  are  the  fame 
multiples  of  B  and  D :  But  G  and  H  are  equi- 
multiples of  B  and  D  ;  therefore,  if  £  be  a 
greater  multiple  of  B,  than  G  is,  F  is  a  great- 
er multiple  of  D,  than  H  is  of  D;  that  is, 
if  £  be  greater  than  G,  F  is  greater  than  H  : 
In  like  manner,  if  £  be  equal  to  G,  or  Ms ; 
F  is  equal  to  If,  or  lefs  than  it.  But  £,  F 
are  equimultiples,  any  whatever,  of  A,  C, 
and  G,  H  any  equimultiples  whatever  of  B, 

b  5,  def.  5.  D«.    Therefore  A  is  to  B,  as  C  is  to  D  ^. 


Next,  Let  the  firft  A  be  the  fame  part 
of  the  fecond  B,  that  the  third  G  is  of 
the  fourth  D  :  A  is  to  B,  as  C  is  to  D  : 
For  B  is  the  fame  multiple  of  A,  that  D 
is  of  C;  wherefore,  by  the  preceding 
cafe,  B  is  to  A,  as  D  is  to  C ;  and  in- 
t  B.  5*  verfely  *^  A  is  to  B,  as  C  is  to  D.  There- 
fore, if  the  firft  be  the  fame  muhipie,  &c. 
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P  R  O  P.    D.      T  ft  E  O  R. 


TF  the  (irft  be  to  the  fecond  as  the  third  to  the  fourth,  see  n. 

and  if  the  firft  be  a  multiple,  or  part  of  the  fecond  ; 
the  third  is  the  fame  multiple,  or  the  fame  part  of  the 
fourth. 


Let  A  be  to  B,  as  C  18  to  D  (  and  firft  let  A  be  a  multiple 
of  B  ;  C  is  the  fame  multiple  of  D«     ' 

Take  £  equal  to  A,  and  whatefer  mul- 
tiple A  or  E  is  of  B9  make  F  the  fame  muU 
tiple  of  D:  Then,  becaufe  A  is  to  B,  a8.C  is 
to  D ;  and  of  B  the  fecond,  and  D  the  fourth 
equimultiples  have  been  taken  £  and  F ; 
A  is  to  £,  as  C  to  F* :  But  A  is  equal 
to  £,  therefore  C  is  equal  to  F  '^ :  And  F 
is  the  fame  multiple  of  D,  that  A  is  of  B. 
Wherefore  C  is  the  fame  multiple  of  D, 
ih^t  A  is  of  B. 

Next,  Let  the  firft  A  be  a  part  of  the  fe- 
cond B  ;  C  the  third  is  the  fame  part  of  the 
fourth  D. 

Becaufe  A  is  to  B,  as  C  is  to  D  v  then, 
inverfely,  B  is^  to  A,,  as  D  to  C :  But  A  is 
a  part  of  B,  therefore  Bis  a  multiple  of  A  | 
and,  by  the  preceding  cafe,  D  is  the  fam^ 
multiple  of  C,  that  is,  C  is  the  fame  part  of  D,  that  A  is  of  B : 
Therefore,  if  the  firft,  &c.  Q^E.  D. 
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PROP.    VIL      T  H  E  O  R. 

EQUAL  magnitudes  have  the  fame  ratio  to  the  fame 
magnitude- }  and  the  (ame  has  the  fame  ratio  to  e- 
qual  magnitudes. 

|Let  A  and  B  be  equal  magnitudes,  and  C  any  other.  A  and 
B^haTd  eacH.  of  them  the  fame  ratio  to  C,  and  C  has  the  fame 
ratio  td  eack  of  the  magnitudes  A  and  B. 

Take  of  Kand  B  any  equimultiples  wbater^r  D  and  £^  and 
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Book  V.    of  C  any  multiple  whatever  F :  Then,  bccaufc  D  is  the  Tame 
^-'^Jp^   multiple  of  A,  that  E  is  of  B,  and  that  A  is 

P  be  greater  than  F»  £  is  greater  than  P  y  and 
if  equal,  equal;  iflefSj  lefs :  And  D,  E  are 
any  equimultiples  of  A,  B,  and  F  is  any  muU 
b  i.  dcf.  s-  ^>plc  of  C*  Tberefoie  ^^  as  A  is  to  C^  fo  is  B 
toC. 

Likewife  C  has  the  fame  ratio  to  A,  that  it   ^ 
,  has  to  B :    For,  having  made  the  fame  con-   ^ 

ftru£tion,  D  may  in  like  manner  be  (hown  e*  -e^ 
qual  to  £ :  Therefore,  if  F  be  greater  than  D,  ^ 
it  isr  likewife  greater  than  E ;  and  if  equal, 
equal,  if  lefs,  lefs :  And  t  ii  any  multiple 
whatever  of  C,  and  D,  E  are  any  equimul- 
tiples whatever  of  A,  B.  Therefore  C  is  to 
A,  as  C  is  to  B  ^,  'I  hercfore  ^'qual  magni* 
tudes,  &c«   Q^£.  D.  I 
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PROP.    Vm.      T  H  E  O  R. 

««M.       ir\^  unequal  magnitudes^  the,  greater  has  a  greater 
\^  ratio  to  the  fame  than  the  lefs  has  ;  and  the  la  me 
,   magnitude  has  a  greater  ratio  to  the  lefs,  than  it  has  to 
the  greater. 


Let  AB|  fiC  be  unequal  magnitudes, 
greater,    and  let  D  be  any  magnitude 
whatever :  AB  bas  a  greater  ratio  to  D 
than  BC  to  D :  And  D  has  a  greater  ra- 
tjo  to  BC  than  unto  AB. 

If  the  magnitude  which  is  not  the 
greater  of  the  two  AC«  CB,  be  not  lefs 
than  D,  take  £F,  FG.  the  doubles  of 
AC>  CB|  as  in  Fig.  i.  But,  if  tliat  which 
is  not  the  greater  of  the  two  AC,  CB 
be  lefs  than  D  (as  in  Fig.  %*  and  3.)  this 
magnitude  can  be  multipliedi  fo  as  to 
become  greater  than  D,  whether  it  be 
AC,  or  CB*  Let  it  be  multiplied,  until 
it  become  greater  than  D,  and  let  the 
other  be  multiplied  as  often  ^  and  let  £F 
be  the  multiple  thus  taken  of  AC»  and 
FG  the  fame  multiple  of  CB :  Therefore 
£F  zqd  FG  arc  each  of  them  greater  thao 
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D  :  And  in  tvtrj  one  of  the  cafes,  ttke  H  the  double  of  D,  E    ^^^ 
its  triplet  ^nd  fo  on,  till  the  multiple  of  D  be  that  which  firft  V^V" 
becomes  greater  than  FG :  Let  L  be  that  multiple  of  D  which 
is  fir  ft  greater  than  FGj  and  K  the  multiple  of  D  which  is 
nest  lefs  than  L. 

Then»  bccaufe  L  is  the  multiple  of  D»  which  is  the  firft  that 
becomes  greater  than  FG,  the  next  preceding  multiples  K  is 
not  greater  than  FG;  that  is,  FG  is  not  lefs  than  K :  And  fince 
£F  is  the  fame  multiple  of  AC,  that  FG  is  of  CB  %  FG  is  the 
fame  multiple  of  CB,  that  EG  is  of  AB* ;  wherefore  EG  and  i  t.  $• 
FG  are  equimultiples  of  AB  and  CB  :  And  it  was  (howni  that 
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FG  was  not  lefs  than  K, 
and,  by  the  conftruc- 
tion,  EF  is  greater  than 
D  ;  therefore  the  whole 
EG  is  greater  than  K  and 
D  together :  But  K,  to- 
gether with  D,  is  equal 
to  L  i  therefore  EG  is 
greater  than  L ;  but  FG 
is  not  greater  than  L  { 
and  EG,.  FG  arc  equi- 
multiples of  AB,  bC, 
and  L  is  a  multiple  of 
Di  therefore*'  AB  has 
to  D  a  greater  ratio  than 
BC  has  to  D. 

Alfo  D  has  to  BC  a 
greater  ratio  than  it  has 
to  AB  I  For,  having 
made  the  fame  con- 
ftru£iion,  it  may  be 
ihown,  in  like  manner, 
that  L  is  greater  than 
FG,  but  that  it  is  not  greater  than  EG:  And  L  is  a  multiple  of 
D ;  and  FG,  EG  are  equimultiples  of  CB,  AB ;  therefore  D 
has  to  CB  a  greater  ratio  *  than  it  has  to  AB.  Wherefore,  of 
imcqual  magniti^des,  &c.   Q^E.  D. 
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P  R  O  P.    IX.      T  H  E  O  R. 


T^^Agnitudes  which  have  the  fame  ratio  to  the 
iVX  fame  magnitude  are  equal  to  one  another ;  and 
thofc  to  which  the  fame  magnitude  has  the  fame  ratio 
are  equal  to  one  another. 

Let  A,  B  have  each  of  them  the  fame  ratio  to  C  {  A  18  e- 
qual  to  B :  For,  if  they  are  not  equal,  one  of  them  is  greater 
than  the  other ;  let  A  be  the  greater;  then,  by  what  was  fliown 
in  the  preceding  propoGtion,  there  are  fome  equimuhiples  of 
A  and  B,  and  fome  multiple  of  C  fuch,.  that  the  multiple  of  A 
28  greater  than  the  multiple  of  C,  but  the  multiple  of  B  is  not 
greater  thain  that  of  C.  Let  fuch  multiples  be  taken,  and  let 
D,  £,  be  the  equimultiples  of  A,  B,  and  F  the  multiple  of  C, 
fo  that  D  may  be  greater  than  F,  and  £  not  greater  than  F  x 
But,  becaufe  A  is  to  C,  as  B  is  to  C,  and 
of  A,  B,  are  taken  equrmultjples  D,  £, 
and  of  C  is  taken  a  multiple  F  ;  and  that 
D  is  greater  than  F ;  £  (hall  alfo  be  great-  ]) 

•  S.  MifSf  cr  than  F* »  but  £  is  not  greater  than  F,     1^ 

which  is  impo(Gble;  A  therefore  and  B  1 

are  not  unequal ;  that  is,  they  are  equal.  * 

Next,  Let  C  have  the  fame  ratio  to  each 
of  the  magnitudes  A  and  B  ;  A  is  equal 
to  B  :  For,  if  they  are  not,  one  of  them  is 
greater  than  the  other;  let  A  be  the 
greater;  therefore,  as  was  Ihown  in  Prop. 
i*th,  there  is  fome  muhiple  F  of  C,  and 
fome  equimultiples  E  and  D  of  B  and  A  " 

fuch,  that  F  is  greater  than  £,  and  not  greater  than  D  ;  but  be- 
caufe C  is  to  B,  as  C  is  to  A,  and  that  F^  the  multiple  of  the 
firft,  is  greater  than  £,  the  multiple  of  the  fecond  ;  F  the  muU 
tiple  of  the  third,  is  greater  than  D,  the  multiple  of  the  fourth  *  : 
Put  F  is  rot  greater  than  D,  which  is  impoflible.  Therefore 
Ji  is  equal  (o  B.    "Wherefore  magnitudes  which.  Sec.  Q.  E.  D^ 
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Book  T. 


PROP.    X.      T  H  E  O  R; 


THAT  magnitude  which  has  a  greater  ratio  than  an-  See  n. 
other  has  unto  the  fame  magnitude  is  the  greater    ' 
of  the  two  :   And  that  magnitude  to  which  the  fame  ha^ 
a  greater  ratio  than  it  has  unto  another  magnitude  is  the 
Icffer  of  the  two. 


Let  A  have  to  C  a  greater  ratio  than  B.has  to  C :  A  is  great* 
er  than  B  :  For,  becaufe  A  has  a  greater  ratio  to  C)  than  j3 
has  to  C,  there  are*  fbme  equintuiuples  of  A  and  B,  and  »7«I>«f»5- 
fome  muhiple  of  C  fuch,  that  the  multiple  of  A  is  greater  than 
the  muhiple  of  C,  but  the  multiple  of  B  is  not  greater  than  it : 
Let  them  be  takeni  and  let  D,  £  be  equi 
multiples  of  A,  fi,  .and  F  a  multiple  of  C 
fuch,  that  D  is  greater  than  F,  but  E  is 
not  greater  than  F  :  Therefore  D  is  greater  D 

than  £  :  And,  becaufe  D  and  £  are  equi» 
multiples  of  A  and  B,  and  D  is  greater 
than  £ ;  therefore  A  is  ^  greater  than  B. 

Next,  Let  C  have  a  greater  ratio  to  B 
than  it  has  to  A  ;  B  is  lefs  than  A  :    For*        ^  [ 
there  is  fome  multiple  F  of  C,  and  fome   _  1  1 

equimultiples  £  and  D  of  B  and  A  fuch,  I^ 
that  F  is  greater  than  £»  but  is  not  greater 
than  D :  £  therefore  is  lefs  than  D  ;  and 
becaufe  £  and  D  are  equimultiples  of  B 
and  A,  therefore  B  is  ^  leis  than  A.  That 
magnitude,  therefore,  Sec*   Q^£.  D. 
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P  R  O  P.    XL      T  H  E  O  R. 

ATIOS  that  arc  the  fame  to  the  fame  ratio,  are  the 
fame  to  one  another. 


« 

Let  A  be  to  B,  as  C  is  to  D  ;  and  as  C  to  D,  fo  let  E  be  to 
F-;  A  is  to  B,  as  £  to  F. 

Take  of  A,  C,  £,  any  equiipultiples  whatever  G,  H,  K  ;  and 
of  B,  D,  F,  any  equimultiples  whatever  L,  M,  N.  Therefore, 
fince  A  is  to  B,  as  C  to  D»  and  G,  H  are  taken  equimultiples' of 

I  4  A, 
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Tw.k  V     A,  C,  and  L,  M  of  B,  D;  if  G  be  greater  than  L,  H  ia  p-eatef 

'—^V^  than  M;  and  if  equal,  rqqal ;  aqd  if  lef$,  Irfa*.     Again,  br- 

•  5.  «lrf.  s,  capfe  C  ia  to  D,  as  E  is  to  F.  and  H,  K  arc  taken  rquimnltiple* 

of  C,  £  i  and  M,  N,  of  D.  Y%  if  H  be  ercater  than  M,  K  is 

greater  than  N;  and  if  equal,  equal  \  and  iflels,  lefs:  But,  if  G 


G— H ^—  K^ 
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\it  greater  thap  (•,  ic  has  been  (hpwn  that  H  19  greater  than  M  \ 
and  if  equal,  equal  \  apd  if  l^fs,  lefs;  therefore,  if  G  be  greater 
than  L,  K  is  greater  than  N»  a^nd  if  equal|  equal  \  and  if  lef^^. 
lefs  :  And  G,  K,  are  any  equimultiples  whatever  of  A,  E  ;  and 
Lf  N  any  whatever  of  B,  F :  Therefore,  as  A  is  to  B^  fo  is  £  tq 
F*.    WTiereforp  ratios  thaf,  ^c.  Q;^Ea  D. 


PROP.    XIL      T  H  E  O  R. 

IF  any  number  of  magnitude^  be  proportionals,  a$  one 
of  the  antecedents  is  to  its  confequent,  fo  fhall  all  the 
antepedents  taken  together  be  to  all  the  cpnfequents. 

Let  any  number  of  magnitudes  A,  B«  Ci  D,  E,  F,  b»  propor- 
tlonals;  that  is,  as  A  is  to  B,  fo  C  tp  D,  and  E  to  F :  Aa  A  i« 
to  B,  fo  Qiall  A,  C,  £  together  be  to  B,  D,  F  together. 

Take  of  A,  C,  £  any  equimultiples  whatever  G,  H,  K  ^ 

G H —  Kc 
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and  of  B,  D,  F  any  equimultiples  whatever  L,  M,  N :  Then* 
^ecauie  A  is  to  B,  as  C  is  to  D,  and  as  £  fo  F  }  snd  that  Q.  H, 
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}t  are  equimnhiples  of  A^  C,  E,  and  L»  M^  N  eaoimulttpl^s  of  Book  y. 
is,  D,  F }  if  G  be  greater  than  L,  H  is  greater  than  M,  and  K  ^•^vn^ 
greater  than  N;  and  if  equal,  equal ;  and  if  lefo,  left\  Where-  ^^'  ^•^t 
V      fore,  if  G  be  greater  than  Ii,  then  G,  H^  K  together  are  greater 
than  L,  M,  N  together ;  and  if  equal,  equal  y  and  if  lefs,  lefs. 
And  G,  and  G,  H,  1(  together  are  any  equimultiples  of  A,  and 
A,  C,  E  together ;  becaufe,  if  there  be  any  number  of  magni- 
tudes equimultiples  of  a§  many,  each  of  each,  whatever  multi- 
ple one  of  them  is  of  its  part,  the  fame  multiple  is  the  whole 
of  the  whole  ^  :    For  the  fame  reafon  L,  and  L,  M,  N  are  anj^  <•  5* 
equimultiples  of  B,  and  B,  D,  F:    As  therefore  A  is  to  B,  io 
are  A,  C,  E  together  to  By  D,  F  together.     Wherefore^  if 
^ny  number^  &€•  Q;^£-  D. 


PROP.    XIIL      T  H  E  O  R, 

IF  the  firft  ha$  to  the  fecond  the  fame  ratio  ^hich  the  see  n^ 
third  has  to  the  fourth,  but  the  third  to  the  fourth  a 
greater  ratio  than  the  fifth  has  to  the  fixth  ;  the  firft  (hall 
fiilo  have  to  the  fecond  a  greater  ratio  than  the  fifth  has 
to  the  fixtb. 

Let  A  the  firft,  have  the  fame  ratio  to  B  the  fecond,  which  C 
the  third,  has  to  D  the  fourth,  but  C  the  third,  to  D  the  fourth, 
a  greater  ratio  than  E  the  fifth,  to  F  the  fizth :  Alfo  the  firft  A 
Ihall  have  to  the  fecond  B  a  greater  ratio  than  the  fifth  E  to  the 
fixthF. 

Becaufe  C  has  a  greater  ratio  to  D,  than  E  %o  F,  there  are 
fome  equimultiples  of  C  and  E,  and  fome  of  D  and  F  fuch, 
that  the  multiple  of  C  is  greater  than  the  multiple  of  D,  but 
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the  multiple  of  E  is  not  greater  than  the  multiple  of  F  * :  Let  a  7.  dcf«  ^, 
fuch  be  taken,  and  of  C,  E  let  G,  U  be  equimultiples,  and  K,  L 
equimultiples  of  D,  F,  fo^  that  G  be  greater  than  K^  but  H  not 
greater  than  L 1  and  whatever  multiple  G  is  of  C,  take  M  the 
£ime  multiple  of  A  ^  an4  what  multiple  J/i  is  of  D,  take  N  the 
fame  mnltiplt  of  B ;  then^  becaufe  A  is  to  B|  as  C  to  D^  and 

of 
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Book  y.  of  A  and  C,  M  and  G  are  equimuldples ;  And  of  B  and  D^  V 
^-^^^^^^  and  K  arc  equimultiples ;  if  M  be  greater  than  N,  G  is  greater 

h  5*  dtf.  J.  than  K;  and  if  equal,  equal  i  and  if  lefs^  lefs^*;  but  G  Js 
greater  than  K,  therefore  t/l  is  greater  than  N :  But  H  is  not 
greater  than  L  $  and  M»  H  are  equimultiples  of  A|  E ;  and 
N|  L  equimultiples  of  B,  F :  Therefore  A  has  a  greater  ratio 

a  7.  def.  5.  to  B,  than  E  has  to  F '.  Wherefore,  if  the  firft,  &c.  Q.  E.  D. 
Cor.  And  if  the  firft  has  a  greater  ratio  to  the  fecoxxd,  than 
the  third  has  to  the  fourth,  but  the  third  the  fame  ratio  to  the 
fourth,  which  the  fifth  has  to  the  fixth  ;  it  may  be  demonftrated 
in  like  manner,  that  the  firft  has  a  greater  ratio  to  the  fecond, 
than  the  fifth  has  to  the  fixth. 
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PROP.    XIV.      T  H  E  O  R. 
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Fthe  firft  has  to  the  fecond,  the  (amc  ratio  which  the 
third  has  to  the  fourth  ;  then,  if  the  firft  be  greater 
than  the  third,  the  fecond  fliall  \>c  greater  than  ttic  fourth ; 
and  if  equal,  equal }  and  if  lefs,  lefs. 

Let  the  firft  A,  have  to  the  fecond  B,  the  fame  ratio  which 
the  third  C,  has  to  the  fourth  D ;  if  A  be  greater  than  C,  B  is 
greater  than  D. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other  magnitude, 
A  has  to  B  a  greater  ratio  than  C  to  B  ^ :  But,  as  A  is  to  B,  fo 


3 


AB  CD     AB  CD     AB  CD 

is  C  to  D  ;  therefore  alfo  C  has  to  D  a  greater  ratio  than  C  has 
to  B  ^  :  But  of  two  magnitudes,  that  to  which  the  lame  has  the 
greater  ratio  is  the  leflcr  ^  :  Wherefore  D  is  lefs  than  B  ;  that 
if^  B  is  greater  than  D. 

Secondly,  If  A  be  equal  to  C,  B  is  equal  to  D  :  For  A  is  to 
B,  as  C,  that  is  A,  to  D ;  B  tlierefore  is  equal  to  D  '. 

Thirdly,  If  A  be  lefs  than  C,  B  fhall  be  lefs  than  D :  For 
C  is  greater  than  A,  and  becaufe  C  is  to  D,  as  A  is  to  B*  D  is 
greater  than  B,  by  the  firft  cafe  ;*  wherefore  B '  is  lefs  than  D. 
Therefore,  -if  the  firft,  &c.  Q.  E.  D. 

PROP, 
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Book  V. 


P  R  O  p.    XV.      T  H  E  O  R< 


M 


Aovii'VDzs  have  the  fame  ratio  to  one  another 
which  their  equimultiples  havc« 


D 


R 


Let  AB  be  the  fame  multiple  of  C^  tbyt  DE  is  of  F :  C  is  f 
F,  as  AB  to  OE. 

Becaofe  AB  is  the  fame  multiple  of  C,  that  DE  is  of  F;  there 
are  as  manf  magnitudes  in  AB  equal  to  C, 
as  there  are  in  DE  equal  to  F  :  Let  AB  be 
divided  into  magnitudes,  each  equal  to  C^ 
Yiz.  AG,  GH,  UB ;  and  DE  inio  magni« 
tudesy  each  equal  to  F,  viz.  DK,  KL,  LE  : 
Then  the  number  of  the  (irft  AG,  GH,  HB, 
ihall  be  equal  to  the  number  of  the  lail  DK, 
KL,  LE  :  And  becaufe  AG,  GH,  HB  are 
all  equal,  and  that  DK»  KL,  LE  are  alfo 
equal  to  one  another ;  therefore  AG  is  to 
DK,  as  GH  to  KL,  and  as  HB  to  LE  *  : 
And  as  one  of  the  antecedents  to  itfr  confe-  B  0  £  1^ 
quent,  fo  are  all  the  antecedents  together  to 

all  the  confequents  together**;  wherefore,  as  AG  is  to  DK,  fob  i» 
is  AB  to  DE  :    But  AG  is  equal  to  C,  and  DK  to  F :    There- 
fere,  as  C  is  to  F,  fo  is  AB  to  DE.    Therefore  magnitudes, 
&c.  Q^  £.  D. 
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PROP.    XVL        T  H  E  O  R. 


IF  four  magnitudes  of  the  fame  kind  be  proportionals, 
ihey  ih^U  alfo  be  proportionals  when  taken   alter- 
nately. 

Let  the  four  magnitudes  A,  B,  C>  D  be  proportionals,  viz. 
as  A  to  B,  fo  C  to  D  :  They  (hall  alfo  be  proportionals  when 
taken  alternately  ;  that  is,  A  is  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and  F ;  and 
pf  C  and  D  take  any  equimultiples  whatever  G  and  H :  And 

bectule 


14*  THEZLEMENTS 

Bo6k  V.  bcetufe  E  is  the  fame  multiple  of  A,  that  F  is  of  B»  and  that 
^^'^^■^  magnitudes  hare  the  fame  ratio  to  one  another  which  their  c- 

9  '^'  ^'     quimultiples  have  *  \  therefore  A  is  to  B^  as  JE  is  to  F  :   But  as 

A  is  to  B,  fo  is  C  to  ^^ ^^ 

D :  Wherefort,  as  C  E  U  ' 

%  11.  5.     is  to  D,  fo  ^  is  E  to  ^,.    .  q 

F :     Again»  becaufe  ^^ 

G|  H  are  equtmul-  B  ■■  p 

iiplcs  of  Cf  D,  as  C 

is  to  D,  fo  is  G  to  F*'        ■"■  ■  H     '    '  "* 

H  * ;  but  as  C  is  to 

D,  fo  is  E  to  F.  Wherefore,  as  E  is  to  F,  fo  is  G  to  H  ^  But, 
"when  four  magnitudes  are  proportionalSf  if  the  firft  be  greater 
than  the  third,  the  fecond  (hall  be  greater  than  the  fourth ;  and 

f  14.  5-  if  equaU  equal  {  if  lefs,  lefs*^.  Whcreforci  if  E  be  greater  than 
G»  F  likewife  is  greater  than  H  ;  and  if  equal»  equal  i  if  leikp 
lefs  :  And  £,  F  are  any  equimultiples  whatever  (^  A,  B;  and, 
Gy  H  any  whatever  of  C,  D.    Therefore  A  is  to  C»  as  B  to 

4  5*  dcf.  5«  D  <^*    If  thep  |pur  magnitudes,  &c«  Q^E.  D«  ' 
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PROP.    XVIL      T  H  E  O  R. 

TF  magnitudes,  taken  jointly,  be  pi'oportionals,  they  ihaU 
^  alfo  Dt  proportionals  when  taken  feparately  }  that  is^ 
if  two  magnitudes  together  have  to  one  of  them  the 
fame  ratio  which  two  others  have  to  one  of  tbefe,  the 
remaining  one  of  the  6rfl  two  (hall  have  to  the  other  the 
fame  ratio  which  the  remaining  on^  of  the  laft  two  has 
to  the  other  of  thefe. 

Let  AB,  BE,  CD^  DF  be  the  magnitudes  taken  jointly  which 
ar6  proportionals  ;  that  is,  as  AB  to  BE,  fo  is  CD  to  Dr  ;  they 
ihall  alfo  be  proportionals  taken  feparately,  viz.  as  AE  to  £B» 
foCFtoFD.  . 

Take  of  AE,  £B,  CF,  FD  any  equimultiples  whatever  GH, 
H)^,  LM,  MN I  and  again,  of  £B,  FD,  take  any  equimultiples 
whatever  KX,  NP :  And  becaufe  GH  is  the  fame  multiple  of 
AE,  that'HK  is  of  £B,  therefore  GH  is  the  fame  raultipie*  of 
AE|  that  GK  is  of  AB  :  But  GH  is  the  fame  multiple  of  AE, 
that  LM  is  of  CF ;  wherefore  GK  is  the  fame  multiple  of  AB; 

that 
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that  LM  is  of  CF.   Again,  bccaufe  LM  is  the  fame  multiple  of   Book  r. 
CF»  that  MN  is  of  FD  \  therefore  LM  is  the  fame  multiple"  of  N^-^*^ 
CJ?,  that  LN  IS  of  CD :    But  LM  was  fhown  to  be  the  fame  *  '•  ^" 
multiple  of  CF»  that  GK  is  of  AB ;  GK  therefore  is  the  fame 
multiple  of  AB,  that  LN  is  of  CD  ;  that  is,  GK,  LN  are  equi- 
multiples of  ABy  CD.    Next,  becaufe  UK  is  the  fame  multiple 
of  £B,  that  MN  is  of  FB ;  and  that  KX  is 
alfo  the  fame  multiple  of  EB,  that  NP  is    X 
of  FD ;  therefore  HX  is  the  fame  multiple 
*  of  £B,  that  MP  is  of  FD.     And  becaufe 
AB  is  to  BE,  as  CD  is  to  DF,  and  that  of 
AB  and  CD,  GK  and  LN  are  equimul- 
tiples, and  of  £B  and  FD,  HX  and  MP  are  {^  i 
equimultiples;  if  GK  be  greater  than  HX,  ig-X 

then  LN  is  greater  than  MP ;  and  if  equal,  ^ 

equal;  and  if  lefs,  lefs^:   ButJf  GH  beH!" 


greater  than  KX,  by  adding  the  common 
part  HK  to  both,  GK  is  greater  than  HX; 


b  a.  5. 


B 

I 


c  5.  def.  u 


G  A  C  L 


wherefore  alfo  LN  is  greater  than  MP ;  Jt 

and  by  taking  away  MN  from  both,  LM 
is  greater  than  NP :  Therefore,  if  GH  be 
greater  than  KX,  LM  is  greater  than  NP. 
la  like  manner  it  may  be  demonftrated, 
that  if  GH  be  equal  to  KX,  LM  likewife  is  equal  to  NP ;  and 
if  lefs,  lefs :  And  GH,  LM  are  any  equimultiples  whatever  of 
AE,  CF,  and  KX,  NP  are  any  whatever  of  EB,  FD.  There- 
fore ^,  as  AE  is  to  £B,  fo  is  CF  to  FD.  If  then  magnitudes, 
&c.  Qj^E.  D. 


PROP.    XVIIL      T  H  ?  O  R. 


tP  magnitudes,  taken  feparately,  be  proportionals,  they  See  n. 
-    ihall  alfo  be  proportionals  when  taken  jointly,  that  is, 
if  the  firft  be  to  the  fccond,  as  the  third  tp  the  fourth, 
the  iirft  and  fecond  together  ihall  be  to  the  fccond,  as 
tlie  third  and  fourth  together  to  the  fourth. 

\jx^  AE,  EB,  CF,  FD  be  proportldnalls ;  that  is,  as  AE  to 
£B,  fo  is  CF  to  FD ;  they  (hall  alfo  be  proportionals  when 
taken  jointly ;  that  is,  as  AB  to  BE,  fo  CD  to  DF. 

Take  of  AB,  BE,  CD,  DF  any  eqaimultiples  whatever  OH, 
HK,  LM,  MN  }  and  again,  of  BE,  DF,  take  any  whatever  e* 
quimultiplcs  KO,  NP :  And  becaufe  KO,  NP  are  equimultiples 

of 
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b  5.  .5, 


c  (.  J. 


M 

P 

K 


Book  V.  of  BE,  DF ;  and  that  KH,  NM  arc  equimultiples  likewife  o( 

V^VXi^  BE,  DF,  if  KO,  the  multiple  of  BE,  be  greater  than  KH,  which 

'   is  a  multiple  of  the  fame  BE,  NP,  likewife  the  mttltipfe  of  DF, 

{hall  be  greater  than  NM,  the  multiple  rv 

of  the  fame  DF;  and  if  KO  be  equal  " 

to  KH,  NP  {hall  be  equal  to  NM; 

and  if  lefs,  lefs. 
,        Firft,  Let  KO  not  be  greater  than 

KH,  therefore  NP  is  not  greater  than 

NM  :  And  becaufe  GH,  HK  are  equi-  |^  1 

multiples  of  AB,  BE,  and  th.at  AB  is  '^J 

greater    than    BE,    therefore    GH   is 
u  3-  A«.    gfreater  •  than  HK ;    but  KO  is  not 

greater  than  KH,   wherefore   GH  is 

greater  than  KO»    In  like  manner  it 

may  be  (hown,  that  LM  is  greater  than 

NP.    Therefore,  if  KO  be  not  great- 
er than  KH,  then  GH,  the  multiple  of 

AB,  is  always  greater  than  KO,  the  ^, 

multiple  of  oE;  and  likewife  LM,  the 

multiple  of  CD,  greater  than  NP,  the  multiple  of  DF- 

,    Next,  Let  KO  be  greater  than  KH  ;  therefore,  as  has  been 

{hown,  NP  is  greater  than  NM:  And  becaufe  the  whole  GH  is 

the  fame  multiple  of  the  whole  AB,  that  HK  is  of  BE,  the  re- 
mainder GK  is  the  fame  multiple  of 

the  remainder  AE.thatGHisofAB^:  Q 

which  is  the  fame  that  LM  is  of  CD. 

In  lik(*  manner,  becaufe  LM  is  the  J{«f 

fame  multiple  of  CD,  that  MN  is  of 

DF,  the  remainder  LN  is  the  fame 

multiple  (if  the  remainder  CF,  that 

the  whole  LM  is  of  the  whole  CD  *» ; 

But  it  was  fhown  that  LM  is  the  fame 

multiple  of  CD,  that  GK  is  of  AE ; 

therefore  GK  is  the  fame  multiple  of 

AE,  that  LN  is  of  CF  ;  that  is,  GK, 


B 

A 


D 
F 

Ol  ,Ll 


R- 


LN  are  equimultiples  of  AE,  CF  :  ^^ 
...       .1     ..„  .      ^^  ^ 


B 


F 

ClL 


And  becaute  KO,  NP  are  equJmul' 

tiples  of  BE,  DF,  if  from  KO,  NP 
,  there  be  taken  KH,  NM,   which  are  likewife  equimultiples 

of  BE,  DF,  the  remainders  HO,  MP  are  cither  equal  to  BE, 
'  DF,  or  equimultiples  of  them  S    Firft,  Let  HO,  MP,  be  e- 

qual  to  BE,  DF;  and  becaufe  AE  is  to  EB,  as  CF  to  FD,  and 

that 


< 
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that  GEi  LN  are  equimultiples  of  AE,  CF;  GK  (hall  be  to  Book  v. 
EB,  as  LN  to  FD «« :  But  HO  is  equal  to  EB,  and  MP  to  FD  ;    ^^^"^ 
ivhcrcfore  GK  is  to  HO,  as  LN  to  MP.    If  therefore  GK  be  *  7'^--»-^' 
greater  than  HO,  LN  is  greater  than  MP ;  and  if  equal,  equal ; 
and  if  lefs %  lefs.  e.Ax.^. 

But  let  HO,  MP  be  equimultiples  of  £B,  FD ;  and  becaufe 
A£  is  to  EBy  as  CF  to  FD,  and  thaft  of  A^,  CF  are  taken  e-' 
quimukiples  GK,  LN;  and  of  EB,  FD,  the  equimultiples  HO^  ^ 
MP  i  if  GK  be  greater  than  HO,  LN  r^ 
is  greater  than  MP ;  and  if  equal,  ^ 
equal ;  and  if  lefs,  lefs  ^  ;  which  was 
likewife  (hown  in  the  preceding  cafe. 
If  therefore  GH  be  greater  than  KO,  J^ 
taking  KH  from  both,  GK  is  greater 

than    HO ;   wherefpre    alfo  iLN  is  ^^ 

greater  than  MP ;  and  confcquently,  M* 

adding  NM  to  both,  LM  is  greater    vr 
than    NP:    Therefore,    if   GH    be   '^f    3  ^  _  N- 

greater  than  KO,  LM  is  greater  than 
NP.  In  like  manner  it  may  be  (hown,  V  \ 

.that  if  GH  be  equal  to  KO,  LM  is.  "^  *" 

equal  to  NPi  and  if  lefs,  lefs^    And 
in  the  cafe  in  which  KO  is  not  great-   Q  ]    j^ 
er  than  KH;  it  has  been  fhown  that 

GH  is  always  greater  than  KO,  and  likewife  LM  than  NP : 
But  GH,  LM  are  any  equimultiples  of  AB,  CD,  and  KO, 
NP  are  any  whaterer  of  BE,  DF ;  therefore  ^  as  AB  is  to  BE^ 
fo  IS  Cp  to  DF.    If  then  magnitudes,  &c.  Q^E.  D* 
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PROP.    XIX.      T  H  E  O  R. 


IF  a  whole  magnitude  be  to  a  whole,  as  a  magnitude  See  n. 
.taken  from  the  firft»  is  to  a  magqicude  taken  from  the 
ciclicT^'the  remainder  fliall  be  tathe  remainder,  a$  the 
whole  to  the  whole. 


Let  the  whole  AB,  be  to  the  whole  CD,  as  AE,  a  magnitude 
.taken  from  AB,  to  CF,  a  magnitude  taken  (torn  CD  %  itit  re- 
.aaiinder  £B|  ihall  be  to  the  remainder  FD^  as  the  whole  AB  to 
-the  whole  CD. 

Becaufe  AB  is  to  CD,  as  AE  to  CF ;  likewifei  alternately  % 

:     -  BA 


■  i6«  $• 
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."^i  ^:  B  A 18  to  AE,  as  DC  to  CF ;  And  becaufe,  if  mag-        i 
nitudeS)  taken  jointly*  be  proportionals,  they  are      A 
alfo  proportionals  ^  when  taken  feparately  \  there* 
forcy  as  BE  is  tp  EA,  fo  is  DF  to  FC  ;  and  altei> 
nately,  as  BE  is  to  DF,  fo  is  E  A  to  FC :  But,  as   TE- 
AE  to  CF,  fO|  by  the  bypothefis,  19  AB  to  CD  ; 
therefore  alfo  B£,  the  renrainder,  (hall  be  to  the 
remainder  DF,  as  the  whole  AB  to  the  whole  CD ; 
Wherefore,  if  the  whole,  &c.  (^  E..  D. 

CoR.  It  the  whole  be  to  the  whole,  as  a  mag- 
nitude taken  from  the  (irft,  is  to  a  magnitude  taken 
from  the  other ;  the  remainder  Itkewife  is  to  the 
remainder,  as  the  magnitude  taken  from  the  firft  to  that  taken 
from  the  other  :  The  demonftration  is  contained  in  the  prece- 
ding* 


B   D 


P  R  O  p.    E.      T  H  E  O  R. 


IF  four  magnitudes  be  proportionals,  they  are  alfo  pro« 
portionals  by  converfion,  (hat  is,  the  firft  is  to  its  ex* 
ccfs  above  the  fecond,  as  the  third  to  its  czcefs  above 
the  fourth. 


«  17.  5- 
b  B.  5* 
€  l8.  5. 


Let  AB  be  to  BE,  as  CD  to  DF ;  then  BA  is  to 
^£,  as  DC  to  CF. 

Becaufe  AB  is  to  BE,  as  CD  to  DF,  by  diti- 
fion  %  AE  is  to  EB,  as  CF  to  FD ;  and  by  in*  E 
verfion  »,  BE  is  to  £  A,  as  DF  to  FC     Wherefore, 
by  compofition  ^,  BA  is  to  AE,  as  DC  is  to  CF : 
If,  therefore,  four,  &c.  Q^E.  D. 


A 


C 

r 


B  D 


P  R  O  p.    XX.      T  H  E  O  R. 


'    IP' there  ht  three  magnitudes,  and  other  three,  whkb, 
*    •  taken  two  and  two,  have  the  fame  ratio  ;  if  the  firft 

be  greater  than  the  third,  the  fourth  (ball  be  greater 
^  [  than  the  (bcth }  and  if  equal,  equal ;  and  if  lefs,  lefs^ 

Let 
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Let  A,  B,  e  be  three  magiiitttdc^  arid  D,  E,  P  other  B«>k  v. 
Ihree,  which»  taken  two  and  two,  have  the  fame  ratio^  viz.  as  ^^^^"^"^ 
A  is  to  B,  fo  is  D  to  £ }  and  as  B  to  C»  fo  is 
£  to  F.  If  A  l>e  greater  than  C,  D  ihall  be 
greater  than  F;  andy  if  equal,  equal;  and  if 
lefs,  lefs. 

Becaiife  A  is  greater  than  Ci  and  lEl  is  any 
other  magnitude,  and  that  the  greater  has  to 
the  fame  magnitude  a  greater  ratio  than  the  lefs  t  8.  ^. - 

has  to  it* ;  therefore  A  has  to  B  a  greater  ra- 
tio than  C  has  to  B,:    But  as  D  is  to  £,  fo  is  A   \   S 
to  B ;  therefore  ^  D  has  to  £  a  greater  ratio  T\    1?    T*    ^  <J«  5< 
than  C  to  B :  And  bccaufe  B  is  to  C.  as  E  to  fr.  -*^    ^    ^ 
by  inverfion,  C  is  to  B,  as  F  is  to  £  ;  and  D 
was  (hown  to  hare  to  £  a  greater  ratio  than  C  to 
B  ;  therefore  D  has  to  £  a  greater  ratio  than  F 
to  £  ^ ;    But  the  magnitude  which  has  a  greater 
ratio  than  another  to  the  fame  magnitude,  is  the  greater  of  the 
two  *  :   D  is  therefore  greater  than  F.  ^ 

Secondly,  Let  A  be  equal  to  C ;  D  ihall  be  equal  to  F :  Be^ 
caufe  A  and  C  are  equal  to  one  an- 
other, A  is  to  B,  as  C  is  to  B  ^  : 
But  A  is  to  B,  as  D  to  £ ;  and  C  is 
to  B,  as  F  to  £ ;  Wherefore  D  is  to 
£,  as  F  to  £  ^  i  and  therefore  D  is 
equal  to  F  <• 

Next^  Let  A  be  lefs  than  C  ;  D  ^^ 
(hall  be  lefs  than  F  :  For  C  is  great-  Jj 
er  than  A,  and,  as  was  (hbwn  in 
the  6rft  cafe,  C  is  to  B,  as  F  to  £, 
and  in  like  rtiannet  B  is  to  A,  as  £ 
to  D.;  therefore  F  is  greater  than 
D,  by  the  &r(l  cafe ;  and  therefore 
D  is  lefs  than  F.    Therefore,  il  there  be  three,  &c    (^E.  D. 


€  7.  5« 


f  zi.  5. 
S  9-^' 


F 


PROP.    XXL     T  H  E  O  R. 


IF  there  be  three  tnagnitudes,  and  other  three,  which  > 
have  the  fame  ratio  taken  two  and  two,  but  in  a  crofs 
order }  if  the  firft  magnitude  be  greater  than  the  thirds 
the  fourth  ihall  be  greater  than  the  filLth  ;  and^if  equal, 
equal  }  and  if  lefs,  lefs. 


K 


Let 
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d  so.  5< 


f  SI.  5 


fiook  V.  i^ec  A,  B,  C  be  three  magnkadesy  and  D^  E,  F  other 
three,  which  have  the  faitie  ratio,  taken  two  and  two,  but  in  a 
crofa  order, 'vi2.  as  A  is  to  B,  fo  is  E  to  F, 
and  as  B  is  to  C,  fo  is  D  to  E.  If  A  be  gf  eater 
than  C|  D  ihall  be  greater  than  F}  and  if  equal, 
equal ;  and  if  lefa,  lefs. 

Becaufe  A  ii  greater  than  C,  and  B  is  any 
other  magnitude,  A  has  to  B  a  greater  ratio  * 
than  C  has  to  B  :  But  as  £  to  F,  fo  is  A  to  B ; 
therefore^  £  has  to  F  a  greater  ratio  than  C  to 
B !  And  becaufe  B  is  to  C,  as  D  to  E,  bv  inver-  pi,  B  ^ 
fioii,  C  IS  to  B,  as  E  to  D :  And  £  was  fhown  ^<>  n  E  F 
have  to  F  m  greater  ratio  than  C  to  B  ;  there- 
c Cor, S3. 5- fore  E  has  to  F  a  greater  ratio  than  E  to  D*  5 
bat  th^  magnitude  to  which  the  fame  has  a 
greater  ratio  than  it  has  to  another,  is  the  leffer 
of  the  two  ^  \  F  therefore  is  lefs  than  D ;  that  is, 
D  is  greater  than  F. 

Secondly,  Let  A  be  equal  to  C  ;  D  fliall  be  equal  to  F.  Be- 
caufe A  and  C  arc  equal,  A  is  •  to  B,  as  C  is  to  B  :  But  A  is 
to  B,  as  E  to  F ;  and  C  is  to  B, 
as  E  to  D ;  wherefore  E  is  10  F 
as  E  to  D ^;  and  therefore  D  is 

equal  to  F  '# 

Next,  Let  A  be  lefs  than  C ; 
D  fliall  be  lefs  than  F  :  For  C  is 
greater  than  A,  and,  as  ^»  _^  «,  ^ 
(hown,  C  is.to  B,  asEto  D,  D  E  F 
and  in  like  manner  B  is  to  A, 
as  F  to  E  •,  therefore  F  is  great- 
er than  D,  by  cafe  firft ;  and 
therefore  D  is  lefs  than  F. 
Therefore,  if  there  be  three,  &c. 
q]^E.  D.  , 
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PROP.    XXIL      T  H  E  O  R. 

Sis  N.  TF  there  be  any  number  of  magnitudes,  and  as  many 
A  others,  which,  taken  two  and  two  in  order,  bave  the 
fame  ratio  j  the  firft  ihall  have  to  the  laft  of  the  firit 
magnitudes  the  fame  ratio  which  the  firft  of  the  others 
has  to  the  laft.  N.  B.  fhis  is  ufually  cited  by  tbi  wards 
"  M  atqualir  9r  ••  ex  aequo:'   ^  ^^^^ 
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•  4.  5* 


Firft,  Let  there  be  three  magnitudes  A,  B^  C,  and  as  ma-    Book  v^ 
ny  others  Dj  £,  F^  which^  taken  two  and  two,  have  the  fame 
ratiot  that  is,  fucb  that  A  is  to  B  as  D  to  E ;  and  as  B  is  to 

C,  fo  is  £  to  F  ^  A  (haU  be  to  C,  as  O  to  F. 
Take  of  A  and  D  any  equimultiples  whatever  G  and  H  $ 

and  of  B  and  £  any  equimultiples 
vhaUvcc  K  and  L }  and  of  C  and 
F  any. whatever  M  and  N :  Tbeu^ 
becaufe  A  is  to  fi^  as  D  to  £,  and 
that  G,  H  are  equimultiples  of  A, 

D,  and  K,  L    equimultiples    of    A   R    f}       T|^  v    V 

B.  E;asGistoK,  fois*  H  to ;!!;  ^  !;   iCf"  * 

L :   F^  the  fiii^e  reafon^  Kistol^K.M     l^I^f^ 

M,  as  L  to  N  :  And  becaufe  there 

are  three  magnitudes  G,  K,  M, 

and  other  three  H^  Lt  N,  which, 

two  and  two^  have  the  fame  ratio ) 

if  G  be  greater  than  M,    H   is 

greater  than  N ;  and  if  equal,  e- 

qual )  and  if  lefs,  le(s^  :    And  G, 

H  are  any  equimultiples  whatever 

of  A9  D,  and  M,  ^  are  any  e- 

quimultiples  whatever  of  C,  F :   Therefore  ®,  as  A  is  to  C,  fo  ^  S*  def.  s* 

is  D  to  F. 

Nexty  Let  there  be  four  maj;n!tudes  A,  B,  C,  D,  and  other 
four  £,  F,  G,  H,  which  two  and  two  have  the*  1  . 


N 


b  so.  s* 


fame  ratio^  viz.  as  A  is  to  B,  fo  is  £  to  P ;  r  A.  B.  C.  D. 
and  as  B  to  C,  fo  F  to  G }  and  as  C  to  D,  t  £.   t.  G.  H. 

fo  G  to  H :  A  fliall  be  to  D,  as  E  to  H.  ^ 

Becaufe  A,  B,  C  are  three  magnitudes,  and  E,  F,  G  other 
three,  which,  taken  two  and  two,  have  the  fame  ratio;  by  the 
foreeoing  cafe,  A  is  to  C^  as  £  to  G :  But  C  is  to  D,  as  G  is 
to  H  ;  wherefore  againi  by  the  firft  cafe,  A  is  to  D,  as  £  to 
H  ;  and  fo  on,  whatever  be  the  number  of  magnitudes.  There* 
fore,  if  there  be  any  number,  &c.  Q^£.  D. 


Ka 
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PROP.    XXIII.      T  H  E  O  R. 


IF  there  be  any  number  of  magnitudes,  and  as  mznf 
others,  which,  taken  two  and  two,  in  a  crofs  order, 
have  the  fame  ratio ;  the  firft  (hall  have  to  the  laft  of  the 
firft  magnitudes  the  fame  ratio  which  the  firft  of  the  o- 
thers  has  to  the  laft.  N.  B.  This  is  ufually  cited  ky  the 
words  •*  ex  aequati  in  froporfwne  ferturhata  ;**  or  •*  ex 
aequo  ferturbate*^ 


t  II.  5. 


Firft,  Let  there  be  thrrc  mgnitudes  A,  B,  C,  and  other 

three  D,  E,  F,  which,  taken  two  and  two,  in  a  crofs  order, 

have  the  fame  ratio,  thai  is,  foch  that  A  is  to  B,  as  £  to  F  ^ 

and  as  B  is  to  C,  fo  is  D  to  £  :   A  is  to  C,  a^  D  to  F. 

Take  of  A,  B,  D  any  equimultiples  whate? cr  G,  H,  K ;  and 

«f  C,  E,  F  any  equimuhiplcs  wbaterer  L,  M>  N  s   And  be* 

caufe  G,  H  arc  equimuhiples  of 

A,  fif  and  that  maf!nitudcs  haTC 

the  fame  ratio  which  their  equi- 
•  r^.  J.      multiples  hairc  '  j  as  A  is.  to  B, 

fo  IS  G  to  H :    And  for  the  fame 

rcafon,  as  E  is  to  F.  fo  is  M  to  ^   «   nn. 

N:    ButasAistoB,  foisEto    /^  B    C       D  E   F 

F  J  as  therefore  GU  to  H,fo  is  M  ^   H  L      K.  M  N 

to  N^.  And  becaafe  as  B  is  to  C,  t  i 

fo  is  D  to  £,  and  that  H»  K  are 

equimultiples  of  B,  D,  and  L, 

M  of  C,  E ;  as  H  is  to  L,  fo  is 
«  4*  *•       «  K  to  M:  And  it  has  been  fbown 

that  G  is  to  H,  as  M  to  N  :  Then, 

becaufe  there  arc  three  magni-^ 

tudcs  G,  H,  L,  and  other  three 

K,  M,  N  which  have  the  fame 

ratio  taken  two  and  two  in  a  crofs 

order  j  if  G  be  greater  than  L,  j  -r  i  r    i  r  ^ 

<  SI.  I.     K  is  greater  than  N I  and  if  equal,  equal ;  and  if  lefs,  lefs  «  j 

and  G,  K  arc  any  equimultiples  whatever  of  A,  D ;  and  L,  N 

any  whatever  of  C,  F  |  as,  ibeicfore>  A  is  to  C,  fo  is  D  to  F. 


I 
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Next,  Let  there  be  foar  magnttudeSt  A,  B,  C«  D,  and  o-    Book  ▼. 
tlier  fear  £,  F,  G,  H,  which,  taken  two  and 


A.  B   C.  D. 
E.   F.  G.  H. 


two  in  a  crofs  order,  have  the  fame  ratio,  viz. 
A  to  B,  as  G  to  H ;  B  to  C,  as  F  to  G ;  and 
C  to  D,  as  E  to  F:   A  is  to  D,  as  £  to  H. 

^ecaufe  A,  B,  C  are  three  magnitudes,  and  F,  G,  H  other 
three,  which,  taken  two  and  two  in  a  crofs  order,  have  the 
lame  ratio ;  by  the  firft  cafd.  A  is  to  C,  as  F  to'  H :  But  C  is 
to  D,  as  E  is  to  F ;  wherefol^e  again,  by  the  firft  cafe,  A  is  to 
D,  as  E  to  H  :  And  fo  on,  whatever  be  the  number  of  magni- 
tudes.   Therefore,  if  there  be  any  number^  &c.  Q;^E.  D. 


PROP.    XXIV.      T  H  E  O  R, 


I 


F  the  firft  has  to  the  fecond  th&  fame  ratio  which  the  See  N<. 
third  has  to  the  fourth  ;  and  the  fifth  to  the  fecond, 
the  fame  ratio  which  the  fisth  has  to  the  fourth  ;  the 
firft  and  fifth  together  fhail  have  to  the  fecond,  the  fame 
ratio  which  the  third  and  fixth  together  have  to  the 
fourth. 


Let  AB  the  firft,  have  i6  C  the  fecond,  i^he  fame  tatio  which 
D£  the  third,  has  to  F  the  fourth ;  and  let  BG  the  fifth,  hayo 
,  to  C  the  fecond,  the  fame  ratio  which  £H 
the  fixth,  has  to  F  the  fourth  :  AG,  the   Q 
firft  and  fifth  together,  fhali  have  to  C  the  J} 

fecond,  the  fame  ratio  which  JPH*  the 
fhird  and  fixth  together,  has  to  F  the 
fourth.  B  r 

.      Becaufe  BG  is  to  C,  as  £H  to  F ;  by  in- 
verfion,  C  is  to  £G,  as  F  to  EH  ;  And  be- 
caufc,  as  Afi  is  to  C,  fo  is  D£  to  F ;  and 
as  C  to  BG,  fo  F  to  £H;  ex  aequaii  S  AB 
is  to  BG,  as  DE  to  £H  :    Aad  becaufe 
thefe  magnitudes  are  proportionals,  they 
ihall  likewife  be  proportionals  when  taken       A   C^    T)   IT 
jointly  ^  ;  as  therefore  AG  is  to  GB,  fo  is       '^  ^>   A-^   * 
JDH  to  HE ;  but  as  GB  to  C,  fo  is  U£  to  ^.    Therefore,  ex 
aequali  >,  as  AG  is  to  C,  fo  is  DH  to  F.    Wherefore,  if  the 
firft,  &c.  Q.  £.  D. 

Cob.  I.   If  the  fame  hypothefis  be  made  as  in  the  propofi* 
iioOi  the  ezcefs  of  the  firft  and  fifth  fliall  be  to  the  fecond^  aa 

K  3  the 


a  aa.  5S 


b  i8.  ^^ 
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fiook^  V.  the  ezcefs  of  the  third  and  fixth  to  the  fourth :  The  demonftra- 
tion  of  this  18  the  fame  with  that  of  the  propoficion,  if  divifioa 
be  ofed  inftead  of  compofition. 

CoR.  2.  The  propofition  holds  trae  of  two  ranks  of  sugni- 
tttdea,  whatcfver  be  their  number,  of  which  each  of  the  firft 
rank  has  to  the  fecond  magnitude  the  fame  ratio  that  the  corre- 
fpondinc;  one  of  the  fecond  rank  has  to  a  fouith  magnitude ;  ua 
is  manifeft. 


PROP.    XXV.     T  H  £  O  R. 


"    IF  four  magnitudes  of  the  fame  kind  are  proportionals, 
the  grcateil  and  laeft  of  them  together  are  greater  than 
the  other  two  together* 

I^et  the  four  magnitudes  AB»  CD,  E,  F  be  proportionals, 
Tiz.  AB  to  CD,  as  £  to  F;  and  let  AB  be  the  greateft  of  them, 

a  A.  Ac  14.  and  confequentiv  F  the  leaft  S  AB,  together  with  F|  are  greater 

*^'  thaa  CD,  together  wiih  E. 

Take  AG  equal  to  £,  and  CH  equal  to  F :  Then,  becaufe  as 
AB  is  to  CD,  fo  is  E  to  F,  and  that  AG  is  equal  to  £,  and  CH 
equal  to  F;  AB  is  to  CD,  as  AG  to  CH.  n 
And  becaufe  AB  the  whole,  is  to  the  *^ 
whole  CD,  as  AG  is  to  CH,  likewife  the  (jl-  |\ 
remainder  GB  ihall  be  to  the  remainder 

b  19. 5.     HD,  as  the  whole  aB  is  to  the  whole  ^  J] 

CD  :  But  A B  is  greater  than  CD,  there* 

a  A.  5,  fore  *  GB  is  greater  than  HD :  And  be- 
caufe AG  is  equal  to  £,  and  CH  to  F ; 
AG  and  F  together  are  equal  to  CH  and 
£  together.  If  therefore  to  the  unequal 
magnitudes  GB,  HD,  of  which  GB  ia 
the  greater,  there  be  added  equal  magnitudes,  viz.  to  GB  the 
two  AG  and  F,  and  CH  and  £  to  HD ;  AB  and  F  together  are 
greater  than  CD  and  £•  ThereforCi  if  four  magnitudes,  &c« 
Q^E.  D. 


A  C  EF 
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Sc«N. 


R 


ATIOS  which  are  compounded  of  the  lame  ratios, 

are  the  fame  with  one  another. 

Let 
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A.  B.  C. 
D.  E.  F. 


Let  A  be  to  B,  at  D  tp  E ;  and  B  to  C,  as  E  to  F :  The  ra*  3oQk  V. 
tic  which  li  compounded  of  the  ratios  of 
A  to  B/and  B  to  C,  which,  by  the  definition 
of  compound  ratio,  is  the-ratio  of  A  to  C,  is 
the  fame  with  the  ratio  of  D  to  F^  which,  by 
the  fame  definition,  is  compounded  of  the 
ratios  of  D  to  E,  and  E  to  F.    * 

Becaufe  there  are  three  magnmides  A«  B,  d  and  thref  9- 
thers  D,  £^  F,  whichj  taken  two  and  two  in  orderi  have  the 
fame  ratio ;  ex  aequali,  A  is  to  C,  as  D  to  Fa,  *  ^*«  5- 

Nezt,  Let  A  be  to  B,  as  E  to  F^  and  B  to  C,  as  D  to  to  E . 
therefore,  ex  aequali  in  propcrtione  ferturbata 
\  A  is  to  C,  as  D  to  F ;  that  is«  th^  ratio  of  A 
to  C,  which  is  compounded  of  the  ratios  of  A  to 
B^  and  B  to  C9  is  the  fame  with  the  jratio  of  D 
to  F»  which  is  compounded  of  the  ratios  of  D 


•^••^■"^r^"" 


A.  B.  C. 
D.  E-  F. 


b  aj*  t< 


to  E,  and  £  to  F  :  And  in  like  manner  the  propofition  may  be 
demonftratedy  whatever  be  the  number  of  ratios  in  eithei  cafe. 


PROP,    a      THEOR. 


IF  fcveral  ratios  be  the  fame  with  fcvcrat  ratios,  each  to  s^^  ^f, 

each  ;  the  ratio  which  is  compounded  of  ratios  which 
are  the  fame  with  the  firft  ratios^  twh  to  each,  is  the 
fame  with  the  ratio  compounded  of  t^xx<^  which  are  the 
lame  with  die  other  ratios,  each  to  each. 

Let  A  be  to  B,  as  E  to  F  s  and  C  to  D,  as  G  to  Q  :  And  let 
A  be  to  B,  as  K  to  L  ;  and  C  to  D,  as  L  to  M  :  Then  the  ra- 
tio of  K  to  M,  by  the  definition 
of  compound  ratio,  is  compound- 
ed of  the  ratios  of  K  to  L,  and 
L  to  M,  which  axe  the  fame  with 
the  ratios  of  A  to  B,  and  C  to  D : 

And  as  E  to  F,  fo  let  N  be  to  O  ^  and  as  G  to  H,  lb  let  O  he  to 
P ;  then  the  ratio  of  N  to  P  is  compounded  of  the  ratios  of  N  to 
O,  and  O  to  P,  which  are  the  fame  with  the  ratios  of  £  to  F, 
and  G  to  H :  And  it  is  to  he  (hown  that  the  ratio  of  K  to  M,  is 
the  lame  with  the  ratio  of  N  to  P,  or  that  K  is  to  M,  as  N  to  P. 

Becaufe  K  is  to  L,  as  (A  to  B,  that  is,  as  £  to  F,  that  is,  as) 
K  to  O  V  2nd  as  L  to  M,  fo  is  (C  to  D,,  and  fo  i»  G  to  H, 

K  4  and 


p^— — 

A. 

B. 

C. 

D. 

K. 

L. 

M. 

E. 

F. 

c. 

H. 

^. 

0. 

P. 
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^*-^VX^  fore,  if  feveral  ratios^  &c.  Q.  E.  D- 
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See  N. 


9  ^ 

IF  a  ratio  compounded  oF  feyeral  ratios  be .  the  famej 
with  a  ratio  compounded  of  any  other  ratios,  and  £ 
one  of  the  firft  ratios,  or  a  ratip  compounded  of  any  of 
the  firft,  be  the  fame  with  one  of  the  laft  ratioSt  or  with 
the  ratio  compounded  of  any  of  the  laft  ;  then  the  lado 
compounded  of  the  remaining  ratios  of  the  firft,  or  the 
remaining  ratio  of  the  firft,  if  but  one  remain,  is  die 
fame  with  the  ratio  compounded  of  thofe  remaining  of 
the  laft,  or  with  the  remaining  ratio  ot  the  laft. 

Let  the  firft  ratios  be  thofe  of  A  to  B,  B  to  C,  C  to  D^ 
D  to  £,  and  £  to  F;  and  let  the  other  ratios  be  thofe  of  G  to 
H>  H  to  K,  K  to  L,  and  L  to  M  ;    Alfo,  let  the  ratio  of  A  to 

a  Definition F,  which  IS  compounded  of*   the  firft 

of  <^*"""       ratios  be  the  fame  with  the  ratio  of  G 

Miio".  ^o  M,  which  is  compounded  of  the 

other  ratjos  :  And  befideSi  Jet  the  ra- 


A.  B.  C.  p.  E.  F. 
G.  H  K-  Ij«  M. 


tio  of  A  to  D,  which  is  compounded  ot  the  ratios  of  A  toB, 
B  to  C,  C  to  D,  be  the  fame  with  the  ratio  of  G  to  K,  which  if 
compoun:'ied  ot*  the  ratios  of  G  to  H,  and  H  to  K:  I  ben  the 
ratio  compounded  of  the  remaining  firft  ratios,  to  wit«  of  the 
ratios  of  D  to  £,  and  £  to  F,  which  compounded  ratio  is  the 
ratio  of  D  to  F,  is  the  fame  with  the  ratio  of  K  to  M,  which  is 
compounded  of  the  remaining  ratiob  of  K  to  L,  and  L  to  M  of 
the  other  ratios. 

Becaufe,  by  the  hypothefis,  A  is  to*  D,  as   G  to  K»  bj  io- 
b  B.  5.      veriion  ^»  D  is  to  A,  as  K  to  G  ;  and  as  A  is  t6  F,  fo  is  G  to. 
M  i  therefore  %  ex  acquali,  D  is  to  F,  as  K  to  M.     If  therefore 
a  ratio  which  is,  &c.   Q^E.  D. 
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TF  there  be  any  number  of  ratios,  and  any  number  of  s< 

other  ratios  fuch,  that  the  ratio  compounded  of  ratios 
^hich  are  the  fame  with  the  firft  ratios,  each  to  each, 
18  the  fame  with  the  ratio  compounded  of  ratios  which 
are  the  fame,  each  to  each,  with  the  lad  ratios ;  and  if 
one  of  the  firft  ratios,  or  the  ratio  which  is  compounded 
of  ratios  which  are  the  fame  with  feveral  of  the  firft 
ratios,  each  to  each,  be  the  fame  with  one  of  the  laft 
ratios,  or  with  the  ratio  compounded  of  ratios  which  are 
the  fame,  each  to  each,  with  feveral  of  the  laft  ratios : 
Then  the  ratio  compounded  of  ratios  which  are  the  fame 
with  the  remaining  ratios  of  the  firft,  each  to  each,  or  ti|e 
remaining  ratio  of  the  firft,  if  but  one  remain ;  is  the 
f;lme  with  the  ratio  compounded  of  ratios  which  are  the 
fame  with  thofe  remaining  of  the  laft,  each  to  each,  or 
with  the  remaining  ratio  of  the  laft. 

^  Let  the  ratios  of  A  to  Bj  C  to  D,  E  to  F  be  the  firft  ratios  ^ 
and  the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  ^,  Q^to  R^ 
be  the  other  ratios  :  And  let  A  be  to  B,  as  S  to  T  ^  and  C  to 
D,  as  T  to  V  ;  and  £  to  F,  as  V  to  X :  Therefore,  by  the  de- 
finition of  compound  ratio,  the  ratio  of  b  to  X  is  compounded 


W- 


h. 

k, 

1. 

i 

1 

A, 

B} 

c, 

Di 

E. 

F. 

s. 

T, 

V, 

X. 

G, 

H 
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L; 

M, 
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,  P; 

Q.  R. 

Y, 

z. 

a» 

b,  c. 

d. 
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Us 

» 

m, 

n, 

o,  p 
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of  the  ratios  of  S  to  T,  T  to  V,  and  V  to  X,  which  are  the 
fame  with  the  ratios  of  A  to  B^  C  to  D,  £  to  F,  each  to  each  : 
Alfo,  as  G  to  H,  fo  let  Y  be  to  Z;  and  K  to  L,  as  Z  to  a;  M 
to  N,  as  a  to  b,  O  to  P,  as  b  to  c ;  and  Q^  ^o  R,  as  c  to  d  : 
Therefore,  by  the  fame  definition,  the  ratio  of  T  to  d  is  com- 
foiinded  of  the  ratios  of  Y  to  Z^  ^  to  a,  a  to  b,  b  to  c,  and 

CW 
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c  to  d,  which  are  the  fame,  each  to  each,  with  the  ratios  of 
G  to  H,  K  to  L,  M  to  N,  O  to  P,  and  Q.  to  R  :  Therefore, 
by  the  hvpothefis,  S  is  to  X,  as  T  to  d  ;  Alfo,  let  the  ratio  of 
A  to  B,  that  is,  the  ratio  of  S  to  T,  which  is  one  of  the%rft 
ratios,  be  the  fame  with  the  ratio  of  e  to  g,  which  is  com- 

Eounded  of  the  ratios  of  e  to  f ,  and  f  to  g,  which,  bj  the 
ypothefis,  are  the  fame  with  the  ratios  of  G  to  H,  and  K  to 
L,  two  of  the  other  ratios  i  and  let  tbe  ratio  of  h  to  1  be  that 
which  is  compounded  of  the  ratios  of  h  to  k,  and  k  to  1,  which 
mre  the  fiune  with  the  remaining  6rft  ratios,  viz.  of  C  to  D,  and 
£  to  F;  alfo,  let  the  ratio  of  m  to  p  be  that  which  is  compound* 
ed  of  the  ratios  of  m  to  n,  n  to  o,  and  o  to  p,  which  are  the 
fame,,  each  to  each,  with  the  remaining  other  ratios,  riz  of  M 
to  N,  O  to  P,  and  Qjo  R  :  Then  the  ratio  of  h  to  I  is  the  fame 
with  the  ratio  of  m  to  p,  or  h  is  to  I,  as  m  to  p. 


t  It*  5< 


h,   k,  1. 
A,  B;  C,  Dj  E,  F. 
G,  H;K,  LjM,  N;  O,  Pj 


C|  f,  g- 


S,  T,  V,  X. 

9  R«    Y,  Z,  a,  b,  c,  d. 


m,  n,  o,  p< 


• 

Becaufe  e  is  to  f,  as  (G  to  H,  that  is,  as)  Y  to  Z  ;  and  f  is 
to  g,  as  (K  to  L,  that  is,  as)  Z  to  a  ;  therefore,  ez  aequali,  e 
is  to  g,  as  Y  to  a :  And,  by  the  hypothefis,  A  is  to  B»  that  is, 
S  to  T,  as  e  to  g {  whercforle  S  is  to  T,  aa  Y  to  a;  and,  by  in* 
verfion,  T  is  to  S,  as  a  to  Y }  and  8  is  to  X,  as  Y  to  d ; 
therefore,  ez  aequali,  T  is  to  X,  as  a  to  d  :  Alfo,  becaufe  h  is 
to  k,  as  (C  to  D,  that  is,  as)  T  to  V  ;  and  k  is  to  J,  as  (£  to 
F,  that  is,  as)  V  to  X  ;  therefore,  ez  aequali,  h  is  to  I,  as  T  to 
X :  In  like  manner,  it  may  be  demonftrated*  that  m  is  to  p,  as  a 
to  d :  And  it  has  been  (bown,  that  T  is  to  X,  as  a  to  d  r  There- 
fore  •  h  is  to  1,  as  n>  to  p.    Q.  E«  D. 

The  propoGtions  G  and  K  are  ufually,  for  the  fake  of  brevity, 
ezprefled  in  the  fame  terms  with  propofitions  F  and  U  :  And 
therefore  it  was  proper  to  ihow  the  true  meaning  of  them  when 
they  are  fo  czprcffed  j  efpecially  fincc  they  are  very  frequently 
made  ufe  of  by  geometers. 
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DEFINITIONS. 


^ 


I. 

SIMILAR  reailineal  figures 
are  thofe  which  have  their 
fcferal  angles  equal,  each  to 
each,  and  the  fidea  about  the 
equal  angles  proportionals. 

**  Reciprocal  figures,  viz.   triangles  and  parallelograms,  areg^n^ 
**'  fuch  as  have  their  fides  about  two  of  their  angles  propor- 
'*  tionals  in  fuch  manner,  that  a  fide  of  the  firft  figure  is  to 
'*  a  fide  of  the  other,  as  the  remaining  fide  of  this  oth<r  is  to 
^*  the  remaining  fide  of  the  firft." 

III. 

A  ftraight  line  is  did  to  be  cut  in  extreme  and  mean  ratio, 
when  the  whole  is  to  the  greater  figment,  as  the  greater  feg- 
ment  is  to  the  le(s. 

IV. 

The  altitude  of  any  figure  is  the  ftraight  line 
drawn  from  its  vertex  perpendicular  to  the 
bafe. 


PROP- 
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secK.       rriRiAMGLEs  and  parallelograms  of  the  fame  altitude 
X    ^^  ^^^  ^^  another  as  their  bafes. 

Let  the  triangles  ABC,  ACD,  and  the  parallelogramt  EC, 
CF  have  the  fame  altitude,  tiz.  the  perpendicular  drawn  from 
die  point  A  to  BD:  Then,  as  the  bafe  BC  is  to  the  bafe  CD,  fo 
is  the  triangle  ABC  to  the  triangle  ACD,  and  the  parallcio* 
gram  EC  to  the  parallelogram  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  take  any 
number  of  ftraight  lines  BG,  GH,  each  equal  to  the  bafe 
BC ;  and  DK,  KL,  any  number  of  them,  each  equal  to  the 
bafe  CD ;  and  join  AG,  AH,  AK,  AL :  Then,  becaufe  CB, 
BG,  GH    are  all  equal,   the  triangles   AHG,  AGB,  ABC 

•  3l*  I.      g^re  g}\  equal  * :   Therefore,  whatever  multiple  the  bafe  HC 

is  of  the  bafe  BC,  the  fame  multiple  is  the  triangle  AHC 
of  the  triangle  ABC  :  For  the  fame  reafon,  whatever  multiple 
the  bafe  LC  is  of  the 
bafe  CD,  the  fame  mul- 
tiple is  the  triangle  'ALC 
of  the  triangle  ADC: 
And  if  the  bafe  HC  be 
equal  to  the  bafe  CL,  the 
triangle  AHC  is  alfo 
equal     to    the    triangle 

ALC  * ;  and  if  the  bafe  is  r^    -si  r^  t\        lt         t 

He  be  greater  than  the  "^  ^   -^  ^  -iJ        K.        JL 

bafe  CL,  likewife  the  triangle  AHC  is  greater  than  the  triangle 
ALC  ;  and  if  lefs,  lefs  :  Therefore,  fince  there  are  four  magni- 
tudes, viz.  the  two  bafes  BC,  CD,  and  the  two  triangles  ABC, 
ACD  s  and  of  the  bafe^C  and  the  triangle  ABC,  the  firft  and 
third,  any  equimultiples  whatever  have  been  taken,  viz.  the 
bafe  HC  and  triangle  AHC;  and  of  the  bafe  CD  and  triangle 
ACD,  the  fecond  and  fourth,  have  been  taken  any  equimultiples 
whatever,  viz.  the  bafe  CL  and  triangle  ALC ;  and  that  it  has 
been  fliown,  that,  if  the  bafe  HC  be  greater  than  the  bafe  CL, 
fhe  triangle  AHC  is  greater  than  the  triangle  ALC ;  and  if 
b  ff  M  c  P^'**'*  ^^^^^  >  *"d  if  left,  lefs :   Therefore*,  as  the  bafe  BC  is 

•  5'  ««.  J.  jQ  ^Y^^  bafe  CD,  fo  is  the  triangle  ABC  to  the  triangl<i  ACD, 

^nd  becaufe  the  parallelogram  C£  is  double  of  the  triangle 
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ABC  ^,  and  the  paralldogram  CF  double  of  the  triangle  ACD,  Book  vi. 
and  that  magnitudes  have  the  fame  ratio  which  their  equimuN  ^^^V^^ 
tiples  have  '  ;  as  the  triangle  ABC  is  to  the  triangle  ACD,  fo  ^  4'*  '• 
is  the  parallelogram  EC  to  the  parallelegram  CF :  And  becaufe    '^*  ^' ' 
it  has  been  (hown,  that,  as  the  bafe  BC  is  to  the  bafe  CD»  fo  is 
the  triangle  ABC  to  the  triangle  ACD;  and 'as  the  triangle 
ABC  to  the  triangle*  ACD,  fo  is  the  parallelogram  EC  to  the 
parallelogram  CF)  therefore^  as  the  bafe  BC  is  to  the  bafe  CD, 
fo  is  *  the  parallelogram  EC  to  the  parallelogram  CF.    Where*  •  *'•  *• 
fore  triangles,  &c.    Q.  E.  D. 

Coa.  From  this  it  is  plain^  that  triangles  and  parallelograms 
that  have  equal  altitudes,  are  one  to  another  as  their  bafes. 

Let  the  figures  be  placed  fo  is  to  have  their  bafes  in  the  fame 
ftraight  line ;  and  having  drawn  perpendiculars  from  the  vertices 
of  the  triangles  to  the  bafes,  the  ftraight  line  which  joins  the 
vertices  is  parallel  to  that  in  which  their  bafes  are^,  becaufe  the  f  33*  i* 
perpendiculars  are  both  equal  and  parallel  to  one  another:  Thent 
if  the  fame  conftru£kion  be  made  as  in  the  propofition»  the  de- 
monftration  will  be.  the  fame. 


P  R  O  P.    II.      T  H  E  O  R. 

IF  a  ftraight  line  be  drawn  parallel  to  one  of  the  fides  of  see  n. 
a  triangle,  it  (hall  cat  the  other  (ides,  or  thofe  produ- 
ced, proportionally  :  And  \i  the  (ides,  or  the  (ides  pro- 
duced, be  cut  proportionally,  the  ftraight  Kne  which 
joins  the  points  of  fedioa  (hall  be  parallel  to  the  remain- 
ing fide  of  the  triangle. 
• 

Let  DE  be  drawn  parallel  to  BC,  one  of  the  fid^s  of  the  tri- 
angle ABC  :  BD  is  to  DA,  as  C£  to  EA. 

Join  BE,  CD  ;  then  the  triangle  BD£  is  equal  to  the  tri* 
angle  CDE*,  becaufe  they  are  on  the  fame  bafe  DE,  and  be-  *  ^7*  '* 
tween  the  fame  parallels  DE,  BC :   ADE  is  another  triangle, 
and  equal  magnitudes  have  to  the  fame,  the  fame  ratio^ ;  there-  b  7.  /• 
fore,  as  the  triangle  BDE  to  the  triangle  ADE,  fo  is  the  tri- 
angle CDE  to  the  triangle  ADE  ;  but  as  the  triangle  BDE  to 
the  triangle  ADE,  fo  is  ^  BD  to  DA,  becaufe  having  the  fame  c  i.  6. 
altitude,  viz.  the.  perpendicular  drawn  from  the  point  £  to 
AB,  they  arc  to  one  another  as  their  bafes }  and  for  the  fame 

reafon^ 


ts$ 


THE     SLXMBKTS 


Book  vr.  veaibiiy  m  the  trtanj^  CD£  to  tK^  trhmgle  ADS,  fe  It  CE  to 
^'^'■^'^^  EA-    Therefore,  as  BD  to  DA,  fo  i»  CB  to  KA  *• 
'  *''  ^'        Next,  Let  the  fidet  AB,  AC  of  tht  triangle  ABC,  or  thefe 


ei.  6. 


f  •  5*  ■ 

9  19-  !• 


E    B 


produced,  be  cut  proportionallr  in  the  points  D,  E,  that  is,  fo 
that  BD  be  to  DA,  as  C£  to  £A,  and  join  DE  :  D£  is  paral«> 
lei  to  BC. 

The  fame  conftra^^ion  being  made,  becaufe  as  BD  to  DA, 
fo  is  CE  to  £A ;  and  as  BD  to  DA,  fo  is  the  triangle  BDI  to 
the  triangle  ADE  « ;  and  as  C£  to  £  A,  fo  is  the  triangle  CDE 
to  the  triangle  ADE}  therefore  the  triangle  ]3DE  is  to  the 
triangle  AD£,  as  the  triangle  CDE  to  the  triangle  AD£; 
that  is,  the  triangles  BDE,  CDE  have  the  fame  ratio  to  {he 
triangle  ADE  i  and  therefore  ^  the  triangle  BDE  is  equal  co 
the  triangle  CDE  :  And  they  are  on  the  fame  bafe  DE  *,  biit  e* 

Sial  triangles^n  the  fame  bafe  are  between  the  fame  parallels  <  i 
erefore  DE  is  parallel  to  BC.  -  Wherefore,  if  a  ftrsight  line, 
&c.   O.  E.D. 


P  R  O  P.    in.      T  H  E  O  R. 

IF  the  angle  of  a  triangle  be  divided  into  two  equal 
angles,  by  a  ftraighc  line  which  alfo  cuts  the  baie ; 
rhe  fegmcnts  of  the  bafe  ihall  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another :  And 
'  if  the  fegmcnts  of  the  bafe  have  the  fame  ratio  which  the 
other  Ades  gf  the  triangle  have  to  one  another,  the  ftraigbt 
line  drawn  from  the  vertex  to  the  point  of  Icdion^  di* 
vides  the  vertical  angle  into  two  equal  angles. 

Let  the  angle  BAG  of  any  triangle  ABC  be  divided  into  two 
equal  angles  bv  the  ftraigbt  line  AD ;  BD  is  to  DC,  as  B A  to  AC. 

Through 


t 
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Through  the  point  C  draw  CE  parallel  *  to  DA,  and  let  B A  Book  VL 
prodaced  meet  CE  in  E.    Becaufe  the  ftraight  line  AC  meets  Vi^yx^ 
the  parallels  AD,  EC,  the  angle  ACE  is  equal  to  the  alternate  *  3>-  <• 
angle  CAD  ^ :    But  CAD,  by  the  hvpotheGs,  is  equal  to  the  ^  S9.  x. 
angle  BAD  ;  wherefore  BAD  is  equal  to  the  angle.  ACE.    A« 
gain,  becaufe  the  ftraight  line 
SaE  meets  the  parallels  AD, 
EC,  the  outward  angle  BAD 
IS  equal  to  the  inward  and  op- 
po6te  angle  A£C  :    But  the 
angle  ACE  has  been  proved  e- 
qnal  to  the  angle  BAD ;  there- 
fore  alfo  ACE  is  equal  to  the 
angle  AEC,  and  confequently 
the  fide  AE  is  equal  to  the 

fide  ^  AC  :    And  becaufe  AD  is  drawn  parallel  to  ^ne  of  the  c  6.  x. 
fides  of  the  triangle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA  to 
AE  '  s  but  AE  is  equal  to  AC ;  therefore,  as  BD  to  DC,  ib  is  <^  ^  ^« 
BAtoAC^  07.5. 

Let  now  BD  be  to  DC,  as  B  A  to  AC,  and  join  AD ;  the 
angle  BAC  is  divided  into  two  equal  angles  by  tne  ftraight  line 
AD. 

The  fame  conftru£kion  being  made :  becaufe,  as  BD  to  DC, 
fo  is  BA  to  AC ;  and  as  BD  to  DC,  fo  is  B A  to  AE  ',  becaufe 
AD  is  parallel  to  EC  ;  therefore  B A  is  to  AC,  as  B A  to  AE  ' :  f  n.  5. 
Confequently  AC  is  equal  to  AE*,  and  the  angle  AEC  is  there-  s  9*  5* 
fore  equal  to  the  angle  ACE'^ :   But  the  angle  AEC  is  equal  to  h  j.  i. 
the  outward  and  oppofite  angle  BAD ;  and  the  angle  ACE  is 
equal  to  the  alternate  angle  (JADi> :   Wherefore  alfo  the  angle 
BAD  is  equal  to  the  angle  CAD :  Therefore  the  angle  BAC  is 
cut  into  two  equal  angles  by  the  ftraight  line  AD.    Therefore, 
if  the  angle,  &c.  Q.  £.  D. 


PROP. 


i6o  THEELEMENTS 

Book  VT. 

PROP.    A.      TliEOR. 

IF  the  outward  angle  of  a  triangle  made  by  producing 
one  of  its  fides,  be  divided  into  two  equal  angles^  by 
a  ftraight  line  which  alfo  cuts  the  bafe  produced  ;  the 
fegments  between  the  dividing  line  and  the  extremities 
of  the  bafe  have  the  fame  ratio  which  the  other  (idcs  of 
the  triangle  have  tb  one  another :  And  if  the  fegments 
of  the  bafe  produced,  have  the  fame  ratio  which  the  o- 
ther  fides  of- the  triangle  have,  the  (traight  line  drawn 
from  the  vertex  to  the  point  of  fe£tioQ  divides  the  out- 
ward angle  of  the  triangle  into  two  equal  angles.     \ 

Let  the  outward  angle  CAE  of  any  triangle  ABC  be  divided 

into  two  equal  angles  by  the  (Iraight  line  AD  which  meets  the 

bafe  produced  in  D  :    BD  is  to  DC,  as  BA  to  AC. 
a  SX.  X.  Through  C  draw  CF  parallel  to  AD*;  and  becaufe  the  (Iraight 

line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  is  equal 
b  99.  X*  to  the  alternate  angle  CAD^  :  But  CAD  is  equal  to  the  angle 
c  Hyp*       DAE  ^ ;  therefore  alfo  DAE  is  equal  to  the  angle  ACF*    Again, 

becaufe  the  ftraight  line  FAE  meets  the  parallels  AD|  VC,  the 

outward  angle  DAE  is  e« 

qual  to  the  inward  and  op*  t» 

.  poijte  angle  CFA :  But  the  '  ^ 

angle  ACF  has  been  proved 

equal  to  the  angle  DAE  ; 

therefore     alfo     the    angle 

ACF  is  equal  to  the  angle 

CFA,  and  confequently  the    j>  g-^  t-% 

fide  AF  is  equal  to  the  fide    JD  (-^  LI 

4  6.  X.       AC«» :  And  becaufe  AD  is  parallel  to  FC,  a  fide  of  the  triangle 
•  ».  6.       BCF,  BD  is  to  DC,  as  BA  to  AF«  ;  but  AF  is  equal  to  AC  j 

as  therefore  BD  is  to  DC,  fo  is  BA  to  AC 
Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD  j  the 

angle  CAD  is  equal  to  the  angle  DAE. 

The  fame  conllru£kion  being  made,  becaufe  BD  is  to  DC, 
^  jj  ^  as  BA  to  AC  ;  and  that  BD  is  alfo  to  DC,  as  BA  to  AF«  1 
f  9' 5'  therefore  BA  is  to  AC,  as  BA  to  AF' ;  wherefore  AC  is  equal 
A  5.  X.       to  AF',  and  the  angle  AFC  equal ^  fo  the  angle  ACF:   But 

the 
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the  angle  AFC  is  eqaa)  to  the-outward  angle  E AD»  and  tbe  ^^  ^^ 
angle  ACF  to  the  alternate  angle  C Al3 ;  therefore  alfo  EAD  is  ^^^^"^^"^^ 
equal  to  the  angle  CAD.  'Wherefore,  if  the  outwardi  &c« 

P  R  O  P.    IV.      T  H  E  O  R. 

THE  fides  aboiut  the  equal  angles  of  equiangular  tri-> 
angles  are  proportionals  ;  and  tfaofe  which  are  op- 
poftte  to  the  equal  angles  arc  homologous  fides,  that  is, 
are  the  ^teccdems  or  confequenu  of  the  ratios. 

Let  ABC,^  DCS  be  equiangoU^  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
D£C|  and  confeqaently*  the  ande  BAC  equal  to  the  angle  ■  3**  '* 
CDE.  The  fides  abont  the  cqualangles  of  the  trislngles  ABC, 
DCE  are  proportionals;  and  tbofe  are  the  homologous  fides 
which  are  oppofite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed,  fo  that  its  fide  CE  may  be 
contiguous  to  BC,  and  in  the  fame  ftraight  line  with  it :  And 
becaufe  the  angles  ABC,  ACB  arc  together  lefs  than  two  right 
angles^,  ABC  and  DEC,  which  is     .  b  17.  i. 

equal  to  ACB,  are  alfo  lefs  than  ^ 
two  right  angles;  wherefore  BA,. 
ED  produced  fliall  meet  ^ }  Jet  them 
be  produced  and  mctt  in  the  point  A. 
F  :  And  becaufe  tbe  angle  ABC  is 
equal  to  the  angle  DCE,  BF  is  pa- 
falleM  to  CD.   Again,  becaufe  the    -.  \  ^^n.^      ^\^      ^  *'*  '* 

angle  ACB  is  equal  to  the  angle    Ii  *  dq « 

DEC,    AC  is   parallel    to    F£^:  C        lii 

Therefore  FACD  is  a  parallelogram ;  and  confequently  AF  is 
equal  to  CD,  and  AC  to  FD  «  :  And  becaufe  AC  is  parallel  to  «  34-  t. 
F£^  one  of  the  fides  ot  the  triangle  FBE,  BA  is  to  AF,  as  BC 
to  CE ' :  But  AF  is  equal  to  CD ;  therefore',  as  B A  to  CD.  fo  f  a.  6. 
is  BC  to  CE;  and  alternately,  as  AB  to  BC,  fo  is  DC  to  C£t»:C  i-  5- 
'  Again,  becaufe  CD  is  parallel  to  BF,  as  BC  to  CE.  fo  is  FD  to 
p£  f ;  but  FD  is  equal  to  AC ;  therefore,  as  BC  to  CC,  fo  is  AC 
to  DE :  And  alternately,  as  BC  to  C  A,  fo  CE  to  ED :  i  herefore^ 
becaufe  it  has  been  pro? ed  that  AB  is  to  BC,  as  DC  to  CE, 
and  as  BC  to  CA,  fo  CE  to  ED,  ex  aequali  ^  B A  is  to  AC^  as  ^  >2.  s. 
CD  to  DE.    Therefore  the  fides^  &g.  Q^E.  D. 

L  PROP. 


c  xa*  Ax.  f . 


103  THEELEMENTS 

Book  VI. 

^^^"^^  PROP.    V.     THE  OR. 

IF  the  fide8  of  two  triangles,  about  each  of  their  angleSf 
be  proportionals,  the  triangles  (hall  be  equiangular, 
and  have  their  equal  angles  oppofite  to  the  homologous 
fides. 

Let  the  triangles  ABC,  D£F  have  their  fides  proportionals, 
fo  that  AB  is  to  BC,  as  D£  to  £F;  and  BC  to  CA,  as  £F  to 
'  FD  (  and  conrequentlj,  ex  aequali,  BA  to  AC|  as  £D  to  DF  ; 

the  triangle  ABC  ii  equiangular  to  the  triangle  JDEF,  and  their 
equal  angles  are  oppofite  to  the  homologous  fides,  viz.  the 
angle  ABC  equal  to  the  angle  D£F,  and  BCA  to  £FD,  and 
alfo  BAC  to  £DF. 

■  %y  u  At  the  points  £,  F,  in  the  ftraight  line  EF,  make  *  the  angle 

FEG  equal  to  the  angle  ABC,  and  the  angle  ^EG  equal  tp 
BCA ;  wherefore  the  remain- 
ing angle  BAC  is  equal  to  A 

^  32>  i«  the  remaining  angle  £GF  ^9 
and  the  triangle  ABC  is 
theri^fore  equiangular  to  the 
triangle  G£F ;  and  confe- 
quently  they  have  their  fides 
oppofite  to  the  equal  angles 

c  4,  6.  proportionals  ^  :  Whercfoie, 
as  AB  to  BC,  fo  is  G£  to  EF} 

d  II-  S*     but  as  AB  to  BC,  fo  is  D£  to  EF;  therefore  as  D£  to  EF,  fo  « 
'    GE  to  EF:    Therefore  D£  and  GE  have  the  fame  ratio  to  EF. 

e  9.  5,  and  confequently  are  equaP :  For  the  fame  reafon,  DF  is  equal 
to  FG :  And  becaufe,  in  the  triangles  DEF,  GEF,  OE  is 
equal  to  EG,  and  EF  common,  the  two  fides  DE,  EF  are  equal 
to  the  two  GE,  EF,  and  the  bafe  DF  is  equal  to  the  bafe  GF ; 

f  8.  !•  therefore  the  angle  DEF  is  cqualf  to  the  angle  GEF,  and  the 
other  angles  to  the  other  angles  which  are  fubtended  by  the  Cr 

g4.  J.  qua!  fides  8.  Wherefore  the  angle  DFE  is  equal  to  the  angle 
GFE,  and  EDF  to  EGF :  And  becaufe  the  angle  DEF  is  equal 
tg  the  angle  GEF,  and  GEF  to  the  angle  ABC  ;  therefore  the 
angle  AfiC  is  equal  to  the  angle  DEF :  For  the  fame  reafon, 
the  angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle  at  A 
to  the  angle  at  D.  Therefore  the  triangle  ABC  is  equiangular 
to  tbp  triangle  DEF.    Wherefore,  if  (he  fide?,  &c.   Q^  £•  D. 

P  R  Q  f. 


% 
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P  R  O  P.    VI.     T  H  E  O  R. 

IF  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  fides  about  the  equal 
angles  proportionals,  the  triangles  ihail  be  equiangular, 
and  ihaU  have  thofe  angles  equal  which  are  oppofitc  to 
the  homologous  fides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the 
one  eqaal  to  the  angle  EDF  in  the  other,  and  the  fides  about 
thofe  angles  proportionals ;  that  is,  BA  to  AC,  as  ED  to  DF ; 
the  triangles  ABC,  DEF  are  equiangular,  and  have  the  angle 
ABC  equal  to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  points  D,  F,  in  the  ftraight  line  DF,  make  •  the  •  a3.  i- 
angle  FDG  equal  to  either  of  the  angles  BAC,  EDF ;  and  the 
angle  DFG  equal  to  the 
angle  ACB:    Wherefore       k 
the  remaining  angle  at  B        k 

is  equal  to  the  remaining       ^  >^  1^  p.  Q       ¥3*.  i. 

one  at  G  ^i  and  confe- 
quentlv  the  triangle  ABC 
is  equiangular  to  the  tri- 
angle DGF  J    and  there-    /  \         I  \  /  ^ 

fore  as  B A  to  AC,  fo  is *^    L  ^        '  ^'  ^    ' 

GD  to  DF :   But,  by  the  ]Q( 
hypothefis,  as  BA  to  AC, 

fo  is  ED  to  DF  i  as  therefore  ED  to  DF,  fo  is  *  GD  to  DF ;  *J  "•  s. 
wherefore  ED  is  e^ual  ^  to  DG ;  and  DF  is  common  to  the  two  e  9.  $• 
triangles  EDF,  GDF  2  Therefore  the  two  fides  ED,  DF  are  e- 
qual  to  the  two  fides  GD,  DF ;  apd  the  angle  EDF  is  equal  to 
the  angle  GDF;  wherefore  the  bafe  EF  is  equal  to  the  bafe  FG  ^ ,  r  4.  x. 
and  the  triangle  EDF  to  the  triangle  GDF,  and  the  remaining 
angles  to  the  remaining  angles,  each  to  eacl^  which  are  fub- 
tended  by  the  equal  fides :  Therefore  the  angle  DFG  is  equal  to 
the  angle  DF£,.  and  the  angle  at  G  to  the  angle  at  E :  But  the 
angle  DFG  is  equal  to  the  angle  ACB ;  therefore  the  angle 
ACB  is  equal  to  the  angle  DFE :  And  the  angle  BAC  is  equal 
to  the  angle  EDF  < }  wherefore  alfo  the  remaining  angle  at  B  S  H^r^ 
is  equal  to  the  remaining  angle  at  E.    Therefore  the  triangle 
ABC  is  equiangular  to  the  triangle  D£F«    Wherefore^  if  two 
trisngles^  &c.   C^E*  D. 

hz  PROP. 
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P  R  O  P.    Vn.     T  H  E  O  R. 

» 

IF  tw6  triangles  tevb  one  angle  of  thb  otie  eCjiial  to  ont 
angle  of  the  othef,  and  the  fides  about  tw6  othet 
angles  proportionals,  then,  if  each  of  the  remaining 
angiqs  ht  either  left»  dr  not  Ibfs^  thin  a  right  angle ;  or 
if  one  of  them  be  a  right  angle :  The  triangles  (kail  be 
equiangular,  and  have  thofe  angles  equal  about  which 
the  fides  art  proportionals. 

Let  the  two  triangles  ABC,  DEF  haVfc  litA  ahglt  ifa  tfa^  oi)e 
equal  to  one  apgle  in  the  other,  vi^.  the  aAgle  BAC  to  the  axiglfe 
£DF,  and  the  fides  aboat  t#o  other  angles  ABC,  DEF  pixK 
i^ortiotials,  fo  that  AB  is  to  BC,  as  D£  to  EF ;  and*  ih  the 
firft  cafe,  let  each  of  the  remaining  angles  at  C,  F  be  lefs  tbkn 
a  right  angle.  The  triangle  ABC  rs  equiangular  to  the  triangle 
DEF,  viz*  the  angle  ABC  is  eqtial  to  the  angle  DEF,  and  the 
remaining  angle  at  C  to  the  remaining  angle  at  F. 

FoV,  if  the  angles  ABC,  DKF  be  not  equal,  one  of  tbenfi  is 
greater  than  the  other ;  let  ABC  be  the  greater,  atid  at  the 
poirit  B,  in  the  ftraight  line 
A^^  make  the  angle  ABG  A 

■  a3.  !•      equal   to   the  angle  •  DEF ;  y\  D 

And  bec^iufe  the  angle  at  A  >^  \ 

is  equal  to  the  angle  St  D,         ^      Ji  Gr 

and  the  angle  ABG  to  the     ^^ — —    \        ^ ^ 

angle  DLF;  the  remaining  -q  f^    -p  ^ 

*  3*  X.      angle  AGB  is  equal «» to  the  -^^  \j    ^  X* 

Tcmaining  angle  DFE:   *Jlierefore  the  triangle  AfeG  isequi- 

«  4  6.  angular  to  the  triangle  DEF 5  wherefore*  as  AB  is  \o  BG,  fo  is 
DE  to  EF;  but  as  \^t.  to  EF,  fo,  by  hypothcfis,  is  AB  to  BC  5 

^  ■»•  ^'     therefore  as  AB  to  BC,  lo  is  AB  to  »0  * ;  and  bccaufe  AB  has 

«  9-  5-        the  fame  ratio  to  each  of  the  lines  BC,  BG  ;  BC  is  equal  ^  to 

f  5.  s.  BG,  and  therefore  the  angle  BGC  is  equal  to  the  angle  BCG  f : 
But  the  angle  BCG  i6>  by  hypothefis,  lefs  than  a  right  angle  i 
therefore  alfo  the  angle  BGC  is  lefs  than  a  right  angle,  and  the, 

8  13. 1,  adjacent  angle  AGB  muft  be  greater  than  a  right  angle^.  But 
ft  was  proved  that  the  angle  AGB  is  equal  to  the  angle  at  F  j 
therefore  the  angle  at  F  is  greater  than  a  right  angle :  But,  by  the 
b)^theiiS|  it  is  iels  tba^  a  right  angle  $  which  is  abfu^d.  There- 

fprc 
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fbrt  tbe  at^gles  ABC^  DEF  are  not  unequaV  that  is,  thev  are  Book  «i. 
equal :  And  the  angle  at  A  it  equal  to  the  angle  at  D ;  wnerc- 
fbre  the  remaining  angle  at  C  is  equal  to  the  remaining  angle 
at  F :   Therefore  the  triangle  AfiC  is  equiangular  to  the  tri- 
angle DBF. 

xlextt  Let  each  of  the  angles  at  C,  F  be  not  lefs  than  a  right 
angle :  The  triangle  ABC  is  alfo  in  this  cafe  equiangular  to  the 
triangle  P?F. 

T^P  (im^  (^>pftruaion 
bcinjf  ma^i  it  n^ay  he  pro* 
ired  m  like  manner  that  BC 
is  equal  to  BG,  and  the 
angle  at  C  equal  to  the  an* 
g|e  BGC :  ^nt  the  an^le 
at  p  is  not  1ef9  tban  a  right 

^gle  I  therefore  t\^9  ^ngle ,  .       .^^      ^  ,       . 

BGC  is  not  lefs  than  a  right  angle  :  Wherefore  two  angles  of 
the  triangle  BGC  arc  together  not  l^fs  than  two  right  angles, 
which  i^  imppffibie^  i  and  therefore  the  triangle  ABC  may  bph  i|.  i. 
proved  to  be  equiangulat  to  the  triangle  DEf",  as  in  thq  firft 

cafe. 

Laftly,  Let  one  of  the  angles  at  C,  F,  vi?.  the  angle  ^t  C, 
be  a  ri^ht  angle )  in  this  cafe  likewife  the  trisin^lf:  ABQ  is 
equiangular  to  the  triangle  DEF* 

For,  if  they  be  not  equian- 
gular, make,  at  the  point  B  of 
the  ftraight  line  AB,  the  angU 
AdG  equal  to  the  angle  DEP) 
then  it  qiay  bp  proyed,  aa  in 
th^  ^rl^  c^fe,,  that  BG  is  e  g 
qual  to  BC :  But  thp  ^ngle 
BCp  if  a  right  apgle,  there- 
fore i  the  angle  BGC  is  alfo  a 
^'mkt  angle  i  whcpcp  two  of 
thfaogl^^of  the  triangle  BGC 
9re  together  qot  lefs  than  two 
fight  apg|^<»  which  is  impof- 
fibk  ^ :  Tberefpre  the  triangle 
ABC   is   equiapguiar   to  the  ^ 

P^iffigi^PEF*    W  tcr^f?.^ci  if  two  triwgl^,  «f o  Q-E.  p. 
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each  fide  of  it  arc  fimilar  to  the  whole  triangle,  and  to 
one  another. 

Let  AfiC  be  a  right  angled  triangle,  having  the  right  angle 
BAC  }  and  from  the  point  A  let  AD  be  drawn  perpendicular 
to  the  bafe  BC  :  The  triangles  ABD.  ADC  are  fimilar  to  the 
trhole  triangle  ABC,  and  to  one  another. 

Becaufe  the  angle  PAC  is  equal  to  the  angle  ADB,  each  of 
them  being  a  right  angle,  and  that  the  angle  at  B  is  common 
to  the  two  triangles  ABC, 
ABD ;  the  remaining  angle 
ACB  is  equal  to  the  remaining 

•  3S.  I.  dngle  BAD  '  :  Therefore  the 
triangle  AfiC  is  equiangular  to 
the  triangle  ABD,  and  the  fides 
about  their  equal  angles  are  pro- 

k  4.  6.       portionals^  ;  wherefore  the  tri-  J^ 

c  I.  Def.  6.  angles  are  fimilar  ^  :  In  the  like 

manner  it  may  be  demonftrated,  that  the  triangle  ADC  is  e^ 
quiangular  and  fimilar  to  the  triangle  ABC  :  And  the  triangles 
ABD,  ADC,,  being  both  equiangular  and  fimilar  to  ABC,  are 
equiangular  and  fimilar  to  each  other.  Therefore^  in  a  right 
angle,  &c.   Q^£>  D. 

CoR«  From  this  it  is  manifeft»  that  the  perpendicular  drawn 
from  the  right  angle  of  a  right  angled  triangle  to  the  bafe,  is  a 
mean  proportional  between  the  fegments  of  the  bafe :  And  alfo 
that  each  of  the  fides  is  a  mean  proportional  between  the  bafe, 
aifd  its  fc*gment  adjacent  to  that  fide :  Becaufe  in  the  triangles 
BDA,  ADC,  BD  is  to  DA,  as  DA  to  DCi> ;  and  in  the  tri- 
angles ABC,  DBA,  BC  is  to  BA,  as  BA  td  BD  *";  and  in  the 
triangles  ABC,  ACD,  BC  is  to  CA,  as  CA  to  CDi». 

PROP. 
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P  R  O  p.    IX.     P  R  O  B. 


FROM  a  ghreti  ftraight  line  to  cut  o£F  any  part  re<>  ^  ^* 
qttired.  * 


Let  AB  be  the  giVen  ftraight  liiie ;  it  h  required  to  cut  off 
any  part  from  it.  • 

From  the  point  A  draw  a  ftraight  line  AC  making  any  angle 
with  AB  I  ^nd  in  AC  take  any  point  D,  and  take  AC  the  fame 
multiple  of  AD,  that  AB  is  of  the  part 
which  18  to  be  cut  off  from  it;  join  BC, 
and  draw  D£  parallel  to  it :  Then  A£  is 
the  part  required  to  be  cut  off. 

Becaufe  ED  is  parallel  to  one  of  the  fides 
of  the  triangle  AbC,  viz.  to  BC«  as  CD  is 
to  DAy  fo  18*  BE  to  EA  $  and|  by  comjpo- 
fition  S  CA  is  to  AD,  as  B  A  to  AE :  But 
C A  is  a  multiple  of  AD ;  therefore «  B A 
18  the  fame  multiple  of  AE :  Whatever  part 
therefore  AD  is  of  AC,  AE  is  the  fame 
part  of  AB :   Wherefore,  from  the  ftraight 


8  8. 

c  D. 


6. 


B  C 

line  AB  the  part  required  is  cut  off.    IVhich  was  to  be  done< 


P  R  O  P.    X.      P  R  O  B. 


TO  divide  a  given  ftraight  line  fimilarly  to  a  given 
.  divided  fti^ight  line,  that  is^  into  parts  that  IhaU 
have  the  fame  ratios  to  one  another  which  the  parts  of 
the  divided  given  ftraight  line  haye. 

Let  AB  be  the  ftraight  line  given  to  be  divided,  and  AC  the 
divided  line}  it  is  required  to  divide  AB  fimilarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E ;  and  let  AB,  AC  ht 
placed  fo  as  to  contain  any  angle,  and  join  BC,  and  through  the 
points  D,  E,  draw^  DF,  EG  parallels  to  it;  and  through  Da  jr.  u 
draw  DHK  parallel  to  AB :  Therefore  each  of  the  figures  FH, 
UB,  is  a  parallelogram  >  wherefore  DH  is  equal  ^  to  FG,  andb  ^  u 

L4        .  HK     . 
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9e^_vr.  HK  to  GB :   And  becaufe  HE  is  pa* 
rallel  to  KC,  one  of  the  Gdes  of  the 
triangle  DKC,  as  C£  to  ED,  fo  is 
«  KH  to  HD :   But  KH  is  equal  to 
BG,  and  HD  to  GF ;  therefore,  as    f 
CE  to  ED,  fo  is  BG  to  GF  :  Again,  q 
becanfe  FD  is  parallel  to  EG,  oiie  of  ^ 
the  fides  of  the  triangle  AGE,  as  ED  tt 
to  DA,  fo  is  GF  to  FA :   But  it  has  " 
been  proved  that  CE  is  to  ED,  as 

BG  to  GF ;  and  as  ED  to  DA,  fo  GF  to  FA  ;  Therefore  the 
given  ftraight  line  AB  is  divided  Gmilarly  to  AC.  Which  was 
to  be  done. 


P  R  O  P.    XL     P  R  O  B. 


a  ^x.  I. 


b  s.  6. 


TO  find  a  third  proportional  to  two  given  ftraight 
lines. 

Let  AB,  AC  be  the  two  given  ftraight  lines,  and  let  them 
be  placed  fo  as  to  oonttin  any  »nglc  i  it  ia      a 
required  to  find  a  third  proportional  to  AB,     ^ 
AC. 
.  Produce  AB,  AC  to  the  points  D,  E  j 

and  make  BD  equal  to  AC  i  and  having  jQI \C 

joined  BC«  through  D,  draw  DE  parallel  to 

if- 
Becaufe  BC  is  parallel  to  I)E»  a  fide  of 

the  triangle  ADE,  AB  is*  to  BD,  as  AC  to 

CE  :    But  BD  is  equal  to  AC  j  as  therefore    *f  *E 

AB  to  AC,  fo  is  AC  to  CE.    Wherefore  to  the  two  given 

ftraight  lines  AB,  AC  a  third  prpportional  CE  is  found.  Which 

was  to  be  done. 


T 


P  R  O  P.    XJI.      P  R  O  B. 

O  find  a  fouith  proportional  to  three  giren  ftraight 
lines. 


Let  A,  Bj  C  be  the  three  given  ftraight  lines  ^  it  is  required 
to  fi»<l  a  fourth  proportional  to  A^  B|  C» 

Take 


or   EUCtID< 


*H 


a  3f«  I« 


Take  two  ftraight  lines  DE,  DF»  containtng  any  angle  EDF  i  Bookjrt 
and  upon  thcfe  make  DG 
cqnal  to  A,  Q£  ifquail  tp  $9 
and  DH  equal  to  C;  and 
l^>^^ing  joined  GH,  draw  £F 
parallel  *  to  it  Jthrough  the 
point  E  :  And  becaufe  GH 
is  parallel  to^EF,  one  of  the 
fide$  of  the  triangle  DEF^ 
DG  ia  to  GE»  as  DH  to 
HF  ^  ;  but  DG  is  equal  to 
A»  GE  to  B,  and  DH  to  C ; 

therefore,  as  A  is  to  B,  fo  is  C  to  HF.  Wherefore  to  the 
three  given  ftraight  linesy  A,  B,  C  a  fourth  proportional  HF  is 
found.    Which  was  to  bie  done* 


ha.  6. 


PROP.   xm.     P  R  O  B. 
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O  find  a  mean  pFOpprtional  between  two  gWcji 
ftraight  lines. 


Let  AB»  BC  be  the  two  given  ftraight  lines ;  it  is  required 
to  find  a  mean  proportional  between  them. 

Place  AB,  oC  m  a  ftraight  linC)  and  upon  AC  defcribe  the 
femicircle  ADC,  and  firom  the 
point  B  draw  "  BD  at  right  an** 
glea  to  AC,  and  join  AD,  DC. 

Becaufc  the  angle  ADC  in  a 
femicircle  is  a  right  angle  ^,  and 
bccaufe  in  the  right  angled  tri« 
angle  ADC,  DB  is  drawn  from 
the  right  angle  perpendicular  to  \  '  R         f^ 

the  bale,  DB  is  a  mean  propor-  JJ         vy 

tional  between  AB,  BC  the  fegments  of  the  bafe  * :  Therefore  «  Ov.%  ^ 
between  the  two  given  ftraight  imes  AB,  BC^  a  meap  propor- 
tional  DB  ia  found.    Which  was  to  be  done. 


a  II*  It 
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■ 

EQUAL  parallelograms  which  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  have  their 
fides  about  the  equal  angles  reciprocally  proportional : 
And  parallelograms  that  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  luid  their  fides  about  the  equal 
angles  reciprocally  proportional,  are  equal  to  one  an- 
ther. 

Let  AB,  BC  be  equal  parallelograms,  which  have  the  angles 
at  B  equal,  and  let  the  fields  DB|  B£  be  placed  in  the  fame 

a  14*  <•  ftraight  line;  wherefore  alfo  FB,  BG  are  in  one  ftraight  line*  s 
The  fides  of  the  parallelograms  AB,  BC  about  the  equal  angles, 
are  reciprocally  proportional }  that  iSi  DB  is  to  BE,  as  GB  to 
BF. 

'  Complete  the  parallelogram  F£ ;  and  becattfe  the  parallelo- 
'  gram  AB  is  equal  to  BC»  and 
that  F£   is  another  parallelo- 
gram, AB  is  to  FE,  as  BC  to 

h  7.  5«       F£  ^  :   But  as  AB  to  F£,  fo  is 

c  s.  6*  the  bafe  DB  to  B£  ^ ;  and,  as 
BC  to  F£,  fo  is  the  bafe  GB  to 
BF;  therefore,  as  DB  to  BE, 

i  XX.  5.  fo  is  GB  to  BF*».  Wherefore 
the  fides  of  the  parallelograms 
AB,  BC  about  their  equal  an- 
gles are  reciprocally  proportional. 

But,  let  the  fides  about  the  equal  angles  be  reciprocally  pro- 
portional, viz.  as  DB  to  BE,  fo  GB  to  BF  ;  the  parallelogram 
AB  is  equal  to  the  parallelogram  BC. 
f  ,  Becaufe,  as  DB  is  to  BE,  fo  GB  to  BF ;  and  as  DB  to  BE, 

So  is  the  parallelogram  AB  to^the  parallelogram  F£;  and  as 
GB  to  BF,  fo  is  the  parallelogram  BC  to  the  parallelogram  F£  ; 
therefore  as  AB  to  F£,  fo  BC  to  F£  <^ :  Wherefore  the  parallelo- 

«  f.  5*  gtam  AB  is  equal ^  to  the  parallelogram  BC.  Therefore  equal 
parallelograms,  &c.   Q^E.  D* 
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EQtJAL  triangles  which  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  fides 
^bout  the  equal  angles  reciprocally  proportional :  And 
triangles  which  have  one  angle  in  the  one  equal  to  one 
angle  in  the  other,  and  their  fides  about  the  equal  angles 
reciprocally  proportional,  are  equal  to  one  another.         ' 

Let  ABC,  ADE  be  equal  triangles,  which  have  the  angle 
&AC  equal  to  the  angle  DAE^  the  fides  about  the  equal  angleJs 
of  the  triangles  are  reciprocally  prpportional ;  that  is,  CA  is  to 
AD,  as  £A  to  AB. 

Let  the  triangles  be  placed  fo  that  their  fides  CA,  AD  be 
in  one  ftraight  line ;  wherefore  alfo  £  A  and  AB  ^  are  in  one 
ftraight  line  *  ;  and  join  BD.    Becaufe  the  triangle  ABC  is  e-  *  ^^  '* 
qua!  to  the  triangle  ADE,  and  that 
ABD  is  another  triangle;  there- 
fore as  the  triangle  CAB  is  to  the 
triangle  BAD,  fo  is  triangle  EAD 

to  triangle  DAB* :  But  as  triangle      /  \<^  \         k  7-  5« 

CAB  to  triangle  BAD,  fo  is  the      /  >^A\.        \ 

bafe  CA  to  AD  •  j  and  as  triangle     /    y/^^  ^S^  \      c  1.  6. 

EAD  to  triangle  DAB,  fo  is  the 

bafe   EA  to    AB^;   as  therefore  ^^  n 

CA  to  AD,  fo  is  EA  to  AB<i:  i^  "^     4  „..5. 

wherefore  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
anelcs  are  reciprocally  proportional. 

But  lee  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  be  reciprocally  proportional,  viz.  C  A  to  AD,  as  EA  to 
AB }  the  mangle  AdC  is  equal  to  the  triangle  AD£. 

Havine  joined  BD  as  before  ;  becaufe,  as  CA  to  AD,  fo  is 
EA  to  AB  )  and  as  CA  to  AD,  fo  is  triangle  ABC  to  triangle 
BAD ' ;  and  as  E A  to  AB,  fo  is  triangle  EAD  to  triangle 
BAD  * }  therefore  ^  as  triangle  BAC  to  triangle  BAD^  fo  is 
triangle  EAD  to  triangle  BAD  $  that  is,  the  triangles  BACy 
EAD  have  the  fame  ratio  to  the  triangle  BAD :  Wherefore  the 
triangle  ABC  is  equal  <  to  the  triangle  ADE.  Therefore  equal  c  9*  5^ 
uiangles,  &c.  Q^E*  D. 


PROP. 
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PR  O  P.    XVL      TH  E  OR* 


IF  four  ftr^ight  linea  be  proportionals,  the  refiangte 
conti^iped  by  the  e:f^treaic$  is  equal  tQ  the  rp£UngIe 
conts^ined  by  the  means ;  And  if  the  rf  ft^ngle  contained 
by  tbe  extremes  be  equal  tp  the  re£tan^Ie  contained  \fj 
the  meftqs,  the  four  ftraigbt  lines  are  proportional^. 

l^t  ^e  fqur  ftraiigbt  line^.  AB,  CD,  E,  ?  Ve  propprtioi|aIt, 
vi?.  39  A3  to  CD,  fo  £  to  F;  the  r<^aii;;Ie  contained  by  AB9 
F  is  equal  to  the  redlanglc  cantoned  by  CP,  £• 

«  II.  I*  From  the  points  A,  C  draw  *  AG,  CH  fit  right  s^ngl^f  to 
AB»  CD  I  «nd  make  AG  equal  to  F,  and  CH  ^qu^l  to  £,  and 
i:Qmpletp  the  pafallelograms  BG,  Dti :  BecsMfe,  as  A?  to  CD, 
£p  is  £  to  F  (  and  that  £  is  equal  (o  CH,  apd  F  to  AQ ;  A9 

k  ?•  5*  is  ^  to  CD,  as  CH  to  AG :  Therefore  thie  fide$  of  %\ie  par^Ueio* 
gramf  BG,  DH  about  the  equ^l  angles  ^re  reciprocally  pro- 
portional ;  but  parallelograin^  which  ^^Y^  thpir  fides  about  e** 

•  14.  <•  qua!  angles  reciprocally  proppftiou^U  9^^  equ^^l  to  one  jinother  ^  } 
therefore  the  parallelogram  BQ  is  equ^  tQ  the  pars^ll^lo^r^qi 
DH :  And  the  parallelogram  '  _ 
BQ  is  contained  by  the  f^' 
ftraight  lines  AB,  Fj  faictcaufe 
A.G  is  equal  to  F ;  and  the 
parallelogram  DH  is  con- 
Uined  by  CD  ^nd  S » becaufe 
CH  is  equal  tp  £^  There- 
fgip  the  ipUniigle  cpnt^in^d 
by  the  Araigl^t  Jinxes  AB,  F 

is  equal   t^  chat  whipb  f^  ▲        '  *&       IH 

cWtainfd  by  Cp  and  J?.  -^^  -B      V 

fyj\4  if  the  refiangje  f Qntainf d  \>j  itje  ftratgbt  |ine#  AB,  V 
bp  pq^sL\  f o  t^^t  which  is  ^90t^^pe^  by  <?D,  t ;  thefc  tbuf  Uncs 
fire  pr9pprtionaisj  yiac.  AB  |f  tp  QD,  af  £  xp  F. 

7^e  fame  conftritdjd;^  being  ni94e^  ^cyufff  the  re£l9n$Ie 
I»^im4  br  ^h«  Arsight  ^in>f  'AP>  F  is  equal  to  ^bat  ^Jijcb  is 
-  \i»Pf^^M  CD,  ^g  and  tfiat  ifee  fea^pgle  )8G  i^  contained 
by  AB,  F|  becauie  AG  iS  equal  to  F  ^  and  (be  reAang)e  Dfl 
by  CD,  £,  becaufe  CH  is  equal  to  £  ;  therefore  tbe  parallelo* 
gram  BG  is  equal  to  the  parallelogram  DH  }  and  they  are  e- 

quiangular: 


>  Ji 


or    EUCLIJJ. 


»yi 


qiliangilar  i   But  th^  fides  Bbiiit  tht  cqikal  angltf  of  (x]mI  pi^  Mft^ 
rallelograms  are  €tcipT6mhf  )}roportioikal « i  WherefoiT^  %»  AB  V.^^VW 
to  CD,  fo  is  CH  to  AG;  and  CH  is  equal  to  £,  and  AG  to  F :  <^  M<  ^ 
As  therefore  AB  is  to  CD^  fo  £  to  F.   Wherefore^  if  foori  &c«' 
Q^E.  D. 


PROP.    Xytl.      T  H  ^  O  R. 


«Mta 


■*ll       rf« 


TF  tbrec  ftraight  lines  be  proportionals,  the  reOangle 
contained  by  tht  extremes  is  equal  to  the  fquare  of 
the  mcati :  And  if  the  redangie  contained  by  the  efc» 
trends  be  fcqual  to  thfc  fqaare  of  tht  mean,  the  three 
ftraight  lines  are  proportionals- 
Let  the  three  ftraight  lines  A^  B^  C  be  proportionals^  via. 
as  A  to  B,  fo  fi  to  C  ;  the  redangic  contained  by  A^  C  is  equal 
to  the  fquare  of  B. 

Take  D  equal  to  B  ;  and  becaure  as  A  to  B,  fo  B  to  C,  andl 
that  B  16  equal  to  D ;  A  is  *  to  B,  as  D  to  C :  But  if  fo«r  ftraight  *  7' S 
lines  hte  proportionals^    . 
the  re£langle  contain    ^^ 
ed  by  the  extremes  >*  JQ- 
equal    to    that    which 
is    contained    by    the 
naeans^i  Therefore  the 

redlangle  contained  by      >  1  T% 

Af  C  is  equal  to  that  (Q  1*^ 

cootained    by    B,  D  :      L. 1  I .  ..I 

But  the  re£lai|gie  con-  A  1^ 

tained  by  B,  D  is  the  "  " 

fquare  of  B  ;  becaufe  B  is  eqaal  to  D :  Therefore  the  re£tengte 
contained  by  A,  C  is  equal  te  the  fqthire  of  B. 

And  if  the  rc£tanglc  contained  by  A»  C  be  eqtaal  tb  tht 
fquare  of  B ;  A  is  to  B,  as  B  to  C* 

The  fame  conUru£Uon  being  niadei  becaufe  the  re£langlt 
contained  by  A,  C  is  equal  to  the  fquare  of  B,  and  the  fqiiaiftb 
of  B  is  equal  to  the  rectangle  contained  by  B,  D,  becattfis  B  h 
equal  to  D ;  therefore  the  redangle  concaiHcd  by  A»  C  is  eqval 
to  that  contained  by  B^  D  :  But  if  the  refitangle  contained  Vy 
the  extremes  be  equal  to  that  contained  by  the  means,  tb6  four 
ilraigb^  lines  are  frpportioiiala  ^  :  thertfere  A  Hid  1^  )i8  D  tt> 

Ci 


n 
c 


b  z6.6i 


•   • 
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Mc  VX.  C  $  but  B  is  equal  to  D ;  wherefore  as  A  to  B^  fo  B  to  C« 
Thereforey  if  three  ftraight  lines,  &c.  C^E.  D. 


PROP.    XVHL      T  H  E  O  R. 

UPON  a  given  ftraight  line  to  defcnbe  a  redilineal 
figure  limilar,  and  (iqiilarly  fituated  to  a  given 
rediiinc^  figure. 

Let  AB  be  the  eiven  ftraight  line,  and  CDEF  the  given  rec- 
tilineal figure  or  four  fides  i  it  is  required  upon  the  given 
(baight  line  AB  to  defcribe  a  re&ilineal  figure  fimilar^  and 
fimilarlv  fituated  to  CDEF. 

Join  tyPf  and  at  the  points  A,  B  in  the  ftraight  line  AB^ 

•  H*  <«  inake  ^  the  angle  BAG  equal  to  the  angle  at  C,  and  the  angle 
ABG -equal  to  the  angle  CDF;  therefore  the  remaining  angle 

^^^•h     CFD  is  equal  to  the  remaining  angle  AGB  ^ ;  Wherefore  the 
triangle  FCD  is  e* 
quiangulartothetri-        -^  H 

ungle  GAB :  Again,  G 
^t  the  points  G,  B 
in  the  ftraight  line 
GB  make  *  the  angle 
BGH  equal  to  the 
angle  DFE,  and  the 
angle  GBH  equal  to 
f  DE ;  therefore  the 
remaining  angle  FEP  is  equal  to  the  remaining  angle  GHB, 
and  the  triangle  FD£  equiangular  to  the  triangle  GBH  :  Then, 
becaufe  the  angle  AGB  is  equal  to  the  angle  CFD,  and  BGH 
to  DFE,  the  vrhole  angle  AGH  is  equal  to  the  whole  CFE : 
For  the  fame  reafon,  the  angle  ABH  is  equal  to  the  angle  CDE  ; 
alfo  the  angle  at  A  is  equal  to  the  angle  at  C,  and  the  angle 
GHB  to  FED  :  Therefore  the  reailineal  figure  ABHG  is  equi- 
angular to  CDEF :  But  likewife  thefe  figures  have  their  fides  a- 
bout  the  equal  angles  proportionals:  Becaufe  the  triangles  G AJ^, . 

e  f.  6.  FCD  being  equiangular,  BA  isc  to  AG,  as  DC  to  CF ;  and 
becaufe  AG  is  to  GB,  as  CF  to  FD  ;  and  as  GB  to  GH,  fo, 
by  reafon  of  the  equiangular  triangles  BGH,  DFE,  is  FD  to 

4  1^,  5,  F£ ;  therefore,  ex  aequali  <>,  AG  is  to  GH,  as  CF  to  FE  :  In 
the  fame  manner  it  may  be  proved  that  AB  is  to  BH  as  CD  to 
P£ ;  Aod  GH  is  to  HB^  as  FE  to  £P  c.    Wherefore^  becaufe 

;hq 


O  F    E  U  C  LID.  «7$ 

^he  reailincal  figures  ABHG,  CDEF  are  equungular,  and  ^^^  ^ 
have  their  fides  about  the  equal  aogles  proportionals,  they  are  ^"^T^ 
^milar  to  one  another  *.  '        cu  d^.  ^.' 

Next)  Let  it  be  required  to  defcribe  upon  a  given  ftraight  line 
ARf  a  re^ilineal  figure  fimilar,  and  fimilarly  fituated  to  the 
reailineal  figure  CDK£F. 

Join  D£,  and  upon  the  given  ftraight  line  AB  defcribe  the 
reailineal  figure  ABHG  fimilar,  and  fimilarly  fituated  to  the 
quadrilateral  figure  CDEF,  by  the  foriper  cafe;  and  at  the 
points  B,  H  in  the  ftraight  line  BH,  ina)ce  the  angle  HBL  e- 

iual  to  the  angle  EDK,  and  the  angle  BHL  equal  to  the  angle 
^EK  ;  therefore  the  remaining  angle  at  K  is  equal  to  the  re- 
maining angle  at  L :  And  becaufe  the  figures  ABHG,  CDEF 
are  fimilar,  the  angle  GHB  is  equal  to  the  angle  FED,  and 
BHL  18  equal  to  DEK ',  wherefore  the  whole  angle  GHL  is 
rqual  to  the  whole  angle  FEK :  For  the  fame  reafon  the  angle 
ABL  is  equal  to  the  angle  CDS  :  Therefore  the  five  fided  fi- 
gures AGHLB,  CFEKD  are  equiangular  :  And  becaufe  the  fi- 
gures AGHB,  CF£D  are  fimilar,  GH  is  to  HB,  as  F£  to  ED  ; 
and  as  HB  to  HL,  fo  is  ED  to  £K^  ;  therefore,  ex  aequali<^,  ^  4<  <• 
GH  is  to  HL,  as  FE  to  EK  :  For  the  fame  rcafon,  AB  is  to  BL,  ^  **'  ^ 
as  CD  to  DK :  And  BL  is  to  LH,  asc  DK  ta  KE,  becaufe  the 
triangles  BLH,  DKE  are  equiangular ;  Therefore,  becaufe  the 
five  fided  figures  AGHLB,  CFEKD  are  equiangular,  and  have 
their  fides  about  the  equal  angles  proportionals,  they  are  fimilar 
to  one  another  :  And  in  the  fame  manner  a  re£kilineal  figure  of 
fix  or  more  fides  may  be  defcribed  upon  a  given  ftraight  line 
fimilar  tQ  one  given,  and  fo  on.    Which  was  to  be  done. 

PROP.    Xi:?.     *r  H  E  O  R. 


S 


Imilar  triangles  are  to  one  another  in  the  duplicate 
ratio  of  their  homologous  fides. 


Let  ABC,  DEF  be  fimilar  triangles,  having  the  angle  B  equal 
to  the  angle  £,  and  let  AB  be  to  BC,  as  DE  to  £F,  fo  that  the 
fide  BC  is  homologous  to  £F*  :   The  triangle  ABC  has  to  the  ^i%.6eLs* 
triangle  DEF,  the  duplicate  ratio  of  that  which  BC  has  to  £F. 

Take  BG  a  third  proportional  to  BC,  EF^  fo  that  BC  is  to  jb  ii.  6. 
£F»  as  £F  to  BG,  and  join  G  A :  Then,  becaufe  as  AB  to  BC, 
fo  DE  to  EF I  alternately  c,  AB  is  to  DE,  as  BC  to  £F :  But  c  t6.  ^ 

at 


fjS  TH£]tL£MtEKTS 

jBdok  V!.  ftg  BC  to  VF,  to  if  EF  CO  BC ;  therefore'  as  AB  to  DS,  fo  is 

^^^^"^^^  EF  to  BG :   Wherefore  the  Cdca  of  the  triangles  ABG,  pEF 

a  tx.  5*     which  are  about  the  equal  anglesi  are  reciprocally  proportional : 

But  triangles  which  have  the  fides  about  two  equal  angles  reci- 
procally  proportional 

are  equal  to  one  an-  A 

•  «5'  ^     other^ :  Therefore  t^e 

triangle  ABG  is  equal 

to  the  triangle  D£F : 

And  becanfe  as  BC  is 

to  EF,  fo  EF  to  BG ; 

and    that    if     three 

ftraight  lines  be  pro* 

portionals,  the  firft  is 
f  so.  M.5.  laid  f  to  haTc  to  the  third  the  duplicate  ratio  of  that  which  it  has 

to  the  fecond;  BC  therefore  has  to  BG  the  duplicate  ratio  of  that 
f  I.  6.       which  BC  has  to  £F :  But  as  BC  to  BG,  fo  is'  the  trianf3(le  ABC 

to  the  tnanf^le  ABG.    Therefore  the  triangle  ABC  has  to  the 
'  triangle  ABG  the  duplicate  ratio  of  that  which  BC  has  to  EF : 

But  die  trijingle  ABG  is  equal  to  the  triangle  DEF  i  wherefore 

alfo  the  triangle  ABC  has  to  the  triangle  DEF  the  duplicate 

ratit)  of  that  which  BC  has  to  EF.    Therefore  fimilar  triangles^ 

&c.  Qj^  E.  D. 

CoR.  From  this  it  is  manifeft,  that  if  three  ftraight  lines  be 

proportionals,  as  the  firft  is  to  the  third,  fo  is  any  triangle  up- 

on  the  firft  to  a  fimilari  and  fimilarly  defcribed  triangle  upon 


the  fecond. 


P  R  O  P.    XX.      T  H  E  O  R. 


SIMILAR  polygons  may  be  divided  into  the  fame  num* 
ber  of  iimilar  triangles,  having  the  fame  ratio  to  one 
another  that  the  polygons  have ;  and  the  polygons  have 
to  one  another  the  duplicate  ratio  of  that  which  their 
homologous  fides  have. 

Let  ABCDE,  FGHKL  be  fimilar  polygons,  and  let  AB  be 
the  homologous  fide  to  FG  :  The  polvgons  ABCDE,  FGHKL 
may  he  divided  into  the  fame  numlacr  of  fimilar  triangles, 
whereof  each  to  each  has  the  fame  ratio  whith  the  polygons 
have;  and  the  polygon  ABCDE  has  to  the  polygon  FGHKL 
the  duplicate  ratio  of  that  which  the  fide  AB  has  to  the  fide  FG. 

Join  B£|  £C|  GL|  LH :  And  becauie  the  polygon  ABCDE  is 

fimilar 


OF    EUCLID. 
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timiiiT  io  tie  polygon  FGHKL,  the  angle  BAE  li  equal  to  th^  Book  VI. 
ingic  GFL%  and  BA  is  to  AE,  asGFtoFL*:   Wherefore,  V,>^MV> 
becaufe  the  triangles  AbE,  POL  have  an  angl^  in  one  equal* '•  *^*'- •' 
to  an  angle  in  the  other,  and  their  fides  about  thefe  equal  angles 
proportional^^  the  triangle  ABE  is  jcquiangulaf^i  and  thercib  6.  6* 
iore  fimilar  to  the  trianfjie  FGL^  ;  wherefore  the  angle  ABE  c  4.  6. 
is  equal  to  the  angle  FGL  :  And,  becaufe  the  polygons  are  fi* 
milar.  the  whole  angle  ABC  is  equal*  to  the  whole  angle  FGH  % 
therefore  the  remaining  angle  EBC  is  equal  to  the  remaining 
angle  LGH  :  And  becaufe  the  triartgles  ABE,  FGL  are  fimilarj' 
£B  is  to  BA,  as  LG  to  GF  *  ;  and  alfo,  becaufe  the  polygons 
are  fim5|ar,  AB  is  to  BC,  as  FG  to  OH^j  therefore,  ex  ae- 
quali<l,  £B  is  to  BC,  as  LG  to  GH ;  that  is,  the  fides  about  <1  a»«  5« 
the  equal  angles  EBQ,  LGH    are  proportionals;    therefore *> 
the  triarigle  EBC  is  equiangular  to  the  triangle  LGH,  and 
fimiiar  to  it*. 
For  the  fame 
rcafon,  the  tri- 
angle   ECD 
likewife  is  fi-  £ 
milar  to    the     • 
triaugleLHK: 
Theiefore  the 

fimilar    poly-  irk  r^  tr  rt 

gonsABCDE,  U  Ky  IfL         H 

FGHKL  are  divided  into'  the  fame  liuixlber  of  fimihr  tri- 
angles. 

Alfo  thefe  triangles  have,  each  to  each,  the  fame  ratio  which 
the  polygons  have  to  one  another,  the  antecedents  being 
ABE,  EBC,  ECD,  and  the  confequedts  FGL,  LGH,  LUK: 
And  the  poly^^on  ABCDE  has  to  the  polygon  FGHKL  the  du- 
plicate ratio  of  that  which  the  fide  AB  has  to  the  homologous 
fidcFG. 

Becaufe  the  triangle  ABE  is  fimilar  to  the  triangle  FGL, 
ABE  has  to  FGL  the  duplicate  ratio ^  of  that  which  the  fide*  >9-  ^'i 
BE  has  to  the  fide  GL  :  For  the  fame  reafon,  the  triangle  B£C 
has  to  GLH  the  duplicate  ratio  of  that  which  BE  has  to  GL  : 
Therefore,  as  the  triangle  ABE  to  the  triarigle  FGL,  fo  Ms  the  ^  ic*  5« 
triangle  BhC  to  the  triangle  GLH.  Again,  becaufe  the  tri« 
angle  EBC  is  fimilar  to  the  triangle  LGH,  EBC  has  to  LGH 
the  duplicate  ratio  of  that  which  the  fide  EC  had  to  the  fiiie 
LH  :  For  the  Came  reafon,  the  triangle  ECO  has  to  the  triangle 

M  1-HK, 
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B<»k  ^'*  LHK,  tht  duplicate  ratio  of  that  which  EC  has  to  LH :   At 

*^-^"^^^  therefore  the  triangle  EftC  to  the  triangle  LGH,  fo  is '  the 
"'  ^'  triangle  BCD  to  the  triangle  LHK :  But  it  has  been  pioved  that 
the  triangle  EBC  is  likewife  to  the  triangle  LGH,  as  the  triangle 
ABE  to  the  triangle  FGL.  Therefore,  as  the  triangle  ABE  is 
to  the  triangle  FGL,  fo  is  triangle  EBC  to  triangle  LGH,  and 
triangle  ECD  to  triangle  LHIk:  And  therefore,  as  one  of  the 
antecedents  to  one  of  the  confequents,  fo  are  all  the  antecedents 

t  r».  5*  to  all  the  confequents  K  Wherefore,  as  the  triangle  ABE  to  the 
triangle  FGL,  fo  is  the  polygon  ABCDE  to  the  polygon 
FGHKL  :  But  the  triangle  ABE  has  to  the  triangle  FGL,  the 
duplicate  ratio  of  that  which  the  fide  AB  ha&  to  the  homologous 
fide  FG.  Therefore  alfo  the  polygon  ABCDE  has  to  the  poly- 
gon FGHKL  the  duplicate  ratio  of  that  which  AB  has  to  the 
homologous  fide  FG.  Wherefore  fimilar  polygons,  &c>  Q:,E-  D« 
Co&-  r.  In  like  manner,  it  mav  be  {iroved,  that  fimilar  four 
fided  figures,  or  of  any  number  ot  fides*  are  one  to  another  in 
the  duplicate  ratio  of  their  homologous  fides,  and  it  has  already 
been  proved  in  triangles.  Therefore,  uniTcrfally  fimilar  redli- 
'  lineal  figures  are  to  one  another  in  the  duplicate  ratio  of  their 
homologous  fides- 

CoR.  2.  And  if  to  AB,  FG,  two  of  the  homologous  fides^ 

h  to.  def.^.a  third  proportional  M  be  taken,  AB  has^  to  M  the  duplicate 
ratio  of  that  which  AB  has  to  FG  :  But  the  four  fided  figure  or 
polygon  upon  AB  has  to  the  four  fided  figure  or  polygon  upon 
FG  likewife  the  duplicate  ratio  of  that  which  AB  has  to  FG  : 
therefore,  as  AB  is  to  M,  fo  is  the  figure  upon  AB  to  the  figure 

iCor.ro  6.uP^'^  FG,  which  was  alfo  proved  in  triangles  L  Therefore, 
univerfally,  it  is  manifeft,  that  if  three  ftraight  lines  be  propor* 
tionals,  as  the  firft  is  to  the  third,  fo  is  any  redtilineal  figure  up« 
pon  the  firft,  to  a  fimilar  and  fimilarly  defcribed  re&ilineal  fi^ 
gure  upoa  the  fecond. 


P  R  O  R 


R 
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PROP.    XXI.      T  H  E  O  R. 

fecf  liiNEAL  figures  which  are  fimilar  to  the  fame 
re&ilineal  figure,  are  alfo  fimilar  to  one  another. 
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Let  each  of  the  reQilitieal  figuret  A,  B  be  fimilar  to  the  rec- 
tilineal figure  C :  The  6gure  A  is  fimilar  to  the  figure  B. 

Becaufe  A  is  fimilar  to  C,  they  are  equiangular^  and  alfo 
haTe  their  fides  about  the  equal  angles  proportionals ^    Against  i.  def.di 
becaufe  B  is  fiinihir  to 
Cf  thcT  are  equiafigu* 
lar,  and  have  their  fides 
about  the  equal  angles 
proportionals  * :  There- 
iore  the  figures  A,  B 
are  each  of  them  eqoi* 
angular  to  C,  and  have  the  fides  about  the  equal  angles  of  each 
of  them  and  of  C  proportionals.     Wherefore  the  feQUineal  &• 
gures  A  and  B  ai^e  equiangular  ^9  ahd  have  their  fides  about  the<>  '•  Ax.  t; 
equal  angles  proportionals ^    Therefore  A  is  fimilar^  to  B.cii.  5. 

qI^e.  d. 


PROP.    XXII.      T  tt  E  O  R. 

IF  four  ftraight  lines  be  proportioHals,  the  fimilar  rec<^ 
tilineal  figures  fimilarlj  defcribed  upon  them  fhall  alfo 
be  proportionals ;  and  if  the  fimilar  re&ilineal  figures 
fimilarly  defcribed  upon  four  ftraight  lines  be  proportion* 
als,  thofe  ftraight  lines  fhall  be  proportionals. 

Let  the  four  ftraight  lines  AB,  CD,  £F,  GH  be  propor- 
tionals, viz.  AB  to  CD,  as  £F  to  GH,  and  upon  AB,  CD  let 
the  fimilar  reftilineal  figures  KAB|  LCD  be  fimilarlj  defcri- 
bed; and  upon  £F,  GH  the  fimilar  rediilincal  figures  NlFj  NH, 
in  like  manner :  The  reflilineal  figure  KAB  is  to  LCD,  as  MF 
to  NH. 

To  AB|  CD  take  a  third  proportibnal «  X »  and  to  EF,  GHa  zx.  6« 
a  third  proportional  O :   And  becaufe  AB  is  to  CD,  as  £F  to 
GH,  and  that  CD  is*  to  X,  as  GH  to  O  -,  wherefore,  ex  ae.>>  "-  5* 
quali%  as  AB  to  X,  fo  EF  to  O  :  But  as  AB  to  X,  fo  is  d  the  \  \*-^;^^ 

M  2  re£tiIinealao.'tf« 
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Book  VI.  rcailincal  KAB  to  the  rcailincal  LCD,  and  as  EF  tt>  O,  (o  U 
^-O^"^  d  the  rcailincal  MF  to  thc-reaUincal  NH:  Therefore,  as  ItAB 
ao*6^*'''   to  LCD,  fo  fc  18  MF  to  NH. 
b  XI.'  5.         And  if  the  reailineal  KAB  be  to  LCD,  as  MF  to  NH  ;  the 

ftraight  line  AB  is  to  CD,  as  EF  to  GH. 
c  n.  6*         Make^"  as  AB  to  CD,  fo  EF  to  PR,  and  upon  PR  defcribe' 
f  18.  6.     ii^^  reaiiineal  figure  SR  fimilar  and  fimilarly  fituated  to  either 


X 


r  cj 


of  the  figures  MF,  NH  3  Then,  becaufe  as  AB  to  CD,  fo  is  £F 
to  PRf  and  that  upon  AB,  CD  are  defcribed  the  fimilar  and 
fimilarly  fituated  reailineals  KAB,  LCD,  and  upon  EF,  PR, 
in  like  manner,  the  fimilar  redilineals  MF,  SR ;  KAB  is  to 
LCD,  as  MF  to  SR ;  but,  by  the  hypothefis,  KAB  is  to  LCD^ 
as  MF  to  NH  ;  and  therefore  the  reailineal  'MF  having  the 
0  ^.  5.  fame  ratio  to  each  of  the  ti^o  NH,  SR,  thefe  are  equal*  to  one 
another:  They  are  alfo  fimilar,  and  fimilarly  fituated i  there- 
fore GH  is  equal  to  PR :  And  becaufe  as  AB  to  CD,  fo  is  EF 
to  PR,  and  that  PR  is  equal  to  GH ;  AB  is  to  CD,  as  EF  to 
GH.    If  therefore  four  ftraight  lines,  &c.  Q^E.  D. 


2ke 


PROP.    XXni.      T  H  E  O  R. 

tJiAKGULAK  parallelograms  have  to  one  another 

^     ratio  which  is  compounded  of  the  ratios  of 

their  fides. 


"•  E'^c 


Let  AC,  CF  be  equiangular  parallelograms^  haTiagthe  angle 
BCD  equal  to  the  angle  ECG :  The  ratio  of  the  parallelogram 
AC  to  the  parallelogram  CF,  is  the  fame  with  the  raticT which 
is  compounded  of  the  ratios  of  their  fides* 

I«6t 


I 


6f    EUCLID. 


i8c 


d  1.4. 


e  II.  s* 


Let  BCs  CG  be  placed  in  a  ftraight  line  •,  therefore  DC  and  Book  vi. 
CE  arc  alfo  in  a  ftraight  liae*;  and  complete  the  parallelogram   ""^^^^ 
DG;  and,  taking  any  ftraight  line  K,  makcb  as  BC  to  CG,J,*;;; 
fo  K  to  L  ;  and  as  DC  to  C£»  fo  make  ^  L  to  M :   Therefore 
the  ratios  of  K  to  L«  and  L  to  M,  are  the  fame  with  the  ratios 
cf  the  fides,  Tiz.  of  BC  to  CG,  and  DC  to  CE.    But  the  ra- 
tio  of  K  to  M  is  that  which  is  faid  to  be  compotfndcd*  of  the  «  ^-  ^^^'  5- 
ratios  of  K  to  L,  and  L  to  M :  Wherefore  alfo  K  has  to  M,  the 
ratio  compounded  of  the  ratios        a  D      T1 

of  the  fides :  And  becaufe  as  BC  ^^ 
to  CG,  fo  is  the  parallelogram 
AC  to  the  parallelogram  CU  ^ ; 
but  as  BC  to  CG,  fo  is  K  to  L  j 
therefbre  K  is^  to  L,  as  the  pa- 
rallelogram AC  to  the  parallelo- 
gram CH :  Again,  becaufe  as  DC 
to  CE|  fo  is  the  parallelogram 
CH  to  the  parallelogram  CF;  but 

as  DC  to  CE,  fo  is  L  to  M ;         ^  i   mj-  p      j? 

wherefore  L  is  «  to  M,  as  the  pa-         Jv  L  M  «i      * 

rallelogram  CH  to  the  parallelogram  CF :  Therefore,,  fince  it 
has  been  proved,  that  as  K  to  L,  fo  is  the  parallelogram  AC  to 
the  parallelogram  CH ;  and  as  L  to  M,  fo  the  parallelogram  CH 
to  the  parrallelogram  CF ;  ex  aequali  ^  K  to  M,  as  the  paral-  f  %%  5* 
lelogram  AC  to  the  parallelogram  CF :  But  K  has  to  M  the 
ratio  which  is  compounded  of  the  ratios  of  the  fides ;  therefore 
alfo  the  parallelogram  AC  has  to  the  parallelogram  CF  the  ratio 
which  h  compounded  of  the  ratios  of  the  fides.  Wherefore 
^uiangular  parallelograms,  &c.  Q^E.  D.  '      ,     ' 


P  R  O  ?•    XXIV.      T  H  £  O  R. 

THE  parallelograms  about  the  diameter  of  any  pa-  ^u  n. 
rallelogram^  are  iimilar  to  the^  whole^  and  to  one 
another* 


Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC ;  and  EG,  HK  the  parallelograms  about  the  diameter:  The 
parallelograms  EG,  HK  are  fimilar  both  to  the  whole  paralle* 
logram  ABCD,  and  to  one  another* 

Becaufe  DC,  GF  are  parallels,  the  angle  ADC  is  equal  a  to  *  ^9*  << 
f be  ao^le  AGF :  For  the  fame  reafon,  becaufe  BC,  £F  are  pa* 

K  3  rallels, 
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Book  VI.  ra11el8»  the  anjle  ABC  is  equal  to  the  angle  AEF :  And  each 

^•-^"^^■^  of  the  angles  BCD,  EFG  is  equal  to  the  oppofite  angle  DAB«», 

h  34*  i«  and  therefore  are  eaual  to  one  another ;  wherefore  the  paral- 
lelograms ABCD»  AEFG  are  equiangular  :  Apd  becaufe  the 
angle  ABC  is  equal  to  the  angle  AEF,  and  the  angle  BAC 
common  to  the  two  triangles  BAC»  £AF|  they  are  eqiiiangu- 

c  4-  tf»  lar  to  one  another ;  therefore*  as  AB 
to  BC»  fo  is  AE  to  £F :  And  becaufe 
the  oppofite   fides  of  parallelograms 

d  7*  S*      are  equal  to  one  another  i>,  AB  is  ^  to 

*     AD,  as  AE  to  AG }  and  DC  to  CB, 

as  GF  to  F£;  and  alfo  CD  to  DA, 

as  FG  to  GA :  Therefore  the  fides  of 

the  parallelograms  ABCD,  AEFG  a*  ^  ^ 

bout  the  equal  angles  arc  propoition-  .-^       |V  p 

als;  and  they  are  therefore  fimilar  to*^  ,  ^ 

c  X.  def.  6.  one  another  ^ :  For  the  fame  reafon,  the  parallelogram  ABCQ 
is  fimilar  to  the  parallelogram  FHCK*  Wherefore  each  of  the 
parallelograms  GE,  KH  is  fimilar  to  D0:  But  re&ilineal  figures 
which  are  fimilar  to  the  fame  rectilineal  figure,  are  alfo  fimilar 

f  ax*  6.  ^^  ^^^  another  f  ;  therefore  the  parallelogram  ^  GE  is  fimilar  ti» 
KH.    Wherefore  the  parallelograms^  &c.  Q^£.  D* 


SecK, 


P  I\  O  P.    XXV.      P  R  O  B. 

TO  defcribe  a  re£tilineal  figure  which  (hall  be  fimilar 
'  to  one,  and  equal  to  another  given  rcdilincal  fi- 
gure. ' 

•  ^ 

Let  ABC  be  the  given  redilineal  figure,  to  i^hich  the  figure 

to  be  defcribed  is  required  to  be  fimilar,  and  P  that  to  which 

it  mud  be  equal.    It  is  required  to  defcribe  a  re£tilineal  figuie 

fimilar  to  ABC*  and  equal  to  D. 

aCor.4i*r*     Upon  the  ftraight  line  BC  defcribe*  the  parallelogram  BE 

equal  to  the  figure  ABC  ;  alfo  upon  CE  defcribe  ^  the  parallew 

logram  CM  equal  to  D,   and  having  the  angle  FCE  equal 

,  to  the  angle  CBL :  Therefore  fiC  and  CF  are  in  a  ftraight 

b  S  J9-  >•  line  b,  as  alfo  LE  and  EM  :  Between  BC  and  Cf  find  c  a  mean 

c  13/6.     proportional  GH,  and  upon  GH  defcribe  <*  the  rectilineal  fi- 

<I  z8.  6.      gure  KGH  fimilar  and  fimilarly  fituated  to  the  figure  ABC: 

And  becaufe  BC  is  to  GH  as  GH  to  CF,  and  if  three  ftraight 

c  a.  Cor.     lines  be  proportional^i  as  the  fifft  is  to  the  third|  fo  is  ^  the 

^*^r      '  figure 


O  F.    E  U  C  L  I  D. 
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figure  upon  the  firft  to  the  fimilar  and  firhilarly  dcfcribcd  fi-  R«>k  vr. 
gure  upon  the  fecond ;  therefore  as  BC  to  CF,  fo  is  the  rcftU  v^^VX^ 
lineal  figure  ABC  to  KGH:    But  as  BC  to  CF,  fo  is  f  the  pa-  ^  »•  ^• 
rallelogram  BE  to  the  parallelogram  EF  :  Therefore  as  the  rec- 
tilineal figure  ABC  is  to  KGH,  fo  is  the  piraile]q?ra/n  BE  to 
the  parallelogram  EF»:  And  the  redlilincal figure  ABC  is  equal  *  "'  ^' 

A  '  • 


to  the  parallelogram  BE ;  therefore  the  reftiHncal  figure  KGH 
is  equal  ^  to  the  parallelogram  EF  :  But  EF  is  equal  to  the  fi-  ^ 
gure  D  ;  wherefore  alfo  KGH  is  equal  to  D  ;  and  it  is  fimilar 
to  ABC.  Therefore  the  re£lilineal  figure  KGH  has  been  dc- 
fcribed  fimilar  xo  t.he  figure  ABC,  and  equal  to  D.  Which 
was  to  be  done. 


14-  5* 


PRO  P.    XXVL      T  H  E  O  R, 

IF  two  fimilar  parallelograms  have  a  common  angle,  and 
be  fimilarly  fituatcd ;  they  arc  about  the  fame  diameter. 

Let  the  parallelograms  ABCD,  AEFG  be  fimilar  and  GmU 
larlyfituated,  and  have  the  angle  OAB  cojaamon.  ABQD  and 
AErG  are  about  the  fame  diaraeten 

For,  if  not,  let,  if  poflible,  the 
■parallelogram  BD  ha?e  its  di;it 
meter  AHC.in  a  different  liraight 
line  from  AF  the  diameter  of  the 
parallelogram  EG,  and  let  GF 
meet  AHC  in  H  ;  and  through 
H  draw  HK  parallel  to  AD  or 
BC:  Therefore  the  parallelograms 
ABCD,  AKHG  being  about  the  g 
fame  diameter,  thev  are  fimilar 
to  one  another*:  Wherefore  as  DA  to  AB,  fo  is^  G A  to  AK  :*  u*^ 
But  bccaufe  ABCD  and  AEFG    arc  fimilar  parallelograms,  ^  '*  ^^ 

M  4  as 
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^o^kVX^  as  DA  ?8  to  AB,  fo  is  GA  to  AE ;  therefore  c  a«  GA  to  AE,  fp 
^^^^^^^^  GA  to  AK  ;  wherefore  GA  has  the  fame  ratio  to  each  of  the 
^  95/  ftraight  lines  AE,  AKs  and  confequently  AK  is  equal <S  to  AE, 
the  Jefs  to  the  greater,  which  is  impoQible:  Therefore  ABCD 
and  AKHG  are  notabout  the*  fame  diameter;  wherefore  ABCD 
apd  A£FG  rouft  be  about  the  fame  diameter,  Tbeteforci  if 
two  Gmilar,  &c.  Q.  E.  D.     "  ^ 


See  K. 


<  To  underftand  the  three  following  propoCtions  more  eaCly^ 

*  it  is  to  be  obferTcd, 

'  1.  That  a  parallelogram  is  (aid  to  be  applied  to  a  (Iraighc 
^  line,  when  it  is  defpribed  upon  it  as  one  of  its  fides.  Ex.  gr. 
^  the  parallelogram  AC  is  faid  to  be  applied  to  the  ftraight  line 
«  AB. 

*  2*  But  a  parallelogram  AE  is  faid  to  be  applied  to  a  ftraight 
'  line  AB,  de6cient  by  a  parallelogram,  when  AD  the  bafe  of 

*  AE  islefs  than  AB,  and  there* 

*  fore  AE  is  lefs  than  the  paral* 
?  Iclogram  'AC  defcribed  upon 
'  AB  in  the  fame  angle,  and  be* 
f  tween  the  fame  parallels,  by 
'  the  parallelogram  DC ;  and  DC  f^ 
f  is  therefore  called  the  defe£t  of 

*  AE. 

«  3.  And  a  parallelogram  AG  is  faid  to  be  applied  to  a  ftraight 
^  tine  AB,  exceeding  by  a  parallelogram,  when  Af'  the  bafe  of 

*  AG  is  greater  than  4B1  and  therefore  AG  exceeds  AC  the 

*  parallelogram  defcribed  upon  AB  in  the  fame  angle,  and  be- 
f  fwcpn  the  fame  parajlely,  by  the  parallelo^rairi  BG.* 


PROP.    XXVII.      T  H  E  O  R- 

OF  all  parallelograms  applied  to  the  fame  ftraight  linc„ 
and  deficient  by  parallelograms,  iimilar  and  fimi* 
lariy  fituated  to  that  T?hich  is  defcribed  upon  the  half  of 
the  line  ;  that  which  is  applied  to  the  half,  and  is  fimilar 
to  jts  dcfcd,  is  the  greateit. 

Let  AB  be  a  ftraight  line  divided  into  two  equal  parts  in  C  s 
an4  let  the  parallelogram  AD  be  applied  to  the  half  AC^ 
"^hich  is  therefore  deficient  from  the  parallelogram  upon  the 
whole  line  AB  by  the  parallelogram  CE  upon  the  other  half 
C^  ;   Qi  all  the  parallelograms  applied  to  any  other  parts  of 

A?4 


OF8UCI.IO. 

ABs  and  deficient  by  parallelograms  that  are  fimUar^  and  iimi- 
larly  Gtuated  to  CE,  AD  is  the  greateft. 

Let  AF  be  any  parallelogram  applied  to  AKf  any  other  part 
of  AB  than  the  half^  fo  at  to  be  deficient  from  the  parallelo* 
gram  upon  the  whole  line  AB  by  the  parallelogram  KH  fimi* 
lar,  and  fimilarly  fitQated  toCE^;  AD  is  greater  than  AF. 

Firlti  let  AK|  the  bafe  of  AF,  be  greater  than  AC  the  half  of 
AB  ;  and  bccaufe  CE'is  £milar  to  the  1^  |- 

parallelogram  KHf  they  are  about  the       .,  ff  V 

fame  diaqneter  ^ :    Draw  their  diame-       /  |\  I        / 

ter  DB,  and  complete  the  fcheme  :  Be-      1  I  \lp     / 

caufe  the  parallelogram  CF  is  equal  G/ ^^ 

^  to  FE,  add  KH  to  both,  therefore 

the  whole  CHis  equal  to  the  whole 

KE  :    But  CH  is  equal  "^  to  CG,  be- 

caufe  the  bafe  AC  is  equal  to  the  bafe 

CB;  therefore  CG  is  equal  toKEr 

To  each  of  thefe  add  CF;   then  the 

whole  Af  is  equal  to  the  gnomon  CHL :  Therefore  CE,  or  the 

parallelogram  AD,  is  greater  than  the  parallelogram  AF. 

Next,  let  AK  the  bafe  of  AF, 
be  lefs  than  AC,  and,  the  fame 
conftrudlion  being  made,  the  paral- 
lelogram DH  is  equal  to  DG^  for 
Hftf  is  equal  to  MG<>,  bccaufe  BC 
is  equal  to  CA;  wherefore  DH  is 
greater  thr  n  LG :  But  DH  is  equal  ^ 
to  DK  ;  therefore  DK  is  greater  than 
LG  :  To  each  of  thefe  add.  AL ;  then 
the  whole  AD  is  greater  than  the 
whole  AF.  Therefore  of  all  paralle* 
Ipgrams  applied^  &c.    Q^  E.  D.  A    K  C      "R 
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Book  VL 

P  ft  O  P.    XXVUL      P  R  O  B. 

TO  a  given  ftraight  line  to  apply  a  parallelogram  c- 
qqal  to  a  given  re^lilineal  figure,  and  deficient  by 
a  parallelogram  (imilar  to  a  given  parallelogram  :  But  the 
given  redilineal  figure  to  which  the  parallelogram  to  be 
applied  is  to  be  equal,  muft  not  be  greater  than  the  pa- 
rallelogram applied  to  half  of  the  given  line,  having  its 
defe£l  fimilar  to  the  dcftCt  of  that  which  is  to  be  ap« 
'  plied ;  that  is,  to  the  given  parallelogram. 

Let  AB  be  tl^e  given  ftraight  Iine«  and  C  the  given  redili* 
neal  figure,  to  which  the  parallelogram  to  be  applied  is  requi- 
red to  be  equal,  which  figure  muft  not  be  greater  than  the  pa- 
rallelogram applied  to  the  half  of  the  line  having  its  dtfeSt  from 
that  upon  the  whole  line  Gmilar  to  the  dcfedt  of  that  which  ia 
to  be  applied;  and  let  1)  be  the  parallelogram  to  which  this 
dcfe€t  is  required  to  be  fimilar*  It  is  requifcd  to  apply  a  pa- 
lallclogram  to  the  ftraight 
line  AB,  which  fiiall  be  equal 
to  the  figure  C,  and  be  defi- 
cient frcm  the  parallelogram 
upon  the  whole  line  by  a  pa« 
rallelogram  (ionilarto  D. 
Divide  AB  into  two  equal 

a  10.  X.  pa^rts  «  in  the  point  £,  and 
upon  EB  defcribe  the   paral- 

b  x8.  6.  lelogram  £BFG  fimilar  b  and 
fimilarly  fituated  to  D,  and 
complete  the  parallelogram 
AG,  which  muft  either  be  e- 
qual  to  C,  or  greater  than  it, 
by  the  dcterminaiion  :  And  if 

AG  be  equal  to  C,  then  what  was  required  is  already  done  : 
For,  upon  the  ftraight  line  AB,  the  parallelogram  AG  is  applied 
equal  to  the  figure  C,  and  deficient  by  the  parallelogram  LF 
fimilar  to  D :  But,  if  AG  be  not  equal  to  C,  it  is  greater  than 
it ;  and  £P  is  equal  to  AG  ;  therefore  £F  alfo  is  greater  than 

^  45*  6.     C.     Make  c  the  parallelogram  KLMN  equal  to  the  excefJs  of 
£1?  above  C,  and  fimilar  and  fimilarly  fituated  to  D ;  but  D  is 

4.  IX.  «•    fiinilar  to  ££,  therefore  d  alfo  KM  is  fimilar  to  £F :   Let  Ki. 

be 


/AH^ 


I  • 


O  F    £  U  C  L  I  D.      /  1I7 

be  the  homologous  fide  to  EG,  and  LM  to  GF :    And  b^caure  ^^^  ^^  ' 
£F  is  eqaal  to  C  and  KM  together,  £F  is  greater  than  KM  ;  Vi^VXi^ 
therefore  the   ftraight  line  EG  is  greater  than  KL,  and  GP 
than  LM:  Make  GX  equal  to  LK,  and  GO  equal  to  LIVI,  and 
complete  the  parallelogram  XGOP  :    Therefore  XO  is  equal 
and  fimilar  to  KM ;  but  KM  is  (imilap  to  EF  *,  wherefore  alfo 
XO  is  iimilar  to  £F,  and  therefore  XO  and  EF  are  about  the 
fame  diameter  ^ :  Let  GPB  be  their  diameter,  and  complete  the  e  %s.  6. 
fcheme  :  Then  becaufe  £F  is  equal  to  C  and  KM  together,  and 
'XO  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other,   the 
remainder,  viz,  the  gnomon  ERO,  is  equal  to  the  remainder 
C :    And  becaufe  OR  is  equal  f  to  XS,  by  adding  SR  to  each,  f  34-  <• 
the  whole  OB  is  equal  to  the  whole  ^B  :    But  XB  is  equal  <  to  s  3^'  <• 
T£,  becaufe  the  bafe  A£  is  equal  to  the  bafe  £B  $  wherefore 
alfo  T£  is  equal  to  OB  :    Add  XS  to  each,  then  the  whole  TS 
is  equal  to  the  whole,  vii.  to  the  gnomon  ERO:  But  it  has  been 
proved,  that  the  gnomon  ERO  is  equal  to  C,  and  therefore  alfo. 
rS  is  equal  to  C.     Wherefore  the  parallelogram  PS,  equal  to 
the  given  reftilineal  figure  C,  is  applied  to  the  given  ftraighc 
line  AB  deficient  by  the  parallelogram  SR,  fimilar  to  the  gi- 
ven one  D,  becaufe  bR  is  fimilar  to  £F  ^.    Which  was  to  be  h  24.  6« 
done. 


PROP,    XXIX.      P  R  O  B. 


TO  a  given  ftraight  line  to  apply  a  parallfclogram  c-  see  n, 
qua)  to  a  given  rectilineal  figure,  exceeding  by  a 
parallelogram  fimilar  to  another  given. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  rectilineal 
figure  to  which  the  parallelogram  to  be  applied  is  required  to 
be  equal,  and  D  the  parallelogram  to  which  the  excefs  of  the 
one  to  be  applied  above  that  upon  the  given  line  is  required  to 
be  fimilar.  It  is  required  to  apply  a  parallelogram  to  the  given 
ftraight  line  AB  which  fliall  be  equal  to  the  figure  C,  exceed- 
ing by  a  parallelogram  fimilar  to  D. 

Divide  AB  into  two  equal  parts  in  the  point  £,  and  upon 
£P  defcribe  »  {he  parallelogram  £L  fimilai  ?uid  fioodlarly  fitua-a  x8.  61 

t^d 
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Book  VI*  ted  CO  D :  And  mike  ^  the  parallelogram  GH  equal  to  EL  and 
C  together^  and  fimilar  and  fimilarly  fituated  to  D  ^  wherefore 
GH  18  fimilar  to  EL  « :  Let  KH  be  the  fide  homologous  to 
FLy  and  KG  to  F£ :  And  becaufe  the  parallelogram  GH  is 
greater  than  EL,  therefore  the  fide  KH  is  greater  than  FL, 
and  KG  than  F£  :  Produce  FL  and  FE»  and  make  FLM  equal 
to  KH|  and  FEN  to  KG,  and  complete  the  parallelogram  MN« 
MN  is  therefore    c-  „  '       1 1 

qua!   and   fimilar  to     A         JN^^  \*M 

GH  i  but  GH  is  fi- 
milar to  EL  i  where* 
fore  MN  is  fimilar  to 
EL,  and  confequent- 
ly  EL  and  MN  are 
about  the  fame  dia- 

I  s6.  6«  meter  ^  :  Draw  their 
/  diameter  FX,  and 
complete  the  (cheme. 
Thereforci  fince  GH 
18  equal  to  £L  and  C 
tpgether,  and  that 
GH  id  equal  to  MN  ; 

MN  is  equal  to  EL  and  C  ;  Take  away  the  common  part  EL  ; 
then  the  remainder,  tiz.  the  gnomon  NOL,  is  equal  to  C.  And 
becaufe  A£  is  equal  to  £B,  the  parallelogram  AN  is  equal  «  to 
the  parallelogram  NB,  that  is,  to  BM  U  Add  NO  to  each  ; 
therefore  the  whole,  tiz.  the  parallelogram  AX,  is  equal  to  tbo 
gnomon  NOL.  But  the  gnomon  NOL  is  equal  to  C ;  therefore 
alfo  AX  is  equal  to  C  Wherefore  to  the  flraight  line  Ai^ 
there  is  applied  the  parallelogram  AX  equal  to  the  given  redi- 
lineal  C,  e^eeding  bj  the  parallelogram  PO,  which  is  fimilar 

B  14*  6.     10  D,  becapfe  FO  is  fimilar  to  EL  K    Which  was  to  b$  donc^ 


e  36  I. 

i  43-  !• 


PROP.    XXX.     P  R  o  a 


To  cut  a  givea  ftraight  line  in  extreme  and  mean 
ratio. 


Let  AB  be  the  gWen  ftraight  line  }  it  is  required  to  cut  it  xa 
extreme  and  mean  ratia 

Upcu 


OF   EUCLID. 


i6^ 


tJpon  AB  dcfc/ibc*  the  fquarc  BC,  and  to  AC  aj^ply  tTic  Book ji 
J^arallclogram  CD  c'qual  to  BC,  c^jcccding  by  the  figure  AD  fi 


D 
E 

■ 
1 

» 

B 


C  I4«  6a 


d  14.  *. 


milar  to  BC  »>  :     But  BC  is  a  fquarc,  »  ^;  J^ 

therefore  alfo  AD  is  a  fquare  ;  and  be- *^  ^^ 

caufe  BC  is  equal  to  CD,  by  taking  the 
commoa  part  C£  from  each,  the  re- 
mainder BF  is  equal  to  the  remainder 
AD  :  And  thefe  figures  are  equiangu- 
lafj  therefore  their  fides  about  the  equal 
angies  are  reciprocally  proportional  c  : 
Wherefore,  as  FE  to  £D,  fo  AE  to  £B : 
But  FE  is  equal  to  AC  <1,  that  is,  to  AB ; 
and  £D  is  equal  to  AE  :  Therefore  as 
B  A  to  AE,  fo  is  AE  to  EB :  But  AB  is 
greater   than    AE;    wherefore   AE   is 

greater  than  EB  ^ :  Therefore  the  ftraight  line  AB  is  cut  in  ex-  e  14*  5* 
treme  and  mean  ratio  in  E  f.    Which  was  to  be  done*  f  3.  dct  i* 

Othcrwife, 

Let  AB  be  the  giyen  ftraight  line;  it  is  required  to  cut  it  in 
extreme  and  mean  ratio. 

Divide  AB  in  the  point  C»  fo  that  the  re£lang1e  contained 
by  AB,  BC  be  equal  to  the  fquare  of  AC  s.  |  *  *'•  ^ 

Then,  becaufe  the  redlangle  AB,  BC  is  equal   \  C     B 

to  the  fquare  of  AC,  as  BA  to  AC,  fo  is 

AC  to  CB  b  :    Therefore  AB  is  cut  in  extreme  and  mean  ra«  h  17.  i. 
tio  in  C  f  •    Which  was  to  be  done. 


F 


PROP.    XXXL      T  H  E  O  R. 


IN  right  angled  triangles^  the  re&ilineal  figure  dcfcri-  see  n. 
bed  upon  the  fide  oppofite  to  the  right  angle,  is  equiil 
to  the  fimilar,  and  fimilar|y  defcribcd  figures  upon  the 
fides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC  :  The  redilineal  figure  defcribed  upon  BC  is  equal  to  the 
fimilafj  and  fimilarly  defcribed  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD ;  therefore,  becaufe  in'  the 
right  angled  triangle  ABC,  AD  is  drawn  from  the  tight  angle 
at  A  perpendicular  to  the  bafe  BC,  the  triangles  ABD,  ADC 
arefioiilar  to  the  whole  triangle  ABC|  and  te  one  another  %« t.  •• 

'  tad 
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Book  VL  and  bccaufe  the  triangle  ABC  is  Cmilar  to  ADB»  as  CS  td 

BA|  fo  18  BA  to  BD  ^  ;  and  becaufe  thefe  three  ftraight  lines 

are  proportionals,  as  the  firft  to  the  third,  fo  is  the  figure  np« 

on  the  firft  to  the  fimilar,  and  fimilarly  defcribed  figure  upon  the 

fecond  *  :  1  herefore  as  CB  to 

BD,   fo    is  the  figure  upon 

CB  to  the   fimilar  and  fimi- 

larly    defcribed   figure    upon 

BA  :    Andy  inyerfely  ^,  as  DB 

to  BC9  fo  is  the  figure  upon 

B A  to  that  upon  BC  :    For 

the*  fame    reafon/ as  DC  to 

CB,  fo  is  the  figure  upon  CA 

to  that  upon  CB.     Wherefore 

as  BD  and  DC  together  to  BCt  fo  are  the  figures  upon  B  A,  AC 
<  »4-  5-  to  that  upon  BC  ^ :  But  BD  and  DC  together  are  equal  to  BC. 
f  A.  5*      Therefore  the  figure  defcribed  on  BC  is  equal  ^  to  the  fimilar 

and  fimilarly  defcribed  figures  on  BA,  AC.    Wherefore,  in 

right  angled  triangles,  &c.  Q^E.  D. 


PROP.    XXXIL     T  H  E  O  R. 


8ccN. 


IF  two  triangles  which  have  two  fides  of  the  one  pro- 
portional to  two  fid^s  of  the  other,  be  joined  at  one 
angle,  fo  as  to  have  their  homologous  fides  parallel  to 
one  another  ;  the  remaining  fides  (hall  be  in  a  (Iraight 
line. 


•  ftp.  z. 


# 
\ 


Let  ABC,  DCE  be  two  triangles  which  have  the  two  fides 
BA,  AC  proportional  to  the  two  CD»  DE,  vis.  BA  to  AC^ 
as  CD  to  DE ;  and  let  AB  be  parallel  to  DC,  and  AC  to  D£. 
BC  and  CE  are  in  a  ftra!ght  line. 

Becaufe  AB  is  parallel  to 
DC,  and  the  ftraight  line  j\.\ 
AC  meets  them,  the  al* 
ternate  angles  B AC,  ACD 
are  equal  • ;  for  the  fame 
reafon,  the  angle  CDE  is 
eqf al  to  the  angle  ACD  | 
wherefore  alfo  BAC  is  e« 
qual  to  CDE ;  And  becaufe 


O  F    E  U  C  L  I  D.  >5«   . 

the  triangles  ABC«  DCE  have  one  angle  at  A  equal  to  one  at  ^^  VL 
D,  and  the  Gdes  about  tbefe  angles  proportionals,  viz.  BA  to  V^iOT^^ 
AC,  as  CD  to  D£,  the  triangle  ABC  is  equiangular  ^  to  DCE  :  b  6.  6. 
Therefore  the  angle  ABC  is  equal  to  the  angle  DCE:  And  the      ^ 
angle  BAC  was  proved  to  be  equal  to  ACD  :/rherefore  the 
whole  angle  ACE  is  equal  to  the  two  angles  ABC,  BAC  -,  add 
th^  common  angle  ACB,  then  the  angles  ACE,  ACB  are  e- 
qual  to  the  angles  ABC,  BAC,  ACB :  But  ABC,  BAC,  ACB 
are  equal  to  two  right  angles*^;  therefore  aifo  the  angles  ACE,  c  aa*^ 
ACB  are  equal  to  two  right  angles :  And  fince  at  the  point 
C,  in  the  ftralght  line  AC,  the  two  ftraight  lines  BC,  CE, 
which  are  on  the  oppofite  (ides  of  it,  make  the  adjacent  angles 
ACE,  ACB  equal   to  two   right  angles ;  therefore  ^  BC  and  ^  X4-  <• 
CE  are  in  a  ftraight  line.     Wherefore,  if  two  trialigles,  &c. 
Q^E.  D. 


PROP.    XXXUI.      T  H  E  O  R. 


TN  eqaal  circles,  angles,  whether  at  the  centres  or  cir-  see  Ki 
^  cumferences,  have  the  fame  ratio  which  the  circum- 
ferences on  which  they  ftand  have  to  one  another :  So 
alfo  have  the  fcdors. 


Let  ABC,  DEF  be  equal  circles  *,  and  at  their  centres  the 
angles  BGC,  EHF,  and  the  angles  BAC,  EOF  at  their  cir* 
cumferences  i  as  the  circumference  BC  to  the  circumference 
£F,  fo  is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 
BAC  to  the  angle  EDF  y  and  alfo  the  feaor  9GC  to  the  fedor 
EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to 
BC,  and  any  number  whatever  FM,  MN  each  equal  to  EF : 
And  join  GK,  GL,  HM,  HN.  Becaufe  the  circumferences 
BC,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL 
are  alfo  all  equal  *  :  Therefore  what  multiple  foever  the  circum-  •  ^7*  3* 
fercnce  BL  is  of  the  circumference  BC,  the  fame  multiple  is 
the  angle  BGL  of  the  angle  BGC  :  For  the  fame  reafon,  what- 
ever multiple  the  circumference  EN  is  t)f  the  circumference 
^,  the  fame  multiple  is  the  angle  EHN  of  the  angle  EHF } 

And 


\. 
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^oek  VI.  And  if  the  circumference  BL  be  equal  to  the  circumferehe^ 

Vii^VXi^  £N,  the  angle  BGL   is  alfo  equal  '  to  the  angle  £HN  ;  ahd 

•  ^7«  3-      if  the  circumference  BL  be  greater  than  £N,  likewife  the  angle 

BGL  is  greater  than  £HN  ;  and  if  lefs,  lefs  :  There  being  then 

»  four  magilitudes,  the  two  circumferences  BC,  £F,   and  the 

two  angles  BGC»  £HF;  of  the  circumference  BC,  and  of  the 

angle  BGC|  have  been  taken  any  equimultiples  whatever,  viz. 

the  circumference  BL|  and  the  angle  BGL  ;  and  of  the  circum* 

ference  £F,  and  of  the  angle  £HFj  anj  equimultiples  what- 


c  15. 6. 


fter,  viz*  the  circumference  EN,  and^  the  angle  EHN :  And 
it  has  been  proved,  that,  if  the  circumference  BL  be  greater 
than  ENj  the  angle  BGL  is  greater  than  EHN  s  and  if  e- 
qual,  equal;  andiflefs,  Icfs :  As  therefore  the  circumference 

b5.t)ef<5.  BC  to  the  circumference  £F,  fo  ^  is  the  angle  BGC  to  the 
angle  £HF  :  But  as  the  angle  BGC  is  to  the  angle  EHF,  fo  is 
c  the  angle  BAC  to  the  angle  EDF,  for  each  is  double  of 
6ach  ^ :  Therefore,  as  the  circumferenee  BC  is  to  £F,  fo  is  the 
angle  BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the  angle 
EDF. 

Alfo,  as  the  circumference  BC  to  £F,  fo  is  the  fe£Eor  BGC 
to  the  fc&or  EHF.  Join  BC,  CK,  and  in  the  circumferences 
BC,  CK  take  any  points  X,  0|  and  join  BX,  XC,  CO,  OK  : 
Then,  becaufe  in  the  triangles  GBC,  GCK  the  two  fides  BG, 
GC  are  equal  to  the  two  CG,  GK,  and  that  they  contain  c- 
qual  angles ;  the  bafe  BC  is  equal  ^  to  the  bafe  CK,  and  the 
triangle  GBC  to  the  triangle  GcK :  And  becadfe  the  circum- 
ference BC  is  equal  to  the  circumference  CK,  the  remaining 
.  part  of  the  whole  circumference  of  the  circle  ABC,  is  equal  to 
the  rejnaining  part  of  the  whole  circunliference  Of  the  fame 
circle :  Wherefore  the  angle  BXC  is  equal  to  th^  angle  COK  "  ; 

fix.  doKf  ^  and  the  fegment  BXC  is  therefore  fitnilit  to  the  fegment  COK  f  $ 

«itd 
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and  they  are  upon  equal  ftraight  lines  BC,  BK :  But  Gmiiar  feg-  Book  VT. 
ments  of  circle*  upon  equ;^l  ftraight  lines,  are  equal '  to  one  ano»  V^'^/NJ 
ther :  Therefore  the  fegment  BXC  is  equal  to  the  fegment  COK :  S  ^^  3* 
And  the  triangle  BGC  is  equal  tp  the  triangle  CGK ;  therefore 
the  whole,  the  fedlor  BGC,  is  equal  to  the  whole,  the  fe£kor  CGK : 
For  the  fame  reafon,  the  fedor  KGL  is  equal  to  each  of  the 
feaors  BGC,  CGK :  In  the  fame  manner,  the  feAors  £HF» 
FHM,  MHN  may  be4>roTed  equal  to  one  another :  Therefore, 
what  multiple  foever  the  circumference  BL  is  of  the  circunrfe- 
rence  BC,  the  fame  multiple  is  the  fedor  BGL  of  the  feflor 
BGC  :  For  the  fame  reafon,  wbateyer  multiple  the  circumfe- 
rence EN  is  of  £F,  the  fame  multiple  is  the  fedor  EHN  of  the 
fcQor  EHF :  And  if  the  circumference  BL  be  equal  to  £N^  the 


fc&oT  BGL  is  equal  to  the  fe£tor  EHN ;  md  if  the  circumfe« 
rence  BL  be  greater  than  EN,  the  fe£tor  BGL  is  greater  than 
the  fefior  EHN ;  and  if  lefs,  lefs  :  Since,  then,  there  are  four 
magnitudes,  the  two  circumferences  BC,  £F,  and  the  two  fec- 
cors  BGC,  EHF,  and  of  the  circumference  BC,  and  fe£lor 
BGC)  the  circumference  BL  and  fe£lor  BGL  are  any  equi- 
multiples whatever }  and  of  the  circumference  £F  and  fedor 
EHF,  the  circumference  EN  and  feclor  EHN  are  any  equi* 
multiples  whatever ;  and  that  it  has  been  proved,  if  the  circum- 
ference BL  be  greater  than  EN,  the  kGtor  BGL  is  greater  tbaa, 
the  feAor  EHN ;  and  if  equal,  equal ;  and  if  lefs,  lefs.  There^ 
fore^,  as  the  circumference  BC  is  to  the  circumference  EF,  fob  5 
is  the  fe£tor  BGC  to  the  fedor  EHF.  Whereforcj  in  equal  cir* 
cles,  &c.    Q^JBh  D. 
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PROP,    B.      THEOR. 

IF  an  angle  of  a  triangle  be  bifeded  by  a  ftrai^  line, 
which  likewife  cuts  the  bafe  ;  the  redangle  contained 
by  the  (ides  of  the  triangle  is  equal  to  the  rc&anglq  con- 
tained by  the  fegments  of  the  bafe,  together  with  the 
f^uare  of  the  ftraight  line  bifeQing  the  angle. 

XiCt  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bife£ied 
by  the  ftraight  line  AD  ;  the  redlangle  BA,  AC  is  eqaal  to  the 
reA^gle  BD>  DC,  together  with  the  fqttare  of  AD. 

Defcribe  the  circle  *  ACB  abput  the  tfiangle,  anjl  produce 
AD  to  the  circumference  in  £, 
and  join  EC :  Thep,  becaufe  the 
angle  BAD  is  equal  to  the  angle 
CAE^  and  the  angle  A^D  to  the 
angle  ^  AEC,  for  they  are  in  the 
fame  fegment;  the  triangles  APD^ 
AEC  are  equiangular  to  one  an- 
other :  Therefore  as  fi  A  to  AD, 
fo  is  ^  £A  to  AC,  and  cenfe- 
quently  the  redangle  BA,  AC  is 
equal  ^  to  the  rediangle  £  A,  AD, 
that  is  *,  to  the  redangle  ED,  DA 
together  with  the  fquare  of  AD  :  But  the  rcAangle  ED,  DA 
IS  equal  to  the  rcjClangle  f  BD,  DC.  Therefore  the  reAangle 
BA,  AC  is  equal  to  the  re£kangle  BD,  DCt  together  with  the 
fquare  of  AD.    Wherefore,  if  an  angle.  Sac*    Q^E.  D. 


SccN. 


P  R  O  P.    C.      THEOR, 

IF  from  any  angle  of  a  triangle  a  ftraight  line  be  drawn 
perpendicular  to  the  bafc  j  the  redangle  confined  by 
the  (ides  of  the  triangle  is  equal  to  (he  redangle  con- 
tained by  the  perpendicular  and  the  diameter  of  (he  cir- 
cle dcfcribed  about  the  triangle* 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular  from  the 
anf^le  A  to  the  bafe  l3C ;  the  redangle  BA,  AC  is  equal  to  the 
redangle  contained  by  AD  and  the  diametef  of  the  circle  de- 
Icribed  about  the  triangle. 

Defcribe 


v^ 
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Deicribe  *  the  circle  ACB  ibout 
the  triangle,  and  draw  its  diame- 
ter AE,  andjoin  EC:  Beoaufe  the 
right  ahfrle  0DA  is  equal  ^  to  the 
angle  EGA  in  a  femicircley  and, 
the  angle  ABO  to  the  angle  AEC 
in  the  fame  fegment^j  the  tri- 
angles  ABP,  AEC  are  equian- 
gular :  Therefore  as  '  BA  to  AD, 
fo  is  £A  to  AC;  and  confequent- 
Ij  the  re^^angle  BA»  AC  is  equal 
^  to  the  refiangle  £A,  AD.  If 
therefore,  from  an  angle,  &c.    Q^E.  D. 
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P  R  O  p.    D.      T  H  E  O  R. 

THE  rcdangle  contained  by  the  diagonals  of  a  qua- 
drilateral  infcribed  in  a  circle,  is  equal  to  both  the 
redangles  contained  by  its  oppofite  fides. 

Let  ABCD  be  any  quadrilateral  infcribed  in  a  circle,  and 
join  AC,  BD ;  the  re&angie  contained  by  AC,  BD  is  equal  to 
the  two  rectangles  contained  by  AB,  CD,  and  by  AD,  BC  f- 

Make  the  angle  ABE  equal  to  the  angle  DBC  ;  add  to  each 
ofthefe  the  common  angle  EBD,  then  the  angle  ABD  is  e« 
qual   to  the  angle  EBC:  And  the  angle  BDA  is  equal  *  to  the  a  ir. 
angle  BCE,  becaufe  they  are  in  the  fame  fegment  \  therefore 
the  triangle  ABD  is  equiangular  to 

the  triangle  BCE :  Wherefore  ^  as     X3tC_  \         b  4  6. 

BC  is  to  C£,  fo  is  BD  to  DA;  and 
confequently  the  re&angle  BC,  AD 
is  equal «  to  the  redangle  BD,  CE : 
Again,  becaufe  the  angle  ABE  is 
equal  to  the  angle  DBC,  and  the 
angle  *  BAE  to  the  angle  BDC,  the 
triangle  ABE  is  equiangular  to  the 
triangle. BCD:  As  therefore  B A  to 
AK,  fo  is  BD   to   DC ;  wherefore 
the  reaangle  BA,  DC  is  equal  to  the.reaangle  BD,  AE  :  But 
the  redangle  BC,  AD  has  been  (hewn  equal  to  the  re£langle 
BD,  CE  ;  therefore  the  whole  rcAangle  AC,  BD^  is  equal  to  dri.%, 
the  redangle  AB,  DC,  together  with  the  re£tangle  AD,  BC. 
Therefore  the  rc£tangle,  &c.    Q.  £•  D. 
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DEFINITIONS. 

A  I. 

Solid  is  that  which  hath  length,  bre^dthj  and  thickneft* 

II. 
7'hat  vhich  bpunds  a  folid  is  a  luperficies. 

m. 

A  flraight  line  is  perpendicular,  or  at  right  angles  to  a  plane* 
when  it  makes  right  apgle«  with  cveiy  ftraight  liqe  meeting 
t^in  that  plane. 

IV. 
A  plane  i%  perpendicular  to  a  plape,  when  the  (Iraight  Iinei 
drawn  in  one  of  the  planes  perpendicularly  to  the  commoq 
fc£tioa  of  the  two  planeSi  9rc  perpendicular  tp  the  other 
plane. 

V. 

The  inclifiation  of  a  ftraight  line  to  a  plane  is  the  acute  angle 
conuined  by  that  ftraight  line,  and  apother  drawn  from  the 
point  in  which  the  firft  line  meets  the  plane,  to  the  point  in 
which  a  perpendicular  to  the  plane  drawn  from  any  point  of 
the  firft  lipe  above  the  plane,  meets  the  fame  plane« 

VI. 

^he  inclination  of  a  plane  to  a  plane  is  the  acute  angle  contain? 
ed  by  two  ftraight  lines  drawn  from  any  the  fame  point  of 
their  common  fcdion  at  right  angles  to  it,  one  upon  ope 
plane^  and  the  other  upon  the  pthpr  plane. 
*  VIL  TvQ 


b  t    EU  C  Lib. 
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VII.  hook  xr. 

^wd  planes  arc  faid  to  have  the  fame,  or  a  like  inclination  td  ^•vn*; 
one  another,  which  two  other  planes  have,  when  the  faid 
angles  of  inclination  ate  equal  to  one  another* 
*  VIII. 

Parallel  planes  are  fucfa  i^hich  do  not  rheet  one  another  though    . 
produced. 

A  fotid  angle  is  thai  which  is  made  by  the  hieeting  of  mdreSee  N. 
than  two  plane  angles,  which  are  not  in  the  fame  platie,  in 
one  point. 

X. 
•  The  tenth  definition  ii  omitted  for  r.eafons  gi<ren  in  the  notcs.'Sec  N* 

XI. 
Similar  folid  figures  are  fuch  as  have  all  their  folid  artgles  equalj  Sec  N. 
each  to  each,  and  which  are  contained  by  the  fame  ilumber 
of  fimilar  planes. 

xir. 

A  pyratnid  is  a  folid  figure  contained  by  ptaiies  that  are  Confti- 
tuted  betwixt  one  plane  and  one  point  above  it  in  which  they 
meet. 

XIII. 
A  prifm  is  a  folid  figure  contained  by  plane  figures  of  which 
two  that  are  oppofite  are  equal,  (imilari  and  parallel  to  one 
another }  and  the  others  parallelograms. 

XIV; 
A  fphf  re  is  a  folid  figure  defcribed  by  the  revolution  of  a  feiti* 
circle  about  its  diameter^  which  remains  unmqved* 

XV. 
The  axis  of  a  fphere  is  the  fixed  (Iraight  line  abbut  Which  this  , 
femicircle  revolves^ 

itVL 
The  centre  of  a  (phere  is  the  fame  with  that  of  the  feiiiicircle. 

XVII. 
The  dianieter  of  a' fphere  is  any  (Iraight  line  which  pafles  thro* 
the  centre,  and  is  terminated  both  Ways  by  the  fuperficies  of 
the  Iphere.  » 

XVIIL 
A  cone  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containing  the  right 
angle,  which  fide  remains  fixed. 
If  the  fixed  fide  be  equal  to  the  other  fide  containing  the  right 
angle,  the  cone  is  called  a  right  angled  cone ;  if  it  be  lefs    . 
than  the  other  fide^  an  obtufe  angled^  and  if  greater,  an  acute 
angled  cone. 

N  3  XIX.  The 
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XIX. 


The  1X16  of  a  cone  is  the  fixed  ftraight  line  aboat  wliich  the 
triangle  revblres. 

XX-        ^ 
The  bafe  of  a  cone  is  the  circle  defcribed  hj  that  fide  contain- 
ing the  right  angle»  which  revolTcs. 

XXI. 
A  cylinder  is  a  folid  figure  defcribed  by  the  rerolation  of  a 
right  angled  parallelogram  aboat  one  of  its  fides  which  re* 
mains  fixed.  , 

XXII. 
The  axis  of  a  cylinder  is  the  fixed  ftraight  line  about  which  the 
parallelogram  reTolves* 

XXIII. 
The  bafes  of  a  cylinder  are  the  circles  defcribed  by  the  two  re- 
▼ohing  oppofite  fides  of  the  parallelogram. 

Similar  cones  and  cylinders  are  thofe  which  have  their  axes  and 
the  diameters  of  their  bafes  proportionals. 

XXV, 
A  cube  is  a  folid  figure  contained  by  fix  equal  fquares. 

XXVI. 
A  tetrahedron  is  a  folid  figure  contained  by  four  equal  and  e* 
quilateral  triangles* 

XXVII. 
An  o&ahedron  is  a  folid  figure  contained  by  eight  equal  and 
equilateral  triangles. 

XXVIII. 
A  dodecachedron  is  a  folid  figure  contained  by  twelve  equal 
pentagons  which  are  equilateral  and  equiangular. 

An  icofahedron  is  a  folid  figure  contained  by  twenty  equal  and 

equilateral  triangles. 

D  E  F.    A. 
A  parallelopiped  is  a  folid  figuie  contained  by  fix  quadrilateral 

figures  whereof  every  oppofite  two  are  parallel. 
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t»  R  O  P.    I.     TH  E  OR. 

O^M  part  of  a  ftraight  line  cannot  be  lii  a  plane  and  Scc  n. 
.  another  part  above  it. 

If  It  be  poffiblc,  let  AB,  part  of  the  ftraiglit  line  ABC,  be  in 
the  plane,  and  the  part  BC  abdvc  it :  And  fiflce  the  ftraight 
line  AB  is  in  the  plane,  it  can  be 
prodaced  in  that  plane  :  Let  it  be 
produced  to  D  i  And  let  any  plane 
pafs  thrc/  the  ftraight  line  AD^  and 
be  turned  about  it  until  it  pafs 
thro'  the  point  C  ;  and  becaufe  the 

points  B,  C,  are  in  this  plane,  the  ftraight  line  BC  is  in  it  *  :  « 
Therefore  there  are  two  ftraight  lines  AfiC,  ABD  in  the  fame 
plane  that  have  a  common  fegment  AB,  Hrhieh  is  impoflible^.  b. 
Therefore  one  part|  &c.    Q^£.  D. 


7*-  def*  ti\ 
Gor.xI.X« 


P  R  O  P.    n.      T  H  E  O  R* 


TWO  ftf aight  line*  which  cut  one  another  arc  in  one  sw  K. 
plane,  and  three  ftraight  lines  which  meet  one  ano- 
thcr  arc  in  one  plane. 

Let  two  ftraight  lines  AB,  CD  cut  one  another  in  E  ;  AB, 
CD  are  one  plane :  And  three  ftraight  lines  EG,  CB,  BE 
which  meet  one  another,  are  in  one  plane. 

Let  any  plane  pafs  through  the  ftraight 
line  £B^  and  let  the  plane  be  turned  a- 
bout  £B,  produced,  ifneceflary,  until  it 
pafs  through  the  point  C  :  Then  becaufe 
the  points  £,  C  are  in  this  plane,  the 
ftraight  line  EC  is  in  it  *  :  For  the  fame 
reafon,  the  ftraight  line  BC  is  in  the 
fame  ;  and,  by  the  hypothefis,  ^B  is  in 
it :  1  hereibre  the  three  ftraight  lines  EC, 
CB,  BE  are  in  one  plane :  But  in  the  plane  Q' 
in  which  EC,  £B  are,  in  the  fame  are^ 
CD,  AB :  Therefore  AB,  CD  arc  in 
one  plane.    Wherefore  two  ftraight  lines^  &€•    CL  ^*  ^* 


af.ikf.t* 
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P  R  O  P.    m.      T  H  E  O  ft. 

f 
JF  two  planes  cut  one  another,  their  common  fe&Ioo  U 
a  ftraigbt  line. 


Let  two  planes  A6,'  BC,  cot  one  anotber,  and  let  the  line 
DB  be  their  coramon  feAion  :  DB  is  a 
ftraight  line  :  If  it  be  not,  from  the  point 
D  to  B,  draw,  in  the  plane  AB,  the 
ftraight  line  DEB,  and  in  the  plane  BC 
the  ftraight  h'ne  DFB  :  Then  two  ftraight 
lines  DEB,  DFB  have  the  fame  extremt-* 
ties,  and  therefore  include  a  fpace  bcs 
aiOk  Ax.  I.  twixt  them ;  Hrhich  is  itnpoQible* :  There* 
fore  BD  the  common  fe&ion  of  the  planes 
AB,  BC  cannot  but  be  a  ftraight  line« 
Wherefore,  if  two  planes,  &c.  Q^£.  D. 


P  R  O  P.    IV.      T  fl  E  O  R. 


Sec  If. 


a  ts.  X. 
b4*  I* 


c  2^.  X. 


If  a  ftraight  line  (land  at  right  angles  to  each  of  two 
ftraight  lines  in  the  point  of  their  interfedion,  it  fhall 
alfo  be  at  right  angles  to  the  plane  which  pafics  through 
them,  that  is,  to  the  plane  in  which  they  are. 

Let  the  ftraight  h'ne  EF  ftatid  at  right  angles  to  each  of  the 
ftraight  lines  AB»  CD  in  £,  the  point  of  their  interfe£tion  :  £F 
is  alio  at  right  angles  to  the  plane  pafling  through  AB,  CD/ 

Take  the  ftraight  lines  AE,  EB,  C£,  ED  all  equal  to  one  an- 
other ;  and  through  E  draw,  in  the  plane  in  which  are  AB,CD^ 
any  ftraight  line  GFH  ;  and  join  AD,  CB  ;  then,  from  any 
point  F  in  EP,  draw  FA,  FG,  FD,  FC,  FH,  FB  :  And  bccaufc 
the  two  ^raight  lines,  AE,  ED  are  equal  to  the  two  BE,  EC* 
and  th^t  they  contain  equal  angles  tAED,  BEC,  the  bafe  AD 
is  equdl  b  to  the  bafe  BC,  and  the  angle  DAE  to  the  angle 
£BC  :  And  the  angle  AEO  is  equal  to  the  angle  BEH* ;  there- 
fore the  triangles  AEG,  BEH  have  two  angles  of  one  equal 
to  two  angles  of  the  other,  each  to  each,  and  the  fides  AE, 
£B,  adjacent  to  the. equal  aneles,  equal  to  one  another;  where- 
fore they  fiiall  haTe  their  other  fides  cqual^:  G£  is  therefore 

equal 
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equal  to  EH,  and  AG  to  BH :  And  becaufe  AE  is  equal  td  EB,  Bo©k  xi 

and  FE  common  and  at  right  angles  to  them,  the  bafe  AF  is  ^^'^"^^'^ 

equal  b  to  the  bafe  FB  \  for  the  fame  reafon,  CF  is  equal  to  ^  ^'  *' 

FD :  And  becaufe  AO  is  equal  to  BC,  and  AF  to  FB,  the  two 

fides  FA»  AD  are  equal  to  the  two* 

FB,  BC,  each  to  each ;  and  the  bafe  DF 

was  proved   equal  to  the  bafe  FC  ; 

therefore  the  angle  FAD  is  equal  d  to 

the  angle  FBC  :  Again,  it  was  proved 

that  G A  is  equal  to  BH,  and  alfa  AF   A 

to  FB;  FA,  then,  and  AG,  are  equal 

to  FB  and  BH,  and  the  angle  FAG  r^ 

has  been  proved  equal  to  the  angle  ^ 

FBH;  thereifore  the  bafe  GF  is  equal 

^  to  the  bafe  FH  :  Again,  becaufe  it 

was  proved,  that  Q£  is  equal  to  EH,   « 

and  £F  is  common ;  G£,  EF  are  e*  F) 

qual  to  HE,  EF;  and  the  bafe  GF 

is  equal  to  the  bafe  FH ;  therefore  the  angle  GEF  is  equal  ^  to 

the  angle  HEF;  and  confequently  each  of  thefe  angles  is  a 

right  ^  angle.    Therefore  FE  makes  right  angles  with  GH,  eio. 

that  is,  with  any  ftraight  line  drawn  through  E  in  the  plane 

pafling  through  AB,  CD.  In  like  manner,  it  may  be  proved,  that 

FE  makes  right  angles  with  every  ftraight  line  which  meets  it 

in  that  plane.    But  a  ftraight  line  is  at  right  angles  to  a  plane 

when  it  makes  right  angles  with  every  ftraight  line  which  meets 

it  in  that  plane  ^ :    Therefore  EF  is  at  right  angles  to  the  plane  f  3- 

in  which  arc  AB,  CD*     Wherefore,   if  a  ftraight  line,  &a 

Q^E.  D. 


dcf.  I. 


dcf.  IX. 


PROP.    V.    T  H  E  O  R. 


Ip  three  ftraight  lines  meet,  all  in  one  point,  and  aSeeN. 

ftraight  line  itands  at  right  angles  to  each  of  them  in 
that  point  ;  thefe  three  ftraight  lines  are  in  one  and  the 
fame  plane. 

Let  the  ftraight  line  AB  ftand  at  right  angles  to  each  of  the 
ftraight  lines  BC,  BD,  BE,  in  B  the  point  where  they  meet  i 
BC,  BD,  BE  are  in  one  and  the  fame  plane. 

It  notj  let,  if  it  btr  poi&ble,  BD  and  BE  be  in  one  plane,  and 
BC  be  above  it;  and  let  a  plane  pafs  through  AB,  BC,  the 
common  fc^on  of  which  with  the  planep  in  which  BD  and  BE 

are. 
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ire,  fltall  be  a  ftraiifht  •  line ;  let  this  be  BF :  Therefore  the  three 
ftraight  lines  AB,  BC,  BF  are  all  in  one  plane,  viz,  that  which 
pafles  through  AB,  BC ;  and  becaufe  AB  ftands  at  right  angles 
to  each  of  the  ftraight  lines  BD,  BE,  ft  is  alfo  at  ri^t  angles 
►  to  the  plane  paffing  through  them  j  and  therefore  makes 
.  right  angles  «  with  every   (Iraight  a 

Jine  meeting    in    that  plane;    but-^ 

BF  which  is  in  that  plane  meets  it: 

Therefore  the  angle  ABF  is  a  right 

angle ;  but  the  angle  ABC,  by  the 

hypothefis,   is   alfo  a  right  angle; 

therefore  the  angle  ABF  is  equal 

to  the  angle  ABC,   and  they  are 

both  in  the  fame  plane,  which  is 

impoffible  :    Therefore  the  ftraight 

line  BC  is  not  above  theplane in 

«^*^  ««  ^  *^  *"^  ®^ '  Wherefore  the  three  ftraight  lines  BC* 
BD,  BE  are  in  one  and  the  fame  plane.  Therefore,  if  three 
ftraight  ImcSj  &c.    Q.  £.  D. 


P  R  O  R    VI.     T  H  E  O  R. 


p 


two  ftraight  lines  be  at  right  angles  to  the  fame  plane, 
they  Ihall  be  parallel  to  one  another. 

Let  the  ftraight  lines  AB,  CD  be  at  right  angles  to  the  fame 
plane  ;  AB  if  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 

ftraight  Ijne  BD,  to  which  draw  DE  at  right  angles,  in  the 

fame  plane ;  and  make  D£  equal  to  AB, 

and  join  BE,  AE,  AD.    Then,  becaufe,  A 

AB    is   perpendicular  to  the  plane,  it* 

adcLiT.    fhall  make  right  *  angles   with   every 

ftraight  line  which  meets  it,  and  is  in 

that  plane  :    But  BD,  BE,  which  are  in 

that  plane,  do  each  of  them  meet  AB , 

Therefore  each   of   the  angles  ABD, 

ABE  is  a  right  angle :  For  the  fame  rea- 

fonj  each  of  the  angles  CDB,  CDE  is 

a  right  angle :  And  becaufe  ABis  equal 

to  DE,    and   BD   common,    the   two 

fides  AB,   BD,   are  equal   to  the  two 

ED.  DB  ;  and  they  contain  right  angles ;  therefore  the  bafo 

AD  IS  equal  ^  to  the  bafo  BE :    Again,  becaufe  AB  is  equal 

to 
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to  DKj  and  BE  to  AD  i  AB^  BE  tre  equ^l  to  ED,  DA ;  aad»  BwA  30. 

in  the  triangles  ABE,  EDA,  the  bafe  AE  is  common ;  there*  V«^yO 

fore  the  angle  ABE  is  equal «  to  the  angle  EDA :   But  ABE  is  ^  ^*  <* 

a  right  angle ;  therefor^e  EDA  is  alfo  a  right  angle,  and  ED 

perpendicular  to  DA :   But  it  is  a|fo  perpendicular  to '  each  of 

the  two  BD,  DC  :.  Wherefore  ED  is  at  right  angles  to  each  o£ 

the  three  ftraight  lines  BD,  DA,  DC  in  the  point  in,  which 

they  meet :   Therefore  thefe  three  ftraight  lines  are  all  in  the 

fame  plane  '  :   But  AB  is  in  the  plane  in  which  are  BD,  DA,  ^  ^"  ''* 

becjiufe  any  three  ftraight  lines  which  meet  one  another  are  in 

one  plane  ^ :  Therefore  AB»  BD,  DC  are  in  one  plane  :  And  e  s.  ii. 

each  of  the  axigles  ABD,  BDC  is^a  right  angle;  therefore  AB  ia 

parallel^  to  CD.   Wherefore,  if  two  f&aight  lines,  &c.  Q^E»  D«  f  at  i. 


P  R  O  P.    VIL      T  H  E  O  R. 

IF  two  ftraight  lines  be  parallel,  the  ftraight  line  drawn  See  N. 
from  any  point  in  the  one  to  any  point  in  the  other, 
is  in  the  lame  plane  with  the  parallels. 


Let  AB,  CD  be  parallel  ftraight  lines,  and  take  any  poinc 
E  in  the  one,  and  the  point  F  in  the  other  ^  The  ftraight  line 
which  joins  £  and  F  is  in  the  fame  plane  with  the  parallels. 

If  not,  let  it  be,  if  poi&ble,  abore  the  plane,  as  E6F ;  and 
in  the  plane  AI^CD  in  which  the     ^   \         p^  ^ 

parallels  are,  draw  the  ftraight    ^  '^  IS 

line  EUF  from  E  to  F;  and  fince 
EGF  alfo  is  a  ftraight  line,  the 
two  ftraight  liacs  £HF,  EGF 
include  a  fpace  between  them, 
which  is  impoflible  •.    Therefore  ■ 

the    ftraight   Jine   joining    the     C  JF  D 

points  £,  F  is  not  above  the 

plane  in  which  the  parallels  AB,  CD  are,  and  is  therefore  in 
that  plane.    Wherefore,  if  two  ftraight  lines,  &c-  Q^E.  D. 


aiObAa^i^ 


PROP.    Vra.      T  H  E  O  R. 

TF  two  ftraight  lines  be  parallel*  and  one  of  them  is  at  Sm  n. 

right  angles  to  a  plane  j  the  other  alfo  fhall  be  at  right 
angles  to  the  time  plane. 

Let 
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Book  Xt.  Let  AB,  CD  be  two  parallel  ftralght  lines,  and  let  one  of 
them  AB  beat  right  angles  to  a  plane;  the  other  CD  is  at  right 
angles  to  the  fame  place. 

Let  AB,  CD  meet  the  plane  in  the  joints  B,  D,  and  join 
BD :  Therefore  *  AB,  CD,  BD  are  in  one  plane,  tn  the  plane 
to  which  AB  18  at  right  angles,  draw  DE  at  right  angles 
to  BD,  and  make  DE  equal  to  AB,  and  join  BE,  AE,  AD* 
And  becaufe  AB  is  perpendicular  to  the  plane,  it  is  perpen- 
dicular to  every  ftraight  line  which  meets  it,  and  is  in  that 

»3.def.  tt.  plane*  :  Therefore  each  of  the  angles  ABD,  ABE,  is  a  right 
angle:  And  becaufe  the  ftraight  line  BD  meets  the  parallel 
ftraight  lines  AB,  CD,  the  angles  ABD,  CDB  are  together 
equal  ^  to  two  right  angles :  And  ABD  is  a  right  angle  ; 
therefore  alfo  CDB  is  a  right  angle,  and  CD  perpendicular  to 
BD :  And  becaufe  AB  is  equal  to  DE,  and  BD  common,  the 
two  AB,  BD,  arc  equal  to  the  two  ED, 
DB,  and  the  angle  ABD  is  equal  to  Aw  C 

the  angle  EDB,  oecaufe  each  of  them 
is  a  right  angle;  therefore  the  bafe  AD 
is  equal  ^  to  the  bafe  BE :  Again,  be- 
caufe AB  is  equal  to  DE,  and  BE  to 
AD;  the  two  AB,  BE  are  equal  to  the 
two  £D,  DA;  and  the  bafe  AE  is  com- 
mon '  to  the  triangles  ABE,  EDA  ; 
wherefore  the  angle  ABE  is  equal '  to 
the  angle  EDA  :  And  ABE  is  a  right 
angle ;  and  therefore  EDA  is  a  right 
angle,  and  ED  perpendicular  to  DA  : 

But  it  is  alfo  perpendicular  to  BD ;  therefore  ED  is  perpendi^ 
cular^  to  the  plane  which  pafles  through  BD,  DA,  and  (haU  f 

'3*  ^•"' make  right  angles  with  every  ftraight  line  meeting  it  in  that 
plane  :  But  DC  is  in  the  plane  paffing  through  BD,  DA,  be- 
caufe all  three  are  in  the  plane  in  which  are  the  parallels  AB, 
COQI. :  Wherefore  ED  is  at  right  angles  to  DC ;  and  therefore 
CD  is  at  right  angles  to  DE :  But  CD  is  alfo  at  right  angles  to 
DB  ;  CD  then  is  at  right  angles  to  the  two  ftraight  lines  DE» 
DB  in  the  point  of  their  interfeAion  D ;  and  therefore  is  aC 
right  angles  *  to  the  plane  paifing  through  DE,  DB,  which  is 
the  fame  plane  to  which  AB  is  at  right  angles*  Tbereforci  if 
two  ftraight  lineSy  &c« .  Q.  E*  D« 
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P  R  OfP.    IX.     T  H  E  O  R. 

TWO  ftraight  line$  ^vhich  are  each  of  them  parallel 
to  (he  fame  ftraight  line,  and  not  in  the  fame  plane 
yrith  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the 
fame  plane  with  it ;  AB  (hall  be  parallel  to  CD* 

In  EF  take  any  point  G,  from  which  draw,  in  the  plane 
paffing  through  EF,  AB,  the  ftraight  line  GH  at  right  angles  to 
£F ;  and  ip  the  plane  palling  through  EF9  CD,  draw  GK  at 
right  angles  to  the  fame  EF.    And      J^    }^ 
becaiure  EF  is  perpendicular  both 
to  GH  and  GK,  EF  is  perpendi- 
cular* to  the  plane  HGK  pafiing'  \.  #^  *  ^  "' 
through  them :  And  EF  is  parallel 
to  AB ;  therefore  AB  is  at  right                   ^  w  •  • 

angles^  to  the  plane  HGK.  For  ^he    _^  ^  **•'*• 

fame rcafon,  CD  is  likewife  at  right    ^    jr 

angles  to  the  plane  HGK.   There- 

fore  ABi  CP  are  each  of  them  at  right  angles  to  the  plane 

HGK.    But  if  two  ftraight  lines  be  attigbt  angles  to  the  fame 

plane,  they  (hall  be  parallel  ^  to  one  another.    Therefore  AB  is  c  4.  if. 

prallel  to  CD.    Wherefore  two  ftraight  lines,  &c.  Q^^E.  D* 


PROP.    X,     THJS  OIU 

IF  two  ftraight  lines  nieeting  one  another  be  parallel  to 
two  others  that  meet  one  another,  and  are  not  in  the 
fame  plane  with  the  firft  two ;  the  firft  two  and  the  other 
(wo  fliall  contain  equal  angles. 

Let  the  two  ftraight  lines  AB»  BC  which  meet  one  another 
be  parallel  to  the  t^o  ftraight  lines  DE,  EF  that  meet  one  an- 
pther^  and  are  not  in  the  fame  plane  with  AB^  BC.  The  angle 
^BC  is  equal  to  the  angle  DEF. 

JAc  BAi  BC|  EDj  EF  all  equal  to  one  another  i  and  join 


2fi6 


THEiELE  MEN^S 


•  3J.  i« 


Book  XT.  AD|  CF«  BE,  AC,  DF :  Bccaufe  BA  is^  equal  and  parallel  to 
tDf  therefore  AD  is  *  both  equal  and  n 

partllql  to^  BE.    For  the  fame  reafon,  t    " 
CF  is  equal  and  parallel  to  BE.  There- 
fore AD  and  CF  are  each  of  them  e-  /\ 
qual  and  parallel  to  BE.    But  ftraight 
lines  that  are  parallel  to  the  fame  fttaight 
line,  and  not  in  the  fame  plane  with  it, 
are  parallel^  to  one  another.    Therefore 
u  AD  is  parallel  to  CF ;  and  it  is  equal  ^ 
to  it,  and  AC,  DF  join  them  towards 
the  fame  parts ;  and  therefore  *  AC  is 
equal  and  parallel  to   DF*     And  be-    li 
caufe  AB,  fiC  are  equal  to  D£,  EF,  and  the  bafe  AC  to  the 

A  <•  !•       bafe  DF ;  the  angle  ABC  is  equal  <>  to  the  angle  DEF.  There- 
fore, if  two  ftraight  lines,  &c.  Q.  E.  D. 


bf.  tu 
CI.  As. 


P  R  O  P.    XL      P  R  O  B. 


a  xa.  u 


h  II.  X. 


TO  draw  a  ftraight  line  perpendicular  to  a  plane^ 
from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BH ;  it  is  requi- 
red to  draw  from  the  point  A  a  ftraight  line  perpendicular  to 
the  plane  BH. 

tn  the  plane  draw  any  ftraight  line  BC,  and  from  the  point 
A  draw  *  AD  perpendicular  to  BC.  If  then  AD  be  alfo  per* 
pendicular  to  the  plane  BH,  the  thing  required  is  already 
done }  but  if  it  be  not,'  from  the 
point  D  draw^,  in  the  plane  BH, 
the  ftraight  line  D£  at  right  an- 
gles to  BC ;  and  from  the  point 
A  drayr  AF  perpendicular  to 
DE;  and  through  F  draw<^  GH 
parallel  to  BC  :  And  becaufe  BC 
is  at  right  angles  to  ED  and  DA, 
BC  is  at  right  angles^  to  the  plane 
palling  through  ED,  DA.  And 
GH  is  parallel  to  BC;  but,   if 

two  ftraight  lines  be  parallel,  pne  of  which  is  at  right  angles  to 
a  plane,  the  other  (hall  be  at  right «  angles  to  the  fame  plane } 
wherefore  GH  is  at  right  angles  to  the  plane  through  £D,  UA, 
f3.def.zx.  j^jjjj  jg  perpendicular  f  to  every  ftraight  line  meeting  it  in  that 
plane.    But  AF,  which  i^  iil  the  plane  through  EDj  DA,  meets 

it: 


c  3Z.  X. 


d  4*  It* 


e  8.  It. 
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it  z  Therefore  GH  19  perpendicular  to  AF|  and  eotdcqatmdf  ^^J^*; 
AF  16  perpendicttJar  to  GH ;  aod  AF  is  perpendicular  10  D£ ; 
therefore  AF  is  perpendicular  to  each  of  the  ftraight  lines  GH, 
DE.  But  if  a  ftraight  line  ^ands  at  right  angles  to  each  of 
two  ftraight  lines  in  the  point  of  their  interfeflioni  it  fhall  aUb 
be  at  right  angles  to  the  plane  pai&ng  through  them.  But  the 
plane  pafling  thiough  ED,  GH  if  the  plane  BH  ;  therefore  AF 
is  perpendicular  to  the  plane  BH.  Therefore!  from  the  given 
point  A,  above  the  plane  BH,  the  ftraight  line  AF  is  drawn 
perpendicular  to  that  plane.    "Which  was  to  be  done. 


PROP.    XII.      P  R  O  B. 


TO  ere£i  a  ftraight  line  at  right  angles  to  a  givea 
plane,  from  a  point  given  in  the  plane. 

Let  A  be  the  point  given  in  the  plane  (  it  isrecjuired  toereft 


D 


B 


a  II.  ir. 
h  31;  I, 


a  ftraight  line  from  the  point  A  at  right 
angles  to  the  plane. 

From  any  point  B  above  the  plane 
draw-*  BC  perpendicular  to  it  j  and 
from.  A  draw  ^  AD  parallel  to  BC.  Be- 
caufe,  therefore,  AD,  CB  are  two  pa- 
rallel ftraight  lines,  and  one  of  them 
BC  is  at  right  angles  to  the  given  plane, 
the  other  AD  is  alfb  at  right  angles,  to 
it^  Therefore  a  ftraight  line  has  been  creeled  at  right  angles  to  c  8.  |i. 
a  given  plane  from  a  point  given  in  it.    Which  was  to  be  done. 


PROP.    XIII.      T  H  E  O  R. 


FROM  the  fame  point  in  a  given  plane,  there  cannot 
be  two  ftraight  lines  at  right  angles  to  the  plane,  up- 
iih  the  fame  iide  of  it :  And  there  can  be  but  one  per* 
pendicular  to  a  plane  from  a  point  above  the  plane. 

For,  if  it  be.poffible,  let  the  two  ftraight  lines  AC,  AB,  be  tt 
rignt  angles  to  a  given  plane  from  thefaiHe  point  A  in  the  plane, 
and  upon  the  fame  fide  of  it ;  and  let  a  plane  paft  through  BA» 
ACs  the  common  fe£lion  of  this  with  the  given  plane  is  a  ftraight 

hue 
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^'^  ^^*  *  line  paffing  through  A :  Let  DAE  be  their  common  fe£kion  \ 
^"^'^^'^  Therefore  the  ftraight  lines  AB,  AC9  DAE  are  in  one  plane: 
•  3.  xz.     ^^j  becaufe  CA  is  at  right  angles  to  the  giren  plane^  it  fliall 

make  right  angles  with  every  ftraig&t 

line  meeting  it  in  that  plane*    Bot 

DAE,  which  is  in  that  plane,'  meets 
«        C  A }  therefore  CAE  is  a  right  angle. 

For  the  fame  reafon  BAE  is  a  right 

angle.    Wherefore  the  angle  CAE 

is  equal  to  the  angle  BAE;    and 

they  are  in  one  plane,   which  is 

impoffible.    Alfo,  from  a  point  a- 

bove  a  plane,  there  can  be  but  one  perpendicular  to  that  plane  $ 
>  f.  sz.      for,  if  there  could  be  two,  they  would  be  parallel  ^  to  one 

another,  which  is  abfurd.    Thereforci  from  the  (ame  point,  &c« 

<^E,  D. 


PROP*    XIV*     T  H  E  O  R. 


p 


LANES  to  which  the  fame  ftraight  line  is  perpcndi' 
cular;  are  parallel  to  one  another. 


Let  the  ftraight  line  AB  be  perpendicular  to  each  of  the 

planes  CD,  EF;  thefe  planes  are  parallel  to  one  another. 
If^  not,  they  (hall  meet  one  another  when  produced ;   let 

them  meet ;   their    common  fe£kion  _ 

^aU  be  a  ttraight  line  Gl),  in  which  ^ 

take  any  point  K,  and  join  AK,  BK  : 

Then,  becaufe  AB  is  perpendicular  to 
I3.def.  II.  the  plane  EF,  it  is  perpendicular  ^  to 

the  ftraight  line  BK  which  is  in  that  Q 

plane.  Therefore  ABK  is  a  right  angle. 

Wot  the  fame  reafon,  BAK  is  a  right 

angle ;  wherefore  the  two  angles  ABK,^ 

BAK  of  the  triangle  ABK  are  equal 

to  two  right  angles,  which  is  impofi 
1»  If.  I.       iible^ :  Therefore  the  planes  CD,  EF, 

though  produced,  do  not  meet  one  an- 
c  8.  def.  It.  other  ;    that  is,   they   are  parallel  % 

Therefore  planes^  &c.  (^E«  D« 


PROP, 
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Book  XI. 


TF  two  ftraight  lines  meeting  one  another,  be  parallel  to  8<«  n« 

two  ftraight  lines  which  meet  one  another,  but.  are 
not  in  the  fame  plane  with  the  firft  two  ;  the  plane  which 
pafles  through  thefe  is  parallel  to  the  plane  paffing  through 
the  others. 


Br^ 


cj.  def.  IX. 


Let  AB,  BC,  two  ftraight  lines  meeting  one  another,  be  pa«< 
rallel  to  DEj  £F  that  meet  one  another^  but  are  not  in  the. 
fame  plane  with  AB,  BC  :    The  planes  through  AB,  BC,  and 
DE,  £F  (hall  not  meet,  thoup:h  produced. 

Fiom  the  point  B  draw  BG  perpendicular  *  to  the  plane  t  ji.  xr. 
which  pafles  through  D£«  EF,  and  let  it  nveet  that  plane  in 
G;  and  through  G  draw  GH  parallel  ^  to  ED,  and  GK  pa-  b  31.  i. 
rallel  to  EF  :    And  becaufe  BG  is  perpendicular  to  the  plane 
through    DE,    EF,     it   (hall 
make  right  angles  with  every 
ftraight  line  meeting  it  in  that 
plane  ^  :  But  the  ftraight  lines 
GH,   GK  in  that  plane  meet 
it :    Therefore  each  of  the  an- 
gles BGH,  BGK  is  a  right     . 
angle  :    And  becaufe  BA  is    /V 
parallel  d  to  GH   (for  each  of 
them  is  parallel  to  DE,  and 

they  are  not  both  in  the  fame  plane  with  it)  the  angles  GB  A, 
BGtf  are  together  equal*  to  two  right  angles:   And  BGH  is  a  e  99.  i« 
right  angle ;  therefore  alfo  GB  A  is  a  right  angle,  and  GB  per- 
pendicular to  B A ;     For  the  fame  reafon,  GB  is  perpendicular 
to  BC  :    Since  therefore  the  ftraight  line  GB  ftands  at  right  an- 
gles to  the  two  ftraight  lines  BA»  BC,  that  cut  one  another  in 
o  ;  GB  is  perpendicular  '  to  the  plane  through  BA,  BC  :     And  f  4.  n. 
it  is  perpendicular  ^o  the  plane  through  Oil,  £F ;  therefore  BG 
is  perpendicular  to  each  of  the  planes  through  AB,  BC,  and  DE, 
£F :  But  planes  to  which  the  fame  ftraight  line  is  perpendicular, 
are  parallel*  to  one  another  :  Therefore  the  plane  through  AB,  g  M*  it« 
fiC  is  parallel  to  the  plane  through  DE,  EF.    Wherefore,  if 
two  ftraight  lines*  &c.    Q^E.  !>• 
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PROP.    XVI.     T  H  E  O  B. 

TF  two  parallel  planes  be  cut  by  another  plane,  their 
common  fefUons  with  it  are  parallels. 

Let  the  parallel  planes^  AB,  CD  be  cut  by  the  plane  EFHG, 
and  let  their  common  fe£lion8  with  it  be  £F,  GH :  £F  is  pa- 
rallel to  GH. 

For,  if  it  is  not,  £F,  GH  ihall  meet,  if  produced,  cither  on 
the  fide  of  FH,  or  EG  :  Firft,  let  them  be  produced  on  the  fide 
of  FH,  and  meet  in  the  point  K  :  Therefore,  fince  EF^  is  in 
the  plane  AB,  eveiy  point  in 
EFK  is  in  that  plane;  and 
K  is  a  point  in  EFK  ;  there- 
fore K  is  in  the  plane  AB: 
For  the  fame  reafon  K  is  alfo 
in  the  plane  CD  :  Wherefore 
the  planes  AB,  CD  produced 
meet  one  another  ;  but  they 
do  not  meet,  fince  they  are 
parallel  by  the  hypothefis  : 
Therefore  the  ftraigbt  lines 
£F,  GH  do  not  meet  when 
produced  on  the  fide  of  FH  :  In  the  fame  manner  it  may  be 
proved,  that  £F,  GH  do  not  meet  when  produced  on  the  (ide 
of  EG  :  But  ftraight  lines  which  are  in  the  fame  plane  and  do 
not  meet,  though  produced  either  way,  are  parallel :  Therefore 
£F  is  parallel  to  GH.  Wherefore,  if  two  parallel  planeSj  &c. 
Q.E.D. 


PROP.    XVII.     T  H  £  O  R. 


TF  two  ftraight  lines  be  cut  by  parallel  planes,  they  fhall 
be  cut  in  the  fame  ratio. 


Let  the  ftraight  lines  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,  in  the  points  A,  £,  B  ;  C,  F,  D  :  As  AE  is  to 
EB,  fo  is  CF  to  FD. 

}oin  AC,  BD,  AD,^and  let  AD  meet  the  plane  KL  in  the 
point  X I  and  join  £X,  XF  :  Becaufe  the  two  parallel  planes 
^L|  MN  are  cut  by  the  plane  EBDX.  the  common  fediions 

EX, 
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EX^  BD,  are  parallel  *•    For  the  fame  reafon,  becaufe  the  two  Book  xr: 
paraUcl    planes  GH,   KL  are  V»^YNj. 

cut  by  the  plane  AXFC,  tfce         / ^^-^"-"^t '**  '  '^' "* 

common  fediions'ACf  XF  are  /  A 
parallel :  And  becaufe  £X  is  ^ 
parallel  to  BD,  a  fide  of  the  tri- 
angle ABD,  as  A£  to  £B«  fo 
is  b  AX  to  XD*  Again,  be- 
caufe  XF  is  parallel  to  AC,  a 
fide  of  the  triangle  ADC,  as 
AX  to  XD,  fo  is  CF  to  FD  : 
And  it  was  proved  that  AX  is 
to  XD,  as  AE  to  £B  ;  There- 
fore e  ;  as  AE  to  £B,  fo  is  CF 
to  FIX  Wherefore,  if  two 
ftraight  lines,  &c;      (^  £«  D. 


ir.  5. 


PROP.    XVIIL      T  H  £  O  R- 


IE  a  ftraight  line  be  at  right  angles  to  a  plane,  every 
plane  which  pafles  through  it  fliall  be  at  right  angles 
to  that  plane. 

Let  the  ftraight  line  AB  be  at  right  angles  to  a  plane  CK  \ 
every  plane  which  pafies  through  AB  Ihall  be  at  right  angles  to 
the  plane  CK. 

Let  any  plane  DE  pafs  through  AB,  and  let  C£  be  the 
common  le&ion  of  the  planes  D£|  CK  \  take  any  point  F  in 
C£,  from  which  draw  FG  in 
the  plane  DE|  at  right  angles 
to  C£  :  And  becaufe  AB.  is 
perpendicular  to  the  plane 
CK,  thercfosie  it  ia  alfo  per- 
pendicular to  every  ftraight 
line  in  that  plane  n^eeting  iti  i 
And  confequently  it  is  perpen* 
dicuiar  10  C£  :  Wherefore 
ABF  is  a  right  apgle  \  but 
GFB  is  likewife  a  right  angle  ; 


D 


G     A      H 


# 

K 

1 

\ 

a3«def.  t% 


B    C 


therefore  AB  is  parallel >>  to  FG.    And  AB  is  at  right  angles  to  b  %%.  u 
the  plane  CK  }  therefore  FG  is  alfo  at  right  angles  to  the  fame 
plancc.    But  one  plane  is  at  right  angles  to  another  plane  when  c  a.  zx. 
ike  ftraight  lines  drawn  in  one  of  the  planes,  at  right  angles 

O  a  ta 
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Book  XL  (0  f}^^\f  common  fc£Hon»  are  alfe  at  right  angles  to  the  other 
^^^^^^  plane  ^ ;  and  anr  Ilraight  line  FG  in  the  plane  DE,  Which  is  at 
^  'right  angles  to  CE  the  common  fe^ion  of  the  planes^  has  been 
proved  to  be  perpendicular  to  the  other  plane  CK ;  therefore 
the  plane  DE  is  at  right  angles  to  the  plane  CK,  In  like  maor 
ner,  it  may  be  proved .  that  all  the  planes  which  pafs  through 
AB  are  at  right  angles  to  the  plane  CK.  Therefore^  if  a  ftraight 
line,  &c.    Q^  E.  D* 


•  4. 


PROP.    XIX.      T  H  E  O  R. 

TF  two  planes  cutting  one  another  be  each  of  them  per- 
pendicular  to  a  -third  plane  ;  their  common  fedion 
(hall  be  perpendicular  to  the  fame  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to 
a  third  plane,  and  let  BD  be  the  common  fd^ion  of  the  firft 
two  ;  BD  is  perpendicular  to  the  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  the 
ftraight  line  DE  at  right  angles  to  AD  the  common  fe^on  of 
the  plane  AB  with  the  third  plane  ;  and  in  the  plane  BC  drav^ 
DF  at  right  angles  to  CD  the  common  fedion  of  the  plane  BC 
with  the  third  plane.  And  becaufe  the 
plane  AB  is  perpendicular  to  the  third 
plane,  and  Di'  is  drawn  in  the  plane  A}$ 
at  right  angles  to  AD  their  common 
fe^iion,  DE  is  perpendicular  to  the  third 
d«r.  II.  plane  *•  In  the  fame  manner,  it  may 
be  proved  that  DF  is  perpendicular  to 
the  third  plane.  Wherefore,  from  the 
point  D  two  ftraight  lines  ftand  at  right 
angles  tp  the  third  plane,  upon  the  fame 
fide  of  it,  which  is  impoflible  ^  :  There- 
fore,  from  the  point  D  there  cannot  be 
any  ftraight  Imc  at  right,  angles  to  the /V 
third  plane,  except  JBD  the  common  fee-  .  - 
tion  of  the  planes  AB,  BC.  BD  therefore  is  perpendicular  to 
the  third  plane.    Wherefore,  if  two  plancS)  ^c,    Q.  E.  D. 

?  fi  p  ?• 
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P  R  O  ^.    XX.      T  H  £  6  li. 


ItP  i  folid  angle  be  cc^tained  by  three  plane  angles,  any  ^  ^* 
two  of  them  are  greater  than  the  thitd. 

Let  the  folid  angle  at  A  be  contained  by  the  three  plane  an* 
gles  BAC«  Cad,  dab.  Any  two  of  them  are  greater  than 
the  third. 

If  the  angles  BAG,  CAD,  DAB  be  all  eqiial,  it  is  evident 
that  any  two  of  them  are  greater  than  the  third.  But  if  they 
are  not*  let  B AC  be  that  angle  which  is  not  lefs  than  either  df 
the  other  two,  and  is  greater  than  one  of  them  DAB$  and 
at  the  point  A  in  the  ftraight  line  AB,  make,  in  the  plane 
which  pafles  through  BA,  AC,  the  angle  BA£  equal*  to  thea  kj.  U 
angle  DAB}  and  make  A£  equal  to  AD,  and  through  £ 
draw  B£C  cutting  AB,   AC  in  the  n 

points  By  C,  and  join  DB,  DC.  And 
becaufe  DA  is  equal  to  A£,  and  AB 
18  common,  the  two  DA,  AB  are  e- 
qual  to  the  two  £A,  AB,  and  the 
angle  DAB  is  equal  to  the  angle  £AB: 

Therefore  the  bafc  DB  is  equal  *  to    /^^^-^^        ""^^^^^i^: — -^    b  4.  i. 
the  bafe  B£.    And  becaufe  BD,  DC  g 
are  greater^  than  CB,  and  one  of  them  *^    ^^    c  aa  ii 

BD  has  been  proved  equal  to  B£  a  part  of  CB,  therefore  the 
other  DC  is  greater  than  the  remaining  part  £C«  And  becaule 
DA  is  equal  to  A£j  and  AG  common,  but  the  bafe  DC  greater 
than  the  bafe  £C;  therefore  the  angle  DAG  h  greater^  than<I*  »5-  <• 
the  angle  £  AC  i  and,  by  the  conftrujlion,  the  a^gle  DAB  is 
equal  to  the  angle  BA£;  wherefore  the  angles  DAB,  DAG  are 
together  greater  than  BA£,  £  AC,  that  is,  than  the  angle  BAG. 
But  BAC  is  not  lefs  than  either  of  the  angles  DAB,  DAG  ; 
therefore  BAG,  with  either  of  them,  is  greater  than  the  othcU, 
Whereforci  if  a  folid  angle,  &c.    (^K  D. 

PROP.    XXL  ;  T  H  E  X)  R. 

EVERT  folid  angle  is  contained  by  plain  angles  which 
together  are  lefs  than  four  right  angles. 

Firftt  Let  the  folid  angle  at  A  be  contained  by  three  plane 
angles  BAG,  CADy  DAB.  Thefe  three  together  are  leis  than 
four  right  aisles*' 
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Take  in  each  of  the  ftraight  lines  AB,  AC,  AD  any  poinCfl 
B,  C,  D,  and  join  BC»  CD>  DB :  Then,  becaufe  the  folid 
angle  at  B  is  contained  by  the  three  plain  angles  CBA,  ABD» 
DBC.  any  two  of  them  are  greatqt^  than  the  third }  there- 
fore the  angles  CBA,  ABD  are  greater  than  the  angle  DBC : 
For  the  fame  reafon,  the  angles  dCA,  ACD  are  greater  than 
the  angle  DCB;  and  the  angles  CDA,  ADB  greater  than 
BDC :  Wherefore  the  Gt  angles  CBA,  ABD,  BCA,  ACD» 
CDA,  ADB  are  greater  than  the 
three  angles  DBC,  BCD,  CDB :  But 
the  three  angles  DBC,  BCD,  CDB 
b  z%*  x«  are  equal  to  two  right  angles'* :  There- 
fore the  fix  angles  CBA,  ABD,  BCA, 
ACD,  CDA,  ADB  arc  greater  than 
two  right  angles  :  And  becaufe  the 
three  angles  of  each  of  the  triangles  nT 
ABC,  ACD,  ADB  are  equal  to  two  " 
right  angles,  therefore  the  nine  angles  of  thefe  three  triangles^ 
▼iz.  the  angles  CBA,  BAC,  ACB,  ACD,  CDA,  DAC,  ADB, 
DBA,  BAD  are  equal'to  fix  right  angles :  O^  thefe  the  fix  an- 
gles CBA,  ACB,  ACD,  CDA,  ADB,  DBA  are  greater  than 
two  right  angles :  Therefore  the  remaining  three  angles  BAC, 
DAC,  BAD,  which  contain  the  folid  angle  at  Aj  are  lefs  than 
fpur  right  angles. 

Next,  Let  the  folid  angle  at  A  be  contained  by  any  number 
of  plane  angles  BAC,  CAD,  DAE,  EAF,  FABj  thefe  togc* 
tfaer  are  lefs  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a  plane,  and 
let  the  common  feftions  of  it  with  thofe 
planes  be  BC,  CD,  DE,  EF,  FB  :  And 
becaufe  the  fold  angle  at  B  is  contain- 
ed  by  three  plane  angles  CBA,  ABF, 
FBC,  of  which  any  two  are  greater  • 
than  the  third,  the  angles  CBA,  ABF 
are  greater  than  the  angle  FBC :  For  D- 
the  fame  rea(on,  the  two  plane  angles 
at  each  of  the  points  C,  D,  £,  F, 
^iz.  the  angles  which  are  at  the  bafes 
of  the  triangles  having  the  common 
Tcrtex  A,  are  greater  than  the  third 
angle  at  the  fame  point,  which  is  one 
«  of  the  angles  of,  the  polygon  BCDEF; 
Therefore  all  the  angles  at  the  bafes  of  the  triangles  are  toge- 
ther 
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ttiei*  greater  than  all  the  angles  of  the  polygon :  And  becaufe  Book  XL 
all  the  angles  of  the  triangles  are  together  equal  to  twice  as  ^^Y^^ 
many  right  angles  as  there  are  triangles  ^  j  that  isy  as  there  are  ^  3^  i* 
fides  in  the  polygon  BGDEF :  and  that  all  the  angles  of  the 
polygon,  together  with  four  right  angles,  are  likewife  equal  to 
twice  as  roarty  right  angles  as  there  are  fides  in  the  polygon^  •ei,  Cor. 
therefore  all  the  angles  of  the  triangles  are  equal  to  all  the  an-  ^^'  '* 
gles  of  the  polygon  together  with  four  right  angles.    But  all 
the  angles  at  the  bafes  of  the  triangles  are  greater  than  all  the 
angles  of  the  polygon,  as  has  been  proved.    Wherefore  th&  re* 
maining  angles  of  the  triangles,  viz.  thofe  at  the  vertex,  which 
contain  the  folid  angle  at  A,  are  lefs  than  four  right  angles* 
Therefore  every  folid  angle,  &c«    Q.  £•  D. 


PROP.    XXIL      T  H  E  O  R. 


tF  every  two  of  three  plain  angle*  be  greater  than  the  See  rt« 

third,  and  if  the  ftraight  lines  which  contain  theni^  be 
all  equal }  a  triangle  may  be  made  of  the  ftraight  lines 
that  join  the  extremities  of  thofe  equal  ftraight  lines. 


Let  ABC,  D£F,  GHK  be  three  plane  angles,  whereof  e« 
tery  two  are  greater  than  the  third,  and  are  contained  by  the 
equal  ftraight  lines  AB,  BC,  D£,  £F,  GH,  HK;  if  their 
extremities  be  joined  by  the  ftraight  lines  AC,  DF,  GK,  a 
triangle  may  be  made  of  three  ftraight  lines  equs^l  to  AC,  DF, 
GK ;  that  is,  every  two  of  them  are  together  greater  than  the 
third. 

if  the  angles  at  B;  E,  H  are  equal;  AC,  DF,  GK  are  al- 
fo  equal*,  and  any  two  of  them  greater  than  the  third i  Bat '4*  ^*  ^ 
if  the  angles  are  not  all  equal,  let  the  angle  ABC  be  not  lefs 
than  either  of  the  two  at  £,  H ;  therefore  the  ftraight  line 
AC  is  not  left  than  either  of  the  other  two  DF,  GK^$  and  b  4«or24<t« 
it  is  plain  that  AC,  together  with  either  of  the  other  two,  miift 
be  greater  than  the  third  :  Alfo  DF  with  GK  are  greater  than 
AC  :  For,  at  the  point  B  in  the  ftraight  line  AB  make'  the  « th  ^4 

O  4  axtgl« 
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BMk  XI,  angle  ABL  eqaal  to  tke  angle  GtiK,  and  make  BLeqnlli^ 
'  one  of  the  ftraight  lines  AB,  BCj  DE,  £F,  GH  HK^ 
join  AL,  LC;  Then  becaofe  AB*  BL  are  equal  to  GH9  H^l| 
and  the  angle  ABL  to  the  angle  GHK,  the  bafe  AL  is  tqinl 
to  the  bafe  GK :  And  becaufe  the  anglea  at  £,  H  are  greats 
than  the  angle  ABC,  of  which  the  angle  at  H  is  e^aal  to  ABL; 
therefore  the  remaining  angle  at  £  is  greatei'  than  the  angle  LBC; 


And  becaufe  the  two  fides  LB,  BC  are  equal  to  the  two  DE| 
EF5  and  that  the  angle  DEF  is  greater  than  the  angle  LBQi 

d  24.  X.   the  bafe  DF  is  greater  ^  than  the  bafe  LC :  And  it  has  bed 

proved  that  GK  is  equal  to  ALi    therefore  DF  and  GK  are 

€  so.  I.  greater  than  AL  and  LC  :  But  AL  and  LC  are  greater*  thiB 

AC;  much  more  than  are  DF  and  GK  greater  than  AC.  Where* 

fore  every  two  of  thefe  ftraight  lines  AC,  DF,  GK  are  greater 

f  aa.  X.  than  the  third  ;  and,  therefore,  a  triangle  may  be  made^cbe 
fides  of  which  (hail  be  equal  to  AC,  DF,  GK.     Q.  £-  D. 


PROP.    XXIIL      P  R  O  B. 

See  N.  nnO  make  a  folid  angle  which  (ball  be  contained  by 
X    three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  all  three  together  le&  than 
four  right  angles. 


Let  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  tuf 
two  of  which  are  greater  thr.n  the  third,  and  all  of  them  toge- 
ther lets  chjn  fojr  right  angles.  It  is  required  to  make  a  folid 
anp;Ie  containtd  by  three  plane  angles  equal  to  ABC,  DQ^> 
GHK>  each  to  each. 

Froe 
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Prom  the  ftraiglic  lines  containing  the  angles^  cutoff  AB$  ^^ook  xt, 
BCii  DE^  £F,  GH,  HK  all  equal  to  one  another ;  and  join  ^>^V%i/ 
AC»  DFj  GK:  Then  a  triangle  may  be  made^  of  three  ftraight  •  >^  "* 


D 

lines  c^ual  to  AC»  DF,  GK.    Let  this  be  the  triangle  LMN  ^,  b  as.  11 
fo  that  AC  be  equa^  to  LM,  DF  to  MN,  and  GK  to  LN »  and 
about  the  triangle  LMN  defcribe^  a  circle,  and  find  its  centre  c  5.  4. 
X,  which  will  either  be  within  the  triangle^  or  in  one  of  its   . 
fldes,  or  without  it. 

Firft,  Let  the  centre  X  be  within  the  triangle,  and  join 
LX^  MX,  NX:  AB  is  greater  than  IiX  :  If  not,  AB  muft  ei- 
ther be  equal  to,  or  lefs  than  LX ;  firft,  let  it  be  equal :  Then 
becaufe  AB  is  equal  to  LX,  and  that  AB  is  alfo  equal  to  BC, 
and  LX  to  XM,  AB  and  BC  are  equal  to  LX  and  XM,  each 
to  each ;  and  the  bafe  AC  is,  bj  conftru£lion,  equal  to  the 
bafe  LM  ;  wherefore  the  angle  ABC  is  equal  to  the  angle 
LXM<i :  For  the  fame  reafon,  the  angle  D£F  is  equal  to  the  4  8.  s. 
angle  MXN,  and  the  angle  GHK 
to  the  angle  NXL  :  Therefore  the 
three  angles  ABC,  D£F,  GHK 
are  equal  to  the  three  angles  LXM, 
MXN,  NXL :  But  the  three  angles 
LXM,  MXN,  NXL  are  equal  to 
four  right  angles*;  therefore  alfo 
the  three  angles  ABC,  D£F,  GHK 
are  equal  to  four  right  angles :  But, 
by  the  hypothefis,  they  are  lefs 
than  four  right  angles;  which  is 
abfurd ;  therefore  AB  is  not  equal 
to  LX :  "But  neither  can  AB  be 

lefs  than  LX :  For,  if  poflible,  let  it  be  lefs,  and  upon  the 
ftraight  line  LM,  on  the  fide  of  it  on  which  is  the  centre  X^ 
defcribe  the  triangle  LOM»  the  fides  LO,  OM,  of  which  are 
equal  to  AB^  BC  i  and  becaufe  the  bafe  LM  is  e^ual  to  the 

bafe 
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Book  xr.  baic  AC,  the  angle  LOM  is  equal  to  the  angle  ABC^* :  AnA 
AB,  that  is,  LQ,  by'the  hypothefis,  it  lefs  thsOi  LX ;  where- 
fore LO,  OM  fall  within  the  triangle  LXM;  for,  if  they  feU 
upon  its  fides,  or  without  it,  they  ^ 
would  be  equal  to,  or  greater  than 
LX,  XM  f :  Therefore  the  angle 
LOM,  that  is,  the  angle  ABC,  is 
greater  than  the  angle  LXM  f  :  In 
the  fame  manner  it  may  be  proved 
that  the  angle  DEF  is  greater  than 
the  angle  MXN,  and  the  angle 
GHK  greater  than  the  angle  NXL: 
Therefore  the  three  angles  ABC, 
DEF,  GHK  are  greater  than  the 
three  angles  LXM,  MXF,  NXL  j 
that  is,  than  four  right  angles  :  But 
the  fame  angles  ABC,  DJbF,  GHK  are  lefs  thaii  four  right 
angles;  which  is  abfurd  :  Therefore  AB  is  not  lefs  than-LX, 
and  it  has  been  proved  that  it  is  not  equal  to  LX  $  wherefore 
AB  is  greater  than  LX. 

Next,  Let  the  centre  X  of  the  circle  fall  in  one  of  the  fides 
of  the  triangle,  viz.  in  MN,   and 
join  XL :   In  this  cafe  alfo  AB  is 
greater  than  LX.     If  nor,  AB  is 
either  equal  to  LX,  or  lefs  than  it : 
(Firft,  let  it  be  equal  to  LX :  There- 
fore AB  and  BC,  that  is,  DE  and 
£F,  are  equal  to  MX  and  XL,  that 
is,  to  MN  :  But,  by  the  conftru£lion,     _. 
MN  is  equal  to  DF;  therefore  DE,  M| 
£F  are  equal  to  DF,  which  is  im- 
f  aa  X.      poffiblc  f  s  Wherefore  AB  is  not  e- 
qual  to  LX ;  nor  is  it  lefs ;  for  then, 
much   more,    an   abfurdity  would 
follow  :  Therefore  AB  is  greater  than  LX. 

But,  let  the  centre  X  of  the  circle  fall  within  the  triangle 
LMN,  and  join  LX,  MX,  NX.  In  this  cafe  likewife  AB  is 
greater  than  LX :  If  not,  it  is  either  equal  to,  or  lefs  than  LX : 
Firft,  let  it  be  equal  %  it  may  be  proved  in  the  ianie  manner, 
as  in  the  firft  cafe,  that  the  angle  ABC  is  equal  to  the  angle 
MXL,  and  GHK  to  LXN ;  therefore  the  whole  angle  MXN 
is  equal  to  the  two  angles,  ABC,  GHK :  But  ABC  and  GHK 
are  together  greater  than  the  angle  DEF  ;  therefore  .alfo 
the  angle  MXN  is  greater  than  DEF.     And  1>ec»ufe  DE, 

EF 


o»  tvcLity. 
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£F  ae  equal  to  MX,  XN,  and  the  bafe  DF  to  the  bafe  ^^^  ^* 
MM9  the  angle  MXN  is  eqaal^  to  the  angle  DEF :  And  it  has  ^^^^ 
hcen  proved  that  it  is  greater  than  DEF,  which  is  abfurd.  ^  '*  '* 
Therefore  AB  is  not  eqad  to  LX.    Nor  yet  is  it  lefs ;  for  then» 
as  has  beeti 'proved  in  the  firft  cafe,  the  angle  ABC  i»  greater 
than  the  angle  MXL,  and  the  angle  GHK  greater  than  the 
angle  LXN.    At  the  point  B  in  the  ftraight  line  CB  make  the 
angle  CBP  equal  to  the  angle  GHK,  and  make  BP  equal  to 


HK,  and  join  CP,  AP.    And  becaufe  CB  is  eqntl  to  CH  -, 
CB,  BP  are  equal  to  GH,  HK,  each  to  each,  and  they  con- 
tain equal  angles ;  wherefore  the  bafe  CP  is  equal  to  the  bafe 
GK,  that  IS)  to  LN.  And  in  the  ifofceles  triangles  ABC,  MXL^ 
becaufe  the  angle  ABC  is  greater  than  the  angle  MXL,  there- 
fore the  angle  MLX  at  the  bafe  is  greater «  than  the  angle  8  3*'  »« 
ACB  at  the  bafe.  For  the  fame  reafon,  becaufe  the  angle  GHI^i 
or  CBP,  is  greater  than  the  angle 
LXN,   the  angle  XLN  is  greater 
than  the  angle  BCP.    Therefore  the 
whole  angle  MLN  is  greater  than 
the  whole  angle  ACP.  And  becaufe 
ML,  LN  are  equal  to  AC,  CP, 
each  to  each,  but  the  angle  MLN 
is  greater  than  the  angle  ACP,  the 

bafe  MN  is  greater**  than  the  bafe  ^«  ^  \  I  ^^A  ^»  h  04.  «• 
AP.  And  MN  is  equal  to  •DF;^ 
therefore  alfo  DF  is  greater  than 
AP.  Again,  becaufe  DE,  EF  are 
equal  to  AB,  BP,  but  the  bafe  DF 
greater  than  the  bafe  AP,  the  an* 
ffle  DEF  is  greater*  than  the  angle  ^""*»*-— ^^^^  k  j^,  ,, 

ABP.  And  ABP  is  equal  to  the  two  angles  ABC,  CBP,  that 
is,  to  the  two  angles  ABC,  GHK ;  therefore  the  angle  DEF  is 
greater  than  the  two  angles  ABC,  GHK ;  but  it  is  alfo  lefs 
than  thefe  i  which  is  impoffible.   Therefore  AB  is  not  lefs  than 

LX$ 
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BQ0k  XI.  LX;  and  it  bas  been  proved  tbat  it  i«  not  equal  tt>  it|  ibttefori 

^^y^iJ  AB  18  greater  than  LX, 

m  »•  XI.  From  the  point  X  ere£i  *  XR  at  right  angles  to  the  plane 
of  the  circle  LMN.  And  becaufe  itfiias  been  proved  in  all  the 
cafea*  that  AB  is  greater  than  LX,  find  a  fquare  equal  to  the 
ex^efii  oi  the  fquare  of  AB  above 
the  fquare  of  LX,  and  make  RX 
equal  to  its  (idei  and  join  RL,  KM, 
RN.  Becaufe  RX  is  perpendicular 
to  the  plane  of  the  circle  LMN,  it 

b3.def.x1. 18  b   perpendicular  to  each   of  the 
ftraight  lines  LX,  MX,  NX.    And 
becaufe  LX  is  equal  to  MX,  and 
XR  common,  and  at  right  angles  m. 
to  each  of  them,  the  bafe  RL  is  e-  ^ 
qual  to  the  bafe  RM.   For  the  fame 
reafon,  RN  is  equal  to  each  of  the 
two  RL,  RM.    Therefore  the  three 
ftraight  lines  RL,  RM,  RN  are  all 
equal.     And  becaufe  the  fquare  of 
'     XR  is  equal  to  the  eacefs  of  the  fquare  of  AB  above  the  fqoare 
of  LX  I  therefore  the  fquare  of  AB  is  equal  to  the  fquares  of 

c  47.  X.  LX,  XR.  But  the  fquare  of  RL  is  equal  ^  to  the  fame  fquares, 
becaufe  LXR  is  a  right  angle.  Therefore  the  fquare  of  AB 
is  equal  to  the  fquare  of  RL,  and  the  ftraight  line  AB  to  RL. 
But  each  of  the  ftraight  lines  BC,  D£,  £F,  GH,  HK  is  equal 
to  AB,  and  each  of  the  two  RM,  RN  is  equal  to  RL.  Where- 
fore AB,  BC,  DE,  £F,  GH,  HK  are  each  of  them  equal  to 
each  of.  the  ftraight  lines  RL,  RM,  RN  And  becaufe  RL» 
RM,  are  eaual  to  AB,  BC,  and  the  bafe  LM  to  the  bafe  AC; 

^  ?*  '•  the  angle  LRM  is  equaM  to  the  angle  ABC.  For  the  laipe 
reafon,  the  angle  MRN  is  equal  to  the  angle  BEF,  and  NRL 
to  GUK.  Therefore  there  is  made  a  folid  angle  at  R,  which 
is  contained  by  three  plane  angles  LRM,  MRN,  NRL,  which 
are  equ4l  to  the  three  given  plane  angles  ABC,  D£F,  GHK, 
each  to  each*    Which  was  to  be  done. 


tR  OF- 
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PROP.    A.     THEOR. 
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IF  each  of  two  folid  angles  be  contained  by  three  plane  ^^  ^• 
angles  equal  to  ohb  another,  each  to  each ;  the  planes 
in  which  the  equal  angles  are,  have  the  fame  inclination 
to  one  another* 


a6«dcC»2ti 


Let  there  be  two  folid  angles  at  the  points  A,  B ;  and  let 
the  angle  at  A  be  contained  by  the  three  plane  angles  CAB, 
C AE,  EAD ;  and  the  angle  at  B  by  the  three  plane  angles 
FBG,  FBH,  HBG;  of  which  the  angle  CAD  is  equal  to  the 
angle  FBG,  and  C AE  to  FBH,  and  EAD  to  HBG :  The  planes 
in  which  the  equal  angles  are,  have  the  fame  inclination  to  one 
another. 

In  the  ftraight  line  AC  take  any  point  K»  and  in  the  plane 
CAD  from  K  draw   the   ftraight   line   KD   at  right  angles 
to  AC,    and    in    the 
plane  CAE  the  ftraight 
line  KL  at  right  angles 
to    the    fame    AC  : 
Therefore    the    angle 
DKL  is  the   inclina- 
tion *   of   the    plane 
CAD    to    the    pl^ne 
CAE:     In    BF    take 
BM  equal  to  AK,  and 
from  the  point  M  draw,  in  the  planes  FBG,  FBH,  the  ftraight 
lines  MGy  MN  at  right  angles  to  BF;  therefore  the  anfrle  GMN 
is  the  inclination  *  of  the  plane  FBG  to  the  plane  FBH  :  Join 
LD,  NG;    and   becaufe   in   the   triangles   KAD,  MBG|  the 
angles  KAD,   MBG  are  equal,  as  alfo  the  right  angles  AKD, 
BMG,   and  that  the   fides  AK*   BM,    adjacent  to  the  equal 
angles,  are  equal  to  one  another,  therefore  KD  is  equal  <^  t0ba6«  u 
MG,  and  AD  to  BG  :  For  the  fame  reafon,  in  the  triangles 
KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BN :  And  in 
the  triangles  LAD,  NBG,  LA,  AD  are  equal  to  NB,  BG, 
and  they  contain  equal  angles;  therefore  the  bafe  LD  is  e- 
qual  ^  to  the  bafe  NG.     Laftly,  in  the  triangles  KLD,  MN6,  04.1. 
the  fides  DK,  KL  aie  equal  to  GM,  MN,  and  the  bafe  LD  to 
the  bafe  NG  ;  therefore  the  angle  DKL  is  equal  '  to  the  angle  d  S.  i. 
GMN  :  But  the  angle  DKL  is  the  inclination  of  the  plane 
CiVD  to  the  plane  CAE,  and  the  angle  GMN  is  the  inclina- 
tion 


ata  THE   ELEME  NTS 


^a>  don  of  the  plane  FBG  to  the  plane  FBH,  which  planes  have 

^^^  therefore  the  £une  inclination  *  to  one  another :  And  in  the 

'*  lame  manner  it  may  be  demonftrated,  that  the  other  planes  in 

which  the  equal  angles  are,  have  \he  fame  inclination  to  one 

aiiocher«    Therefore,  if  two  folid  angles,  &c.    Q:  E.  D. 


H. 


P  R  O  P.    B.      T  H  E  O  R. 

TF  two  fofid  angles  be  contained,  each  by  three  plane 
^  angles  which  are  equal  to  one  another,  each  to  each, 
and  alike  fituated ;  thefe  folid  angles  are  equal  to  one 
another. 

Let  diere  be  two  folid  angles  at  A  and  B,  of  which  the  folid 
angle  at  A  is  contained  by  the  three  plane  angles  CAD,  CAE, 
£AD  I  and  that  at  B»  by  the  thrte  plane  angles  FBG,  FBH, 
HBG ;  of  which  CAD  is  equal  to  FBG  $  CAE  to  FBH  •,  and 
EAD  to  HBG :  The  folid  angle  at  A  is  equal  to  the  folid  angle 
atB. 

Let  the  folid  angle  at  A  be  applied  to  the  folid  angle  at  B  : 
and,  firft,  the  plane  angle  CAD  being  applied  to  the  plane 
angle  FBG,  fo  as  the  point  A  may  coincide  with  the  point  B, 
and  the  ftraight  line  AC  with  BF ;  then  AD  coincides  with 
BG,  becaufe  the  angle  CAD 
is  equal  to  the  angle  JF'BG : 
And  becaufe  the  indimition  of 
the  plane  CAE   to   the  plane 

a  A*  It.  CAD  is  equal  a  to  the  inclina- 
tion of  the  plane  FBH  to  the 
plane  FBG,  the  plane  CAE 
coincides  with  the  plane  FBH, 
becaufe  the  planes  CAD,  FBG  coincide  with  one  another  :  And 
becaufe  the  ftraight  lines  AC,  BF  coincide,  and  that  the  angle 
CAE  is  equal  to  the  angle  FBH  *,  therefore  A£  coincides  with 
BH,  and  AD  coincides  with  BG;  wherefore  .the  plane  EAD 
coincides  with  the  plane  HBG :  Therefore  the  folid  angle  A 
coincides  with  the  folid  angle  B,  and  confcquently  they  are  e- 

II.  A. («  qual  ^  to  one  another.    Q;.E.  D, 


P  R  O  R 


OF    EU  GLID. 


PROP.    C.      T  H  E  O  R. 


SOLID  figures  contained  by  the  fame  number  of  c-  ^  N- 
qual  and  fimilar  planes  alike  fituated,  and  halving 
none  of  their  folid  angles  contained  by  more  than  three 
plane  angles  ;  are  equal  and  fimilar  to  one  another. 


Let  AG,  KQ^be  two  folid  figures  contained  by  the  fame 
number  of  fimilar  and  equal  planes,  alike  fituated,  viz.  let  the 
plane  AC  be  fimilar  and  equal  to  the  plane  |11M;  the  plane 
AF  to  KP ;  BG  to  LQ^j,  GD  to  QN;  DE  to  NO ;  and  laftly » 
FH  fimilar  and  equal  to  PR :  The  lolid  figure  AG  is  equal  ai|d 
fimilar  to  the  folid  figure  KQ^ 

fiecaufe  the  folid  angle  at  A  is  contained  by  the  three  plafie 
angles  BAD,  BAE,  EAD,  which,  by  the  hypothefis,  are  e«- 
qual  to  the  plane  angles  LKN,  LKO,  OKN,  which  contain 
the  folid  angle  at  K,  each  to  each ;  therefore  the  folid  angle 
at  A  is  equal  *  to  the  folid  angle  at  K  :  In  the  fame  manner* 
the  other  folid  angles  of  the  figures  are  equal  to  one  another. 
Ify  then,  the  folid  figure  AG  be  applied  (o  the  folid  figure  KQ^', 
firft,  the  plane  fi-    *  ,,  ^ 

H  G        R         a 


«  B.  ir. 


gure  AC  being 
applied  to  the 
plane  figure  KM ; 
the  ftraight  line 
A  B  coinciding 
with  KL»  the  fi« 
gure  AC  muft 
coindde  with  the 

figure  KMy  becaufe  they  are  equal  and  fimilar :  Therefore  the 
ftraight  lines  AD,  DC,  CB  coincide  with  KN,  NM,  ML, 
each  with  each ;  and  the  points  A,  D,  C,  B,  with  the  points 
K,  N,  M,  L :  And  the  folid  angle  at  A  coincides  with  ^  the 
folid  angle  at  K;  wherefore  the  plane  AF  coincides  with  the 
plane  KF,  and  the  figure  AF,  with  the  figure  KP,  becaufe  they 
are  equal  and  fimilar  to  one  another :  Therefore  the  ftraight 
lines  AE,  £F,  FB,  coincide  with  KO,  OP,  PL}  and  the  points 
£)  F,  w  th  the  points  O,  P.  In  the  faipe  manner,  the  figure 
AH  coincides  with  the  figure  KR,  and  the  ftraight  line  DH 
with  NR,  and  the  point  H  with  the  point  R  :  And  becaufe  the 
folid  angle  at  B  is  equal  to  the  folid  angle  at  L,  it  may  be  pro* 
ycd|  iu  the  fame  manner,  that  the  figure  BG  coincides  with 

the 
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^J^:  the  figure  LQ*^  and  the  ftraight  line  CG  with  MQ»  and  the 
point  G  with  the  point  Q^:  Since,  therefore  all  tEe  planei 
and  fides  of  the  folid  fifrure  AG  coincide  with  the  planes  and 
fides  of  the  folid  fignre  KQf  AG  fs  equal  and  finilar  to  KQj 
Andy  in  the  fame  manner,  any  other  folid  figures  whateyer  con- 
tained by  the  fame  number  of  equal  and  fimilar  planes,  alike 
fituated,  and  having  none  of  their  folid  angles  contained  by 
more  than  three  plane  angles,  may  be  proved  to  be  equal  and 
fimilar  to  one  another.    Q^E.  D. 


PROP.    XXIV.      T  H  E  O  R. 


^^  Hi     TF  a  folid  be  contained  by  fix  planes,  two  and  two  of 
I.  which  are  parallel ;  the  oppofite  planes  are  fimilar  and 
equal  parallebgrams* 

Let  the  folid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF;  BG,  C£|  FB,  A£:  Its  oppofite  planes  are  fimilar  and 
equal  parallelograms. 

Becaufe  the  two  parallel  planes,  BG,  CE,  are  cut  by  the 

A  i((.  ti*  pl>i^^  A^f  their  common  fe£lion8  AB,  CD,  are  parallel  \  A- 
gain,  becaufe  the  two  parallel  planes  BF,  AE,  are  cut  by  the 
plane  AC|  their  common  feAions  AD,  BC,  are  parallel' :  And 
AB  is  parallel  to  CD ;  therefore  AC  is  a  parallelogram.  In  like 
manner,  jt  may  be  proved  that  each  n  tt 

of  the  figures  CE,  FG,  GB,  BF,  O  H 

AE  is  a  parallelogram  :  Join  AH,  ▲ 
i)F;  and  becaufe  AB  is  parallel  to  " 
PC  and  BH  to  CF  5  the  two 
flraight  lines  AB,  BH,  which  meet 
one  another,  are  parallel  to  DC 
and  CF  which  meet  one  another, 
and  are  not  in  the  tdxnc  plane  with 
the  other  two;  wherefore  they  con- 

V.  X©.  II.  tai'i  <^q"a'  angles  ^  ;  the  angle  ABH  is  therefore  equal  to  the 
angle  DCF :  And  becaufe  AB,  BH,  arc  equal  to  DC,  CF,  and 
the  angle  ABH  ^qual  to  the  angle  DCF;  therefore  the  bafc 
AH  is  equal*'  to  the  bafe  DF,  and  the  triangle  ABH  to  the  tri- 
angle DCF  :  And  the  parallelogram  BG  is  double  ^  of  the  tri- 
angle ABH,  and  the  parallelogram  CE  double  of  the  triangle 
BCF;  therefore  the  parallelogram  BG  is  equal  and  fimi- 
lar to  the  parallelogram  CE.  In  the  fame  nianner  it  may 
be  proved^   that  the   parallelogram   AC  is  equal   and   fi- 

xcilar 
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milar  to  the  paralletogram  GF,  and  the  parallelogram  AE  to  Book  xi. 
BF.    Thereforei  if  a  foIid»  &c.    (^E.  D. 


PROP.    XXV.      T  H  E  0  R. 

IF  afolid  parallelepiped  be  cut  by  a  plane  parallel  to  two  See  k. 
of  its  oppoiite  planes ;  it  divides  the  whole  into  two 
folids,  the  bafe  of  one  of  which  (hall  be  to  the  bafe  of 
the  other,  as  the  one  folid  is  to  the  other. 

Let  the  folid  parallelepiped  ABCD  be  cut  by  the  plane  £V, 
which  is  parallel  to  the  oppofite  planes  AR,  HD,  and  divides 
the  whole  into  the  two  folids  ABFV,  EGCD;  as  the  bare 
AEFY  of  the  firft  is  to  the  bafe  EHCF  of  the  other,  fo  is  the 
folid  ABFV  to  the  folid  EGCD. 

Produce  AH  both  ways,  and  tal^e  any  number  of  ftraight 
lines  HM,  MN,  each  equal  to  EH,  and  any  number  AK,  KL 
each  equal  to  £A,  and  complete  the  paraUelograms  LO,  KY, 
HQt  MS,  and  the  folids  LP,  KR,  HU,  MT  ;  Then,  becaofe 
the  ftraight  lines  LK,  KA,  AEare  all  equal,  the  parallelograms 


0    V    F   c  ct  s 

LO,  KY,  AF  are  equal  * :  And  likeM^ife  the  parallelofirrams  KX,  t  3tf.  i. 
KB,  AG ' ;  as  alfo  ^  the  parallelograms  LZ,  KP,  AR,  becaufe  h  14.  ix« 
they  are  oppofite  planes:    For  the   fame  reafon,    the    paral- 
lelograms EC,  HQi  MS   arc  equal  •j  and  the  parallelograms 
HG,  HI,  IN,  as  Mo^  HD,  MU,  NT:  Therefore  three  planes 
of  the  folid  LP,  are  equal  and  fimilar  to  three  planes  of  the  fo« 
lid  KR,  as  alfo  to  three  planes  of  the  folid  AV  :  But  the  three 
planes  oppofite  to  thefe  three  are  equal  and  fimilar  ^  to  them 
in  the  feveral  folids,  and  none  of  their  folid  angles  are  contain** 
cd  by  more  than  three  plane  angles:  Therefore  the  three  folids 
LP,  KR,  AV  are  equal  ^  to  one  another :  For  the  fame  reafon,  c  C.  ii. 
the  three  folids  ED|  HU|  MT  are  equal  to  one  another :  There- 

P  fore 
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Pool;  xr,  fore' what  multiple  foever  the  bafe  LFisof  the  bafe  AF,  the 
V-'^^^-'  fame  multiple  is  the  folid  LV  of  the  folid  A V :  For  the  fame 
reafoiii  whatever  multiple  the  bafe  NF  is  of  the  bafe  HF»  the 
fame  multiple  is  the  folid  NV  of  t\tt  folid  ED  :  Aad  if  the  bafe 
e  C.  IX.  LF  be  equal  to  the  bafe  NF,  the  folid  LV  is  equal  ^  to  the  fo- 
lid NV ;  and  if  the  bafe  LF  be  greater  than  the  bafe  NF,  the 
folid  LV  is  greater  than  the  folid  NV$  and  if  left,  lefs  :  Since 
then  ^there  are  four  magnitudes,  viz.  the  two  bafes  AF^  FH, 


HIM 


O     T     F    C    GL  S 

nnd  the  two  fplids  AV,  ED,  and  of  the  bafe  AF  and  folid  AV, 
the  bafe  LFand  folid  LV  are  any  equimultiples  whatever  (  and 
of  the  bafe  FH  and  folid  ED,  the  bafe  FN  and  folid  NV  are  ar 
ny  equimultiples  whatever  ;  and  it  has  been  proved,  that  if  the 
bafe  LF  is  greater  than  the  bafe  FN,  the  folid  LV  is  greater 
than  the  folid  NV  ^  and  if  equal,  equal ;  and  if  lefs,  lefs. 
d  5«  dcf-5-  Therefore  <>  as  the  bafe  AF  is  to  the  bafe  FH,  fo  is  the  folid  AV 
to  the  folid  ED.    Wherefore,  if  a  folid,  &c.    (^  E.  D. 

PROP.    XXVI.      P  R  O  B. 

$ct  If.  A  "^^  ^  given  point  in  a  given  ftraigbt  line,  to  make  a 
j[^  folid  angle  equal  to  a  given  folid  angle  contained 
by  three  plane  angles. 

Let  AB  be  a  given  ftraight  IinC|  A  a  giycn  point  in  it,  and 
D  a  giveiTfolid  angle  contained  by  the  three  plane  angles  EDC, 
ILDFj  FDC :  It  is  required  to  make  at  the  point  A  in  the  ftraighc 
line  A&  a  folid  angje  equal  to  the  folid  angle  D« 

In  the  ftraight  line  DF  take  any  point  F,  from  which  draw 

a  iz.  XI*  *  FG  perpendicular  to  the  plane  £DC,  meeting  that  plane  in 

G ;  join  DGy    and  at  the  point  A  in  the  ftraight  line  AB 

b  aa-  2.     make^  the  angle  BAL  equal  to  the  angle  EDC,  and  'in  the 

plane  BAL  make  the  angle  BAK  equal  to  the  angle  EDG ; 

c  12.  II.   then  make  AK  equal  to  DG^  and  froni  the  point  K  ere£t^  KH 
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at  right  angles  to  the  plane  BALjand  make  K(I  equal  to  Book  xr- 
GF,  and  join  AH :  Then  the  folid  angle  at  A«  which  is  contain* 
ed  by  the  three  plane  angles  IiAL»  BAH,  HAL,  is  equal  to  the 
folid  an^le  at  D  contarQed  by  the  three  plane  angles  £DC|  EDF, 
FDC.  .         '       > 

Take  the  equal  .ftraight  lines  AB,  D£»  and  join  HB,'  KB, 
F£,  G£ :  And  becaufe  FG  is  perpendicular  to  the  plane  EDC, 
it  makes  right  angles  <>  with  every  ftraight  line  meeting  it  in  <^3*^*^-*'» 
that  plane  :  Therefore  each  of  the  angles  FGD,  FGE  is  a  right 
angle :  For  the  fame  reafon,  HKA  HKB  are  right  angles  :  And 
becaufe  KA,  AB  are  equal  to  GD»  DE,  each  to  each,  and 
contain  equal  angles,  therefore  the  bafe  BK  is  equal  ^  to  the  e  4.  x. 
bafe  EG  :  And  KH  is  equal  to  GF,  and  HKB,  FGE,  are  right 
angles,  therefore  HB  is  equaP  to  F£  :  Again,  becaufe  AK, 
KH  are  equal  to  DG,  GF,  and  contain  right  angles,  the 
bafe  AH  is  equal  to  the  bafe  DF ;  and  AB  is  equal  to  I>£ ; 
therefore  HA,  AB  are  equal  to  FD,  D£,  and  the  b«ife  HB  is  e<- 
qual  to  the  bafe  F£, 
therefore   the  angle 

BAH  is  equal  ^  to .    .  y]K  /^  f  8.  x. 

the  angle  EPF :  For 
the  fame  reafon,  the 
angle  HAL  is  equal 
to  the  angle  FDC. 
Becaufr  if  AL  and 
DC  be  made  equal, 
and  KL,  HL,  GC, 

FC  be  joined,  fince  the  whole  angle  BAL  is  equal  to  the 
whole  EDC,  and  the  parts  of  them  BAK,  EDG  ar^,  by 
the  con(tru£lion,  equal ;  therefore  the  remaining  angle  KAL 
is  equal  to  the  remaining  angle  GDC  :  And  becaufe  KA, 
AL  are  equ^l  to  GD,  DC,  and  contain  equal  angles,  the  bafe 
KL  is  equal  ^  to  the  bafe  GC :  and  KH  is  equal  to  GF,  fo  that 
LK,  KH  are  equal  to  CG,  GF,  and  they  contain  right  angles; 
therefore  the  bafe  HL  is  equal  to  the  bafe  FC  :  Again,  becaufe 
HA,  AL  are  equal  to  FD,  DC,  and  the  bafe  HL  to  the  bafe 
FC,  the  angle  HAL  is  equal  ^  to  the  angle  FDC  :  Therefore, 
becaufe  the  three  plane  angles  BAL,  BAH,  HAL,  which  contain 
the  folid  angle  at  A,  are  equal  to  the  three  pinne  angles  EDC, 
£DF,  FDC,  which  contain  the  fold  angle  at  D,  each  to  each, 
and  are  fituated  in  the  fame  order,  the  folid  angle  at  A  is  e*- 
qual'  to  the  folid  angle  at  D  Therefore,  at  a  giren  point  in  g,  b  xu 
a  given  ftraight  line,  a  folid  angle  has  been  made  equal  to  a  gi» 
ven  folid  angle  contained  by  three  plane  angles.  Which  was  to 
be  done* 

?  z  P  R  O  P^ 
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b  II.  i. 

c  aa.  5* 


PROP.    XXVI^.      P  R  O  B. 

TO  defcribe  from  a  given  ftraight  line  a  folid  paralle- 
lepiped fimilar,  and  fimilarly  fituated  to  one  given. 

Let  AB  be  the  given  ftraight  line,  and  CD  the  given  folid  pa- 
rallelepiped.  It  is  required  from  AB  to  defcribe  a  folid  paralle- 
lepiped fimxiar,  and  fimilarly  fituated  to  CD. 

At  the  point  A  of  the  given  ftraight  line  AB,  make*  a  folid 
angle  equal  to  the  folid  angle  at  C,  and  let  BAK,  KAH,  HAB 
be  the  three  plane  angles  which  contain  it,  fo  that  BAK  be  e- 
qual  to  the  angle  £CG,  and  KAH  to  GCF,  and  UAB  to 
FCE  :  And  as  EC  to  CG,  fo  make  ^  BA  to  AK;  and  as  GC  to 
CF,  fo  make  ^  KA  to  AH ;  vherefore,  ex  aequali  ^,  as  EC  to 

CF,  fo  is  B  A  to  AH  :  Complete  the  parallelogram  BH,  and 
the  folid  AL :  And 
becaufe,  as  EC  to 

CG,  fo  BA  to  AK, 
the  fides  about  the 
equal  angles  ECG, 
BAK  arc  proporti- 
onals; therefore  the 
parallelogram  BK 
is  fimilar  to  EG* 
For  the  fame  rca- 
fon,  the  parallelo- 
gram KH  is  fimilar  to  GF,  and  HB  to  FE.  Wherefore  three 
parallelograms  of  the  folid  AL  are  fimilar  to  three  of  the  folid 
CD  $  and  the  three  opppfite  ones  in  each  folid  are  equal  ^  and 
fimilar  to  tbefc,  each  to  each.  Alfo,  becaufe  the  plane  angles 
which  contain  the  folid  angles  of  the  figures  are  equal,  each  to 
each,  and  fituated  in  the  fame  order,  the  folid  angles  are  e« 
qual*,  each  to  each.    Therefore  the  folid  AL  is  fimilar  ^  to  the 

f ii.def. IX.  iolid  CD.  Wherefore  from  a  given  ftraight  line  AB  a  folid  p  • 
ralielcpiped  AL  has  been  defcribed  fimilar,  and  fimilarly  fituated 
tp  the  given  one  CD.    Which  was  to  be  done. 
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i*  R  O  P.    iXVIIL      T  H  E  b  R. 


b  i6.  Its 


i"  ^  a  folid  parallelepiped  be  cut  by  a  plane  paf&ng  through^  ^* 
the  diagonals  of  two  of  the  oppofite  planes  j  it  fliall 
cut  in  two  eqdal  pafts* 

Let  AB  be  a  foltd  parallelepiped,  and  DE,  CF^  the  diago- 
nals of  the  oppofite  paiallelograms  AHj  GB,  viz.  thofe  which 
are  drawn  betWixt  the  equal  angles  in  each:  And  becaufe  CD, 
FE  are  each  of  them  parallel  to  G  Ay  and  not  in  the  fame  plane 
with  ir»  CDy  FF  are  parallel  * ;  wherefore  the  diagonals  CF,  s^  9*  <'' 
DE  are  in  the  plane  in  which  the  pa- 
rallels are,  and  are  themfelves  paral- 
lels <» :  And  the  plane  CDEF  (hall  cut 
the  folid  AB  into  two  equal  parts. 

Becaufe  the  triangle  CGF  is  equal 
^  to  the  triangle  CBF,  and  the  triangle 
DAE  to  OHE  ;  and  that  the  paral- 
lelogram C A  is  equal  ^  and  fimilar  to 
the  oppofite  one  BE  ^  and  the  {Paral- 
lelogram GE  to  CH  :  Therefore  the 
prifm  contained  by  the  two  triangles 
CGF,  DAE,  and  the  three  parallelograms  CA,  GE,  EC,  18 
equal  *  to  the  prifm  contained  by  the  two  triangles  CBF,  DHE,  c  C.  ii# 
and  the  thive  parallelograms  BE,  CH,  EC ;  becaufe  they  arc 
contained  b^  the  fame  number  of  equal  and  fimilar  planes,  alike 
fituated,  and  none  of  their  folid  angles  are  contained  by  more 
than  three  plane  angles.  Therefore  the  folid  AB  is  cut  into  two 
equal  parts  by  the  plane  CDEF.  Q^E.  D. 
^  N.  B  The  infixing  llraight  lines  of  a  parallelepiped,  men* 
^  tioncd  in  the  next  and  fome  following  propofitions,  are  the 
*  fides  of  the  parallelograms  betwixt  the  bafe  and  the  oppofite 
'  plane  parallel  to  it.^ 


c  34;  I< 
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IP  R  O  P*    XXIX.      T  H  E  O  R* 

SOLID  pafallelepipcds  upon  the  fame  bafe,  and  of  the  s«:  14* 
fame  altitude,  the  infilling  ftraight  lines  of  which  arc 
terminated  in  the  fame  llraight  lines  in  the  plane  oppofite 
to  the  bafe^arc  equal  to  one  another. 

P  4  -      Ui 
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A    •  il  i;,J  nK  •  tS:  ioiid  AH  is  equal  » the  folid  AK. 
^S^  L^?«;-«^Sp«.»  D^  "N.  which  arc  oppofite 
.oS^ff  iS  taJ^7^--oa  6<lc  HG :  Then,  becaufe  the 

^j^*^^  !i  PJ?V*«  P»««  ^GHC :   Therefore  the 
itf-i  AH   a  er^A^  '^  *•*     D  ^  K.» 

t^c    a«    tmtgles    ALG, 

CEH :   Ti€  the  iame  lealon, 

Vo-rie  Ac  «'J„AK  i»  c«  j, 

vr  ^  riiic  UiHB  throogh  ^ 

V        *      •-  IjG  BH  of  the  .  ^ 

«p>rL«    P»«*    ftr.    jj,we  of  the  fame  prifm  which  i« 

K  :d  AH  is  «1»»1  "S!jr' .  DM.  EN  oppofite  to  the  b«fe, 
'-^'=  "ToTrorA  toT^  J^f  tnc  opponU  fides  DH.  £K, 

pn  ill.;  th«  Dt  ;scj«a  .oHJ^^^^     And  ,he  paraHelo. 

jr.m  DG  « <N«'' "p'c  if^oal  to  the  triangle  LMN,  and 

r«i!on,  »*^«  *^*''S'S,p  :  "  „ai «  to  the  parallelogram  BM,  and 
the  parallclcgram  CF  is  cquai 


>  »»  :• 


*  s 


*  ». 


t  W    1- 
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^n  «v  .  for  ther  arc  OFpcGte.  Therefore  the  prifm  which 
CG  to  BN  f^r  ;«/  ';^°FP  les  AFG.  CDE,  and  the  three 
»  ccn:a;ccd  by  J"*  ^^^o' gc  is  equal'  to  the  prifm,  contain- 
j^llclogiams  4^  "^j'.Yn    bHK,  and  the  three  parallelo- 


d  F  is  tj  d  1 1  b.  23t 

iaiceh  from  the  folid  of  which  the  bafe  h  the  parallelogram  ^1^-  xr. 
AB,  and  in  which  FDKN  is  the  one  oppofite  to  it ;  and  if  Vi^V^ 
from  this  fame   foh*<l  there  be  taken  the  prifm   Al^GCDE  ; 
the  remaining  fcAtd,  viz.  the  parallelepiped  AH,  is  equal  to  the 
remain^Dg  parallelepiped  AK.    Therefore  folid  parallelepiped$| 

I 

PROP.    XXX.      T  H  E  O  ft* 

COLID  parallelepipeds  upon  the  fame  bafe^  and  of  the  See  2<* 

fame  altitude,  the  ihfifting  {tra!ght  lines  o£  which  are 
not  terminated  in  the  fame  ftraight  lines  in  the  plane 
oppofite  to  the  bafe,  are  equal  to  one  another* 

Let  the  parallelepipeds  CM,  CN  be  upon  the  fame  bafe  AB^ 
and  of  the  fame  altitude,  but  their  inGfting  ftraight  liites  AF, 
AG,  LM,  LN,  CD,  CE,  BH,  BK  not  terminated  in  the  fame 
ftraight  lines  :   The  folids  CM,  CN  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  KE,  and  let  them  meet  one 
another  in  the  points  O,  P,  Q»  R;  and  join  AG,  LP,  BQ^ 
CR :    And  becaufe  the  plane  LBHM  is  parallel  to  the  oppofitd 


platie  ACDF,  and  that  the  plane  LBHM  is  that  in  which  aM 
the  parallels  LB;  MHPQ,  in  which  alfo  is  the  figure  BLP(^i 
and  the  plane  ACDF  is  that  in  which  afe  t^e  parallels  AC» 
FDOR,  in  which  alfo  is  the  figure  CAORi  therefore  the  fi- 
gures BLPQt  C AOR  are  in  parallel  planes  :  In  like  manner, 
becaufe  the  plane  ALNG  is  parallel  to  the  oppoGte  plane  CBKEj 
and  that  the  plane  ALNO  is  that  in  which  are  the  parallefs 

P3  .        AL, 
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Book  xr.  AL,  OPGN,  in  which  alfo  it  the  figure  ALPO ;  and  the  ptane 

V•v^^  CBKE  18  that  in  which  are  the  parallels  CB,  RQEK,  in  which 

alfo  is  the  figure  CBQR  ;  there/ore  tbe  figures  ALPO,  CBQR 

are  in  parallel  >plancs :  And  the  places  ACBL,  ORQP  arc  pa* 

rallel ;  tberefoie  the  folid  CP  is  a  parallelepiped  :   But  the  fo-i 

'   lid  CM,  of  which  the  bafe  is  ACBL,  to  which  FDHM  ia  the 

•  2^  11,    oppofite  parallelogram,  is  equal  *  to  the  folid  CP,  of  which  the 


hafe  is  the  parallelogram  ACBL,  to  which  ORQP  is  the  one 
oppofite ;  becaufe  they  are  upon  the  fame  bafe,  and  their  in-« 
fitting  ftraight  lines  AF,  AO,  CD,  CR  j  LM,  LP,  BH,  BQ^ 
are  in  the  fame  ftraight  lines  FR,  MQj  And  the  folid  CP  is  e- 
qual*  to  the  iblid  CN ;  for  they  are  upon  the  fame  bafe  ACBL, 
and  their  infifting  ftraight  lines  AO,  AG,  LP,  LN  $  CR,  C£, 
BQ,  BK  are  in  the  fame  ftraight  lines  ON,  RK :  Therefore  the 
folid  CM  is  equal  to  the  folid  CN.  Wherefore  folid  paralleled' 
pipeds,  &c*   (^  £.  D, 


PROP.    XXXL      T  U  E  O  R. 

See  K,       O  OLID  parallelepipeds  which  are  upon  equal  bafcs,  and 
O  of  the  fame  altitudei  are  equal  to  one  another. 

Let  the  folid  parallelepipeds  AE,  CF,  be  upon  equal  bafca 
AB,  CD,  and  be  of  the  fame  altitude  $  the  folid  A£  is  equal 
to  the  folid  CF. 

Firft,  Let  the  infifting  ftraight  lines  he  at  right  angles  to  the 
bafes  AR,  CD*  and  let  the  bafes  be  placed  in  the  fame  plane, 

and 


OP    EUCLID. 


^23 


and  to  as  that  the  fidea  CL,  LB  be  in  a  ftraight  line  |  there-   Book  xu 

fore  the  ftraight  line  LM,  which  is  at  right  angles  to  the  plane  ^^^^^^Vi 

in  which  the  bafes  are,  in  the  point  L,  is  commoi\^*  to  the  two  *  '^*  "*^ 

folids  A£»  CF ;  let  the  other  infifting  lines  of  the  folids  be 

AG,  HK,  BE ;  DF,  OP,  CN :    And  firll,  let  the  angle  ALB  he 

equal  to  the  ansle  CLD ;  then  AL»  LD  are  in  a  ftraight  line^.  b  Z4.  r*     ' 

Produce  OD,  HB,  and  let  them  meet  in  Q^  and  complete  the 

folid  parallelepiped  LR,  the  bafe  of  which  is  the  parallelograiii 

hQj  and  of  which  LM  is  one  of  its  infifting  ftraight  lines  : 

Therefore,  becaufe  the  parallelogram  AB  is  equal  to  CD,  as  the 

bafe  AB  is  to  the  bafe  LQ»  lo  is  *^  the  bafe  CD  to  the  fame  e  7-  5* 

hQj    And  becaufe  the  folid  parallelepiped  AR  is  cut  br  the 

plane  LMEB,  which  is  parallel  to  the  oppof&te  planes  AK,  DR ; 

as  the  bafe  AB  is  to  the  bafe  LQ,  fo  is  ^  the  folid  A£  to  the  d  fl5.  si. 

folid  LR  :  For  the  fame  reafon,  becaufe  the  folid  parallelepiped 

CR  is  cut  by  the  plane  LMFD,  which  is  parallel  to  the  oppofite 

planes  CP,  BR ;  as      p  «P  H 

the  bafe  CD  to  the      '^  *  '^ 

bafe  LQ»^fo  is  the 

folid  CF  to  the  fo« 

lid  LR :  But  as  the 

bafe  AB  tothe  bafe 

LQi  fo  the  bafe  CD 

to  the  bafe  LQ*^  as 

before  liras  proved  : 

Therefore  as  the  fo« 

lid  A£  to  the  folid 
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LH,  fo  is  (he  folid  CF  to  the  folid  LR  i  and  therefore  the  folid 

AB  is  equal  « to  the  folid  CF.  •  r  Si 

But  1«(  the  folid  parallelepipeds  S£,  CF  be  upon  equal  bafes 
•SB,  CD,  and.  be  of  the  fame  altitude,  and  let  their  in&fting 
ftraight  lines  be  at  right  angles  to  the  bafes  ;  and  place  the 
bafes  bB,  CD  in  the  fame  plane^  fo  that  CL,  LB  be  in  a  ftraight 
line  I  and  let  the  angles  hLB,  CLD  be  unequal  ;  the  folid  S£ 
is  alfo  in  this  cafe  equal  to  the  folid  CF :  Produce  PL,  T6  un- 
til they  meet  in  A,  and  from  B  draw  BH  parallel  to  DA ;  and 
Jet  Hfi,  OD  produced  meet  in  Q^ and  complete  theioKds  AE^ 
LR ;  Therefore  the  folid  A£,  of  which  the  bafe  is  the  parallelo- 
gram LE,  ajid  AK  the  one  oppofite  to  it,  is  equal  ^  to  the  fo-  '  ^9.  ii« 
lid  S£,  of  which  the  bafe  is  L£,  and  to  whtcD  SX  is  oppofite  3 
ior  thcj  are  upon  the  fame  bafe  L£,  and  of  the  fame  altitude, 
and  their  infifting  ftraight  lines,  Yiz.  LA,  LS,  BH,  BT^  MG, 
M  V,  EK,  EX  are  in  the  (ame  ftraight  lines  AT,  GX :  And  be^ 

caufc 
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Book  XT.  cflttfe  tbe  parallelogram  A B  is  equal  <  to  SB,  for  they  are  updti 
^^  '  the  fame  bafe  LB,  and  between  the  fame  parallels  LB,  AT ; 
and   that  the   bafc       o  t-«  d 

SB  is  equal  to  the       P  F  Iv 

bafe  CD ;  therefore 
the  bafe  AB  is  equal 
to  the  bafe  CD,  and 
the  angle  ALB  is  ^ 
equal  to  the  angle  U 
CLD :  Therefore, 
by  the  fir  (I  cafe, 
the  folid  AE  is  e- 
qual   to    the    folid 

CF  ;  but  the  folid  AE  is  equal  to  the  folid  SE,  as  was  demon* 
firated  i  therefore  the  folid  bE  is  equal  to  the  folid  CF. 

But,  if  the  infifting  ftraight  lines  AG,  HK,-  BE,  LM ;  CN, 
RS,  DF,  OP,  be  not  at  right  angles  to  the  bafes  AB,  CD  ;  in 
this  cafe  likcwife  the  folid  AE  is  equal  to  the  folid  CF:  From 
the  points  G,  K|  £,  M  ;  N,  S,  F,  P,  draw  the  ftraight  lines 
GQ^KT,  EV,  MX;  NY,  SZ,  FI,  PU,  perpendicular  ^  to  the 
plane  in  which  are  the  bafes  AB,  CD  ;  and  let  them  meet  it  in 
the  pomts  Q.  T,  V,  X ;  Y,  Z,  I,  U,  and  join  QT,  TV,  VX. 
XQj  YZ.  ZT,  lU,  UY  :    Then,  becaufe  G(^KT,  are  at  right 

M     E 
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h  It.  tf* 
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I  6.  IX*  ~  angles  to  the  fame  plane,  they  are  parallel  >  to  one  another  : 
And  MG,  EK  are  parallels ;  therefore  the  planes  MQj  £T,  of 
which  one  pafies  through  MG,  GQ»  and  the  other  through 
EK,  KT  which  are  parallel  to  MG,  GQj^  and  not  in  the  fame 

k  15.  XI. .  plane  with  them,  arc  parallel^  to  one  another  :  For  the  fame 
reafon,  ,the  planes  MV,  GT  are  parallel  to  one  another:  There- 
fore the  folid  Q£  is  a  parallelepiped  :  In  like  matiner,  it  may 
be  proved,  that  the  folid  YF  is  a' parallelepiped  :  But,  from 
what  has  been  demonftrated,  the  folid  EQ^is  equal  to  the  folid 
FY,  becaufe  they  are  upon  equal  bafes  MK,  PS,  and  of  the 
fame  altitude,  and  have  their  Infifting  ftraight  lines ^t  right  angles 

to 
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to  the  bafes:    And  the  folid  £Q^  is  equal  ■  to  the  folid  AE ;  and  Book  XI. 
the  folid  FY  to  the  folid  CF ;  becaufe  they  are  upon  the  lame   ^ 
bafes  and  of  the  fame  altitude  :  Therefore  the  folid  A£  is  equal    !? 
to  the  folid  CF.  Wherefore  Iblid  parallelepipeds,  &c.  (^£.  D. 


IX. 


or3«f 


PROP.    XXXn.      T  H  E  O  R. 

C  OLID  parallelepipeds  which  have  the  fame  altitude,  are  See  n. 
to  one  another  as  their  bafes. 


Let  AB,  CD  be  folid  parallelepipeds  of  the  fame  altitude  : 
They  are  to  one  another  as  their  bafes  j  that  is»  as  the  bafe  A£ 
to  the  bafe  CF,  fo  is  the  folid  AB  to  the  folid  CD. 

To  the  ftraight  line  FG  apply  the  parallelogram  FH  equal  *  <  CotasI' 
to  A£»  fo  that  the  angle  FGH  be  equal  to  the  angle  LCG ; 
and  complete  the  folid  parallelepiped  GK  upon  the  bafeFH, 
one  of  whofe  infifting  lines  is  FD,  whereby  the  folids  CD,  GK ' 
muft  be  of  the  fame'^titude  :  Therefore  the  folid  AB  is  equal  ^  b  31.  n. 
to      the     folid  wt       >    ^  T% 

GK,      becaufe  j—       ^  " 

they  are  upon  \ 
equal  bafes  ^ 
AE,  FH,  and 
are  of  the  fame 
altitude  :  And 
becaufe  the  fo- 
lid  parallelepi- 
ped CK  is  cut 

by  ^e  plane  DG  which  is  parallel  to  its  oppoflte  planes,  the  bafe 
HF  is  «  to  the  bafe  FC,  as  the  folid  HD  to  the  folid  DC  :    But  c  sj.  xi. 
the  bafe  HF  is  equal  to  the  bafe  A£,  and  the^olid  GK  to  the 
folfd  AB  :  Therefore,  as  the  bafe  A£  to  the  bafe  CF,  fo  is  the 
folid  AB  to  the  folid  CD.   Wherefore  (alid  parallelepipeds,  &c. ' 

li;    £.    D.  / 

CoR.  From  this  it  is  manifeft  that  prifms  upon  triangular  ba« 
fes,  of  the  fame  altitude,  are  to  one  another  as  their  bafes. 

Let  the  prifms,  the  bafes  of  which  are  the  triangles  A£M, 
CFG,  and  NBO,  PDQ^the  triangles  oppofite  to  them,  have 
the  fame  altitude  i  and  complete  the  parallelograms  A£,  CF, 
and  the  folid  parallelepipeds  AB,  CD,  in  the  firft  of  which  let 
MO,  and  in  the  other  let  GQJbe  one  of  the  infifting  lines.  And 
becaufe  the  folid  parallelepipeds  AB,  CD  have  the  fame  alti- 
tude, they  are  to  one  another  as  the  bafe  A£  is  to  the  bafe 

CF| 
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B«ok  zt.  CF ;  wberefere  the  prifrfit,  which  are  their  haWes  ^,  are  to  one 
Ky^>rsJ  another,  at  the  bafe  AE  to  the  bafe  CF  ^  that  is,  as  the  triangle 
«aa.  tx.    AEM  to  the  triangle  CFG. 


PROP.    XXXm.      T  H  E  O  R. 

CImilak  folid  parallelq>ipeds  are  one  to  another  in  the 
triplicate  ratio  of  their  homologous  tides. 

Let  AB,  CD  be  fimilar  folid  parallelepipeds,  and  the  fide  AE 
homologous  to  the  fide  CF  :  The  folid  AB  has  to  the  folid  CD, 
the  triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  thefe  produced  take  £E  e- 
qua!  to  CF,  EL  equal  to  FN,  and  EM  equal  to  FR;  and  com- 
plete the  parallelogram  KL,  and  the  folid  KO :  Becaufe  KE,  EL 
are  equal  to  tT^  FN,  and  the  angle  REL  equal  to  the  angle  CFN, 
becaufe  it  is  equal  to  the  angle  AEG  which  is  equal  t6  CFN,  b^ 
reafon  that  the  foHds  AB,  CD  are  fimilar;  therefore  the  naral- 
lelogram  KL  is  fimilar  and  equal  to  the  parallelogram  CN  :  For 
the  fame  reafon,  the  parallelogram  MK  is  fimilar  and  equal  to 
CR,  and  alfo   OE  -o       ^V 

to    FD  :     There-  B      -A. 

fore  three  paralle-  J^ 

lograms  of  the  fo  |V  \p 
lid  KO  are  equal  I  I  Tllv 
and  fimilar  to  three 
parallelograms  of 
the  foKd  CD :  And 
the  three  oppofite 
ones  in  each  folid 
•  04*  It.  are  equal  *  and 
fimilar  to  thefe  : 
Therefore  the  fo* 
h  C  II.     lid  KO   is  equal  ^ 

and  fimilar  to  the  folid  CD  :  Complete  the  parallelogram 
GK,  and  complete  the  folids  EX,  LP  upon  the  bafes 
GK,  KL,  fo  that  £H  be  an  infilling  Itraight  Hne  in  each 
of  them,  whereby  they  muft  be  of  the  fame  altitude  with  the 
folid  AB  :  And' becaufe  the  folids  AB,  CD  are  fiimilar,  and^ 
by  permutation,  as  AE  is  to  CF,  fo  is  EG  to  FN»  and  fo  is  EH 
to  FR  ;  and  FC  is  equal  to  LK,  and  FN  to  EL,  and  FR  to 
EM  ;  therefore  as  AE  to  EK,  fo  is  EG  to  EL,  and  fo  is  HE 
c  X.  6.  to  £M:  But,  as  AE  to  £K,  fo^  is  the  parallelogram  AG  to 
the  parallelogram  GK ;  and  as  GE  to  EL^  fo  is  «  GK  to  KL ; 

and 


L 


O  F    E  U  C  L  I  Dt  %ij 

pod  i»  HE  to  EM,  fo  <"  is  FE  to  KM :  Therefore  as  the  parallelo-  B^k  XL 
gram  AG  to  the  parallelogram  GK|  fo  is  GK  to  KL,   and  PE  ^^^^T^ 
to  KM  :  But  as  AG  to  GK,  fo  «  is  the  folid  AB  to  the  ibltd^' , ' 
£X;  and  as  GK  to  KL,  fo^  is  the  folid  EX  to  the  folid  PL  ;     ^'     ' 
and  as  PE  to  KM,  (q  d  is  the  folid  PL  to  the  folid  KO  :  And 
therefore  as  the  folid  AB  to  the  folid  EX,  fo  is  EX  to  PL* 
and  PL  to  KG.:  But  if  four  magnitudes  be  continual  propor* 
tipnals,  the  firft  is  faid  to  have  to  the  fourth  the  triplicate  ratio 
of  that  vhich  it  has  to  the  fecond :  Therefore  the  folid  AB 
has  to  the  folid  KO,  the  triplicate  ratio  of  that  which  Afi  has 
to  EX :  But  as  AB.  is  to  EX,  fo  is  the  parallelogram  AG  to 
the  parallelogram  GK,  and  the  ftraight  line  A£  to  the  ftraight 
line  EK.    Wherefore  the  folid  AB  has  to  the  folid  KO,  the  tri« 
plicate  ratio  of  that  which  AE  has  to  EK.     And  the  folid  KO 
is  equal  to  the  folid  CD,  and  the  ftraight  line  EK  is  equal  to 
the  ftraight  line  CF.    Therefore  the  folid  AB  has  to  the  folid 
CD,  the  triplicate  ratio  of  that  which  the  fide  AE  has  to  the 
homologous  fide  CF,  &c.    Q;^E.  D. 

Cor.  From  this  it  is  manifeft,  that,  if  four  ftraight  lines  be 
continual  proportionals,  as  the  firft  is  to  the  fourth,  fo  is  the 
folid  parallelepiped  defcribed  from  the  firft  to  the  fimilar  folid 
fimilarly  defcribed  from  the  fecond  j  becaufe  the  firft  ftraight' 
line  has  to  the  fourth  the  triplicate  ratio  of  that  which  it  has 
to  the  fecond* 


PROP.    D.    T  H  E  O  R. 

SOLID    parallelepipeds   contained   by  parallelograms  sce  N, 
equiangular  to  one  another,  each  to  each,  that  is, 
of  which  the  folid  angles  are  equal,  each  to  each,  have  to 
one  another  the   ratio  which  is  the  fame  with  the  ratio 
compounded  of  the  ratios  of  their  fides. 

Let  AB,  CD  be  folid  parallelepipeds,  of  which  AB  is  con* 
tained  by  the  paiallelograms  AE,  AF,  AG  equiangular,  each 
to  each,  to  the  parallelograms  CH,  CK,  CL  which  contain  the 
folid  CD.  The  ratio  which  the  folid  AB  has  to  the  folid  CD  is 
the  fame  with  that  which  is  compounded  of  the  ratios  of  the 
fides  AM  to  DL,  AN  to  DK,  and  AO  to  DH. 

Produce 
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Produce  MA,  NA,  OA  to  P,  Q,  R,  fo  that  AP  be  equal 
to  DL,  AQ^to  DK,  and  AR  to  DH  ;  and  complete  the  Tolid 
parallelepiped  AX  contained  by  the  parallelograms  AS,  AT^ 
AV  fimilar  and  \equal  to  CH,  CK,*"  CL,  each  to  each.  There- 
fore the  folid  AX  is  equal  *  to  the  folid  CD.  Complete  likewife 
the  folid  AT9  the  bafe  of  which  is  AS,  and  of  which  AO  is 
one  of  it^  infifting^  ftraight  lines.  Take  any  ftraight  line  a» 
and  as  MA  to  AP,  fo  make  a  to  b  j.  and  as  NA  to  AQ,  fo 
make  b  to  c }  and  as  AO  to  AR,  fo  c  to  d :  Then,  bccaufe  tbe 
parallelogram  A£  is  equiangular  to  AS,  A£  is  to  AS,  as  the 
ftraight  line  a  to  c,  as  is  demonftrated  in  the  23.  Prc^.  Book 
6.  and  the '  folids  AB,  AY,  being  betwixt  the  parallel  planes 
Bi  -^ ,  EAS,  are  of  the  fame  altitude.  Therefore  the  folid  AB 
is  li  '  he  folid  AY,  as  ^  the  bafe  A£  to  the  bafe  AS  ;  that  is^ 
at  the  ftraight  line  a  is  to  c.    And  the  folid  AY  is  to  tbe  folid 
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c  a^  II.  AX,  as  p  the  bafe  OQ^is  to  the  bafe  QR  5  that  i$,  as  the  ftraight 
line  OA  to  AR ;  that  is,  as  the  ftraight  line  c  to  the  ftraight 
line  d.  And  bccaufe  the  folid  AB  is  to  the  folid  AY,  as  a  is  to 
c,  and  the  folid  AY  to  the  folid  AX,  as  c  is  to  d ;  ex  aequali^ 
the  folid  AB  is  to  the  folid  AX,  or  CD  which  is  equal  to  it, 
as  the  ftraight  line  a  is  to  d.    But  the  ratio  of  a  to  d  is  faid  to 

4  d«&  A.  5.  {,g  compounded  ^  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d, 
which  are  the  fame-with  the  ratios  of  the  fides  MA  00  A P,  NA 
to  AQ^and  OA  to  AR,  each  to  each.  And  the  Gdes  AP,  AQ>^ 
AR  are  equal  to  the  fides  DL,  DK»  DH,  each  to  each.  There- 
fore the  folid  AB  has  to  the  folid  CD  the  ratio  which  is  the  fame 
vixth  that  vhich  is  compounded  of  the  ratios  of  the  fides  AM  to 
PL,  AN  to  OK,  and  AO  to  OH.    O.  £.  O. 
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PROP.    XXXIV.     T  H  E  O  R. 


THE   bafes  and  altitudes  of  equal  folid  parallclcpi- see  n. 
pcds,   are   reciprocally  proportional;    and    if  the 
bafes  and  altitudes  be  reciprocally,  proportional,  the  folid 
parallelepids  are  equal. 

Let  AB,  CD  be  equal  folid  parallelepipeds ;  their  bafes  are 
reciprocally  proportional  to  their  altitudes ;  that  is,  as  the  bafe 
EH  is  to  the  bafe  NP,  fo  is  the  altitude  of ^  the  folid  CD  to  the 
altitude  of  the  folid  *AB. 

Firft^  Let  the  infiaing  ftraight  lines  AG,  £F,  LB,  HK ; 
CM,  NX,  OD|  PR  be  at  right  angles  to  the  bafes.  As  the  bafe 
EH  to  the  bafe  NP,  fo  is       v^  ^  ^  ^ 


CM  to^G.  If  the  bafe 
EH  be  equal  to  the  bafe 
NP,  then  becaufe  the  fo- 
lid AB  is  likewife  equal 
to  the  folid  CD,  CM  (hall 
be  equal  to  AG.  Becaufe, 
if  the  bafes  EH,  NP  be  c- 
qual,    but   the    altitudes 

AG,  CM  be  not  equal,  ^  > 

neither  (ball  ths  folid  AB  be  equal  to  the  folid  CD.  But  the 
folids  are  equal,  by  the  hypothefis-  Therefore  the  altitude  CM 
is  not  unequal  to  the  altitude  AG;  that  *is,  they  are  equal. 
Wherefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  CM  to  AG. 

Next,  Let  the  bafes  EH,  NP  not  be  equaj,  but  EH  greater 
than' the  other:  Since  then  the  folid  AB  is  equal  to  the  folid 
CD,  CM  is  therefore 
greater  than  AG :  For, 
if  it  be  not,  neither  aU 
fo,  in  this  cafe,  would 
the  folids  AB,  CD  be       K  B 

equal,  which,  by  the 
hypothefis,  are  equal. 
Make  then  CT  equal  to 
AG,  and  complete  the 
folid  parallelepiped  CV  n 
of  which  the  bafe  ia 
NP,  and   altitude  CT.  A         E 

Becaufe    the  folid   AB 
js  equal  to  the  folid  CD|  therefofe  the  (olid  AB  is  to  th« 

folid 
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Bode  Xt.  foPid  CV,  as  t  the  folid  CD  to  the  folid  CV.  Bat  as  the  fo- 
lid  AB  to  the  folid  CV,  fo  » is  the  bafe  EH  to  the  bafe  NP  ^  for 
the  folids  AB,  CV  are  of  the  fame  altitude  ;  and  as  the  folid 
CD  to  C V,  fo  «  is  the  bafe  MP^  to  the  bafe  PT,  and  fo  «  is 
the  ftraight  line  MC  to  CT ;  and  CT  is  equal  to  AG.  There- 
fore, as  the  bafe  EH  to  the  bafe  NP,  b  is  MC  to  AG.  Where- 
fore the  bafes  of  the  folid  parallelepipeds  AB,  CD  are  recipro- 
cally proportional  to  their  altitudes. 

Let  now  the  bafes  of  the  folid  parallelepipeds  AB,  CD  be  re- 
ciprocally proportional  to  their  altitudes  ;  viz.  as  the  bafe  EH 
to  the  bafe  NP«  fo  the  al-       -m^ 
tJtude  of  the  folid  CD  to       «• 
the  altitude  of  the  folid 
AB|  the  folid  AB  is  e- 
oual  to  the  folid  CD.  Let 
toe  infifting  lines  be,  as   ._ 
beforci  at  right  angles  to   nl 
the  bafes.    Then,  if  the 
bafe  EH  be  equal  to  the 
bafe  NP,  fince  EH  is  to 
NP»  as  the  altitude  of  the  folid  CD  is  to  the  altitude  of  the  fo« 

c  A*  f  •      lid  ABf  therefore  the  altitude  of  CD  is  equal  ^  to  the  altitude 
of  Ap.    But  folid  parallelepipeds  upon  equal  bafes,  and  of  the 

f  3>*  iz«     fame  altitude,  are  equal  f  to  one  another ;  therefore  the  folid  AB 
}s  equal  to  the  folid  CD. 

But  let  the  bafes  EH,  NP  be  unequal,  and  let  EH  be  the 
greater  of  the  two.  Therefore,  fince  as  the  bafe  EH  to  the  bafe 
NP,  fo  is  CM  the  alti- 
tude of  the  folid  CD  to 
AG  the  altitude  of  AB, 
N  CM  is  greater  ^  than 
AG.  Again,  Take  CT 
equal  to  AG,  and  com*- 
plete,  as  beforei  the  fof 
lid  CV.  And,  becaufe 
the  bafe  EH  is  to  the  H 
bafe  NP,  as  CM  to  AG, 
and  that  AG  is  equal 
to  CT,  therefore  the  bafe 
EH  is  to  the  bafe  NP,a8  MC  to  CT.  But  as  the  bafe  EH  is  to  NP, 
fo  *  is  the  folid  AB  to  the  folid  CV  j  for  the  folids  AB,  CV  are  of 
Ihe  fame  altitude ;  and  as  MC  to  CT,  fo  is  the  bafe  MP  to  the4)are 
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PTt  and  die  foiid  CD  to  the  fblid^  CV  i  And  therefore  as  the  b<kA'  xr« 
folid  AB  to  the  fdtd  CV,  fo  ie  the  folid  CD  to  the  felid  C V ;  O^vxJ 
that  is,  each  of  the  folids  AB,  CD  has  the  fame  ratio  to  the^  *^*  ''' 
folid  CV  ;  and  therefore  the  folid  AB  ic  equal  to  the  folid  CD. 
Second  ^neral  cafe.     Let  the  infifting  ftraight  lines  FE, 
BL,  GA,  KH;  XN,  DO,  MC,  HP  not  be  at  right  angles  to 
the  bafes  of  the  fdiicls ;  and  from  the  points  F,  B,  K,  G ;  ^» 
Dt  R,  M  draw  perpendicnfars  to  the  planes  in  which  are  the  ' 
bafes  £H,  NP  meeting  tbofe  planes  in  the  points  S,  Y,  V,  T ; 
Q»,I,  U»  Z  ;  and  complete  the  folids  FV,  XU,  which  are  pa«* 
railclepipeds,  as  was  proved  in  the  laft  part  of  prop.  31-  of 
this  book.    In  this  cafe,  likewife,  if  the  folids  AB,  CD  be  e- 
qual^  their  bafes  are  reciprocally  proportional  to  their  altitudes, 
▼iz«   the  bafe  £H  to  the  bafe  NP,  as  the  altitude  of  the  folid 
CD  to  the  altitude  of  the  folid  AB.     Becaufe  the  folid  AB  is 
equal  to  the  lolid  CD,  and  that  the  folid  Br  is  equal  <  to  the  s^porao. 
folid  BA,   for  they  are  uppn  the  fame  bafe  FKf  and  of  the     ''* 


R     D 


fame  altitude  ;  and  that  the  folid  DC  is  equal  <  to  the  folid 
DZ,  being  upon  the  fame  bafe  XR,  and  of  the  fame  altitude  i 
therefore  the  fdlid  BT  is  equal  to  the  folid  DZ  •'  But  the  bafes 
are  reciprocally  proportional  to  the  altitudes  of  equal  folid  pa* 
railclepipeds  of  which  the  infifting  ftraight  lines  are  at  right 
angles  to  their  bafes,  as  before  was  proved  j  Therefore  ais  the 
bale  FK  to  the  bafe  XR,  (o  is  the  altitude  of  the  folid  DZ  to 
the  altitude  of  the  folid  BT :  And  the  bafe  FK  is  equal  to  the 
bafe  EH,  and  the  bafe  XR  to  the  bafe  NP  :  Wherefore,  as  the 
bafe  EH  to  the  bafe  NP,  fo  is  the  altitude  of  the  folid  DZ  to 
the  altitude  of  the  folid  BT  :  But  the  altitudes  of  the  folids 
DZ.  DC,  as  alfo  of  the  folids  B T,  BA  arc  the  fame.  *  There- 
Ibre^  as  the  bafe  EH  to  the  bafe  NP|  fo  is  the  altitude  of  the 

Q^  folid 
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folid  CD  to  the  adtitude  of  thrfolid  AB  ;  that  it,  the  bafbt  of 
the  folid  parallelepipeds  ABp  CD  are  reciprocally  proportional 
to  their  altttttdes. 
Next,  Let  the  bafes  of  the  folidl  AB,  CD  be  recipiocally 

Soportional  to  their  altitudes,  viz*  the  bafe  EH  to  the  bate 
P,  as  the  altitude  of  the  folid  CD  to  the  altitude  of  the  fo- 
lid AB  I  the  folid  AB  is  equal  to  the  folid  CD  :  The  ikme 
coftftru^ion  being  made  ;  becaufis,  as  the  bafe  EH  to  the  bafe 
NP,  fo  is  the  altitude  of  the  iblid  CD  to  the  altitude  of  the 
folid  AB  ;  and  that  the  bafe  EH  is  equal  to  the  bafe  FK  i  and 
NP  to  XR  I  therefore  the  bafe  FK  is  to  the  bafe  XR,  as  the 
altitude  of  the  folid  CD  to  the  altitude  of  AB  :    But  the  alti« 
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tudes  pf  the  folids  AB,  BT  are  the  fym^  as  alfo  of  CD  and 
DZ  ;  therefore,  as  the  bafe  FK  to  the  bafe  XR,  fo  is  the  alti- 
tude of  the  folid  DZ  to  the  altitude  of  the  folid  BT  :  Where- 
fore the  bafes  of  the  folids  BT,  DZ  are  reciprocally  propor- 
tjonal  to  their  altitudes  ;  and  their  inJSfting  ftraighf  li^  afe  at 
right  angles  to  the  bafes  ;  wherefore,  as  was  before  proved,  the 
30.  folid  BT  is  equal  to  the  folid  DZ  :  But  BT  is  ^qual  <  to  the  fo. 
lid  BA,  and  DZ  to  the  folid  DC,  becaufe  they  are  upon  the 
fame  bafes,  and  of  the  fame  altitude^  Therefore  the  folid  AB 
is  equal  to  the  folid  CD.    Q^  £.  p» 
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r',  from  the  vertices  of  two  equal  plane  angles,  there  stc  n, 
be  drawn  two  ftraight  lines  elevated  above  the  planes 
in  which  the  angles  are,  and  containing  equal  angles  with 
the  fides  of  thofe  angles,  each  to  each ;  and  if  in  the 
lines  above  the  planes  there  be  taken  any  points,  %pd 
from  them  perpendiculars  be  drawn  to  the  planes  in 
which  the  firft  named  angtes  are  :  And  from  the  points 
in  which  they  meet  the  planes,  ftraight  lines  be  drawn  to 
the  vertices  of  the  angles  firft  named  ;  thcfe  ftraight 
lines  (hall  contain  equal  angles  with  the  ftraight  iinps  . 
which  are  above  the  planes  of  the  angles* 

Let  BACy  EDF  be  two  equal  plane  angles  ;  and  from  the 
points  A,  D  Ir^  the  ftraight  lines  AG»  DM  be  elevated  above 
the  planes  of  the  angles,  making  equal  angles  with  their  fides 
each  to  each,  viz.  the  angle  GAB.equal  to  the  angle  MD£,  and* 
GAC  to  MDF  {  and  in  AG,  DM  let  any  poims  G,  M  be  t^* 
ken,  and  from  them  let  perpendiculars  GL,  MN  be  drawn  to 
fhe  planes  B AC|  EDF  meeting  thefe  planes  in  the  points  Lj  N  j^ 


and  join  LA,  ND  :    The  angle  GAL  is  equal  to  the  angle- 
MDN. 

Make  AH  equal  to  DM,  and  through  H  draw  HK  parallel 
to  GL  :    But  GL  is  perpendicular  to  the  plane  BAG ;  where- 
fore HK  is  perpendicular  *  to  the  fame  plane  :    From  the  points  «  8.  xu 
Ky  N,  to  the  ftraight  lines  AB,  AC,  D£,  DF,  draw  perpen- 
diculars Kb,  KC,  N£»  NF  •,  and  join  HB^  BC,  ME,  £F : 

Q^a  Bccaufe 
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Book  XI.  Becaufe  HK  is  perpendicular  to  the  plane  BAC,  tbe   plane 

^m^y^^  HBK  which  pafles  tbrongh  HK  is  at  right  angles  ^  to  the  plane 

b  x8.  XX,    BAC  *,  and  AB  is  drawn  in  tKe  plane  BAC  at  right  angles  to 

the  common  fe£tion  BK  of  the  two  planes  %  therefore  AB  is 

c4.def.  II.  perpendicular  ^  to  the  plane  HBK,  and  makes  right  angles  ^ 

d3,  detxi.  ^jjIj  every  ftraight  line  meeting  it  in  that  plane  :  Bfut  BH  meets 

it  in  that  plane ;  therefore  ABH  is  a  right  angle  :  for  the  fame 

reafon,  DEM  is  a  right  angle,  and  is  therefore  eqaal  to  the 

angle  ABH  :  And  the  angle  HAB  is  eqiul  to  the  angle  ilDE. 

Therefore  in  the  two  triangles  HAB,  MDE  there  are  two  angles 

in  one  equal  to  two  angles  in  the  other,  each  to  each,  and 

one  fide  equal  to  one  fide,  oppofite  to  one  of  the  equal  angles 

in  each,  viz.  HA  equal  to  DM ;  therefore  the  lemaining  fides 

c  16.  a.     are  equal  %  each  to  each :    Wherefore  AB  is  equal  to  DE.    In 

the  fame  manner,  if  HC  and  MF  be  joined,  it  mar  be  demon- 

ftrated  that  AC  is  equal  to  DF  :  Therefore,  fince  Ad  is  equal  to 

D£,  BA  and  AC  are  equal  to  ED  and  DF  ^  and  the  angle 


BAC  is  equal  to  the  angle  EDF ;  wherefore  the  bafe  BC  is  e* 
f  4*  z.        qual  f  to  the  bafe  £F,  and  the  remaining  angles  to  the  iremain* 
ing  angles  :    The  angle  ABC  is  therefore  equal  to  the  angle 
D£F  :     And  the  right  angle  ABK  is  equal  to  the  right  angle 
DEN,  whence  the  remaining  angle  CBK  is  equal  to  the  re- 
maining angle  FEN  :    For  the  fame  reafon,  the  angle  BCK  is 
equal  to  the  angle  EFN  :  Therefore,  in  the  two  triangles  BCK, 
^FN,  there  are  two  angles  in  one  equal  to  two  ingles  in  the 
other,  each  to  each,  and  one  fide  equal  to  one  fide  adjacent 
to  the  equal  angles  in  each,  vis.  BC  equal  to  £F  \  the  other 
fidtSf  therefore,  a.re  equal  to  the  other  fides  }  BK  then  is  equal 
•     to  £N  :  And  AB  is  equal  to  DE  \  wherefore  AB,  BK  are  equal 
to  D£,  £N ;   and  they  contain  right  angles;  wherefore  the 
.  bafe  AK  is  equal  to  the  bafe  DN  :    And  fiocc  AH  is  equal  to 

,  DM, 
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i5M,  the  fquare  of  AH  is  equa/  to  the  fqaare  of  DM :  But  the  Book  XL 
fquares  of  AK,  KH  arc  equal  to  the  fquare  ^  of  AH,  becaufe  V^-'^v^/ 
AKH  is  a  right  an)(le:  And  the  fqoares  of  DN,  NM  are  equal  S  47- 1. 
to  the  fquare  of  DM,  for  DI^M  is  a  right  angle:  Wherefore 
the  fquares  of  AE|  KH  are  equal  to  the  fquares  of  DN,  NM ; 
and  of  thofe  the  fquare  of  AK  is  equal  to  the  fquare  of  DN : 
Therefore  the  refnainin^  fquare  of  KH  is  equal  to  the  remain-  i 
sng  fqutire  of  NM ;  and  the  ftraight  litie  KH  to  the  fttatght 
KneNM:  And  becaufe  HA,  AK  are  equal  toMD,  DN,  each 
to  cach»  and  the  bafe  HK  to  the  bafe  MN|  as  has  heed  proved  1 
therefore  the  angle  H AK  is  equal  ^  to  the  angle  MDN.    QJ»  8.  u 

£•   D; 

CoR.  From  this  it  is  manifeCt,  that  if,  from  the  vertices  of 
two  equal  plane  angles,  there  be  elevated  two  equal  ftraight  lines 
containing  equal  angles  with  the  fides  of  the  angles,  each  to 
each  ;  the  perpehdiculars  drawn  from  the  extremities  of  the  e* 
qual  ftraight  liiies  to  the  planes  of  the  firll  angles  ate  equal  td 
one  anothef. 


jinctker  Demonftratioh  cf  the  Ccrolktym 

Let  the  plane  angles  BAG,  EDF  be  equal  to  one  another^ 
iind  let  AH,  DM  be  two  equal  ftraight  lines  above  the  planes  of 
the  angles,  containing  equal  angles  with  BA,  AC ;  ED,  DF, 
each  to  each,  viz.  the  angle  HAB  equal  to  MD£,  and  HAC 
equal  to  the  angle  MUF ;  and  from'H,  M  let  HJfC,  MN  be  per* 
pendiculari  to  dke  planes  BAC,  EDF  :  HK  is  equal  to  MN, 

Becaufe  the  iblid  angle  at  A  is  contained  by  the  three  plane 
angles  BAG,  Bah,  HAC,  which  are,  each  td  each,  equal  to 
the  three  plane  angjcs  EDF,  EDM,  MDF  containing  the  folid 
angle  at  D  ;  the  folid  angles  at  A  and  D  afe  equaU  And  there- 
fore coincide  wiiA  one  another ;  to  wit^  if  the  plane  angle  BAC 
be  applied  to  thp  plane  angle  EDF,  the  ftraight  line  AH  coin- 
cides with  DM,  as  was  (hewn  iti  prop.  B  of  this  book :  And 
becaufe  AH  is  equal  to  DM,  the  point  H  coincides  with  the 

r>intM:  Wherelore  HK  which  is  perpendicular  to  the  plane 
AC  coincides  with  >  MN  which  is  perpendicular  to  the  plane  {  13:  zx. 
EDF,  becaufe  tbefe  planes  coincide  with  one  another :  There- 
fore HK  is  equal  to  MN.    Q^E«  D. 
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PROP-    XXXVI.     T  H  E  O  R. 

IF  three  ftraight  lines  be  proportionals,  the  folid  paral- 
lelepiped defcribed  from  all  three  as  its  fides^  is  equal 
to  the  equilateral  parallelepiped  defcribed  from  the  mean 
proportional,  one  of  the  foHd  angles  of  vhich  is  contauo- 
ed  by  three  plane  angles  equals  each  to  each,  to  the  three 
plane  angles  containing  one  of  the  fdid  angles  of  the  o- 
ther  figure. 

Xjet  ily  B|  C  be  three  proportionalsi  tiz.  A  to  B,  as  B  to 
C.  The  folid  defcribed  from  A,  B,  C  is  equal  ^to  the  equiU« 
teral  (blid  defcribed  from  B,  equiangular  to  the  other. 

Take  a  folid  angle  D  contained  oy  three  plane  angles  IDf, 
¥DG,  GDE  (  and  make  each  of  the  ftraight  lines  ED,  DF, 
DG  equal  to  fi,  and  complete  the  folid  parallelepiped  DH ; 
Make  LR  equal  to  A,  and  at  the  point  K  in  the  ftraight  line 
Ll^  make  *  a  folid  angle  contained  by  the  three  plane  angles 
LKM^  MKN,  MKL  equal  to  the  angles  EDF,  FDG,  GD£, 


each  to  each ;  and  make  KN  equal  to  B,  and  KM,  equal  to 
C ;  and  coniplete  the  folid  parallelepiped  KO  :  And  becaufe,  as 
A  is  to  B,  fo  is  B  to  C,  and  that  A  is  eq.ual  to  LK,  sind  B 
to  each  of  the  ftraight  lines  DE,  DF,  and  C  to  KM ;  there* 
fore  LK  is  to  £D,  as  DF  to  KM  ;  that  is,  the  fides  about  the 
equal  angles  are  reciprocally  proportional ;  therefore  the  pa- 
rallelogram LM  is  equal  ^  to  £F :  And  becaufe  EDF,  LKM  are 
two  equal  plane  angles,  and  t*he  two  equal  ftraight  lines  D6» 
KN  are  drawn  from  their  vertices  above  their  planes,  and  con- 
tain equal  angles  with  their  fides  i  therefore  the  perpendicu* 
lars  from  the  points  Gj  H,  to  the  planes  £DF|  iJSM  are  e- 

<}ttal 
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Ijual^  to  one  another:  Therefore  the  foUds  KO»  SH  are  of  Book  xi. 
Ihe  fame  altitude  $,  and  they  are  upon  equal  bafes  LM,  EF^   ^^i^T^^^ 
and  therefore  they  are  eaual*^  to  one  another:  But  the  fol|d  ^  ^*  ^^* 
KO 18  defcrihed  from  the  ttiree  ftraight  lines  A,  B»  C|  and  th^  d  31!  ix. 
folid  DH  from  the  ftraight  line  B.    If  therefore  three  ftraight 
lined,  &c.    Q:^E.  D. 
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PROP.    XXXVIL     T  H  E  b  li. 

F  foar  ftraight  lines  be  proportionala,  the  fimilar  folid  sct  H, 
parallelepipeds  firnilarly  defcrihed  from  them  fliaU  alfo 
be  proportionals.    And  if  the  fimilar  parallelepipeds  fimi* 
larly  defcrihed  from  four  ftraight  lines  be  proportionals^ 
the  ftraigtu  l&es  Ihall  be  proportionals. 

Let  the  ibur  ftraight  lines  AB,  CD,  EF,  GH  be  proportU 
onals,  Tiz.  as  Afi  to  CD,  fo  £F  to  6H ;  and  let  the  fimilar 
parallelepipeds  AK,  CL,  EM^  GN  be  firnilarly  defcrihed  from 
them.    AK  is  to  CL,  as  EM  to  GN. 

Make  ^  AB,  CD,  O,  P  tbncinual  proportionals,  as  alfo  EF,  •  ti.  6. 
GH,  Qi  K :  Aiid  becaufe  as  AB  is  to  CD,  fo  £F  to  GH  i  and 


^^ 
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ttat  CD  is  ^  to  O,  as  CJH  to  (^  and  0  to  P,  as  Q^to  R ;  there-*  tt.  r* 
fore,  ex  aeqoali%  AB  is  to  P,  as  EF  to  R:  But  as  AB  to  P,e  aa.  $• 
£0  ^  IS  the  folid  AK  to  the  folid  CL  ;  and  as  EF  to  R,  fo  «  is  a  Cor.  u. 
the  foiid  £M  ta  the  folid  GN :  Therefore  ^  as  the  folid  AK  to    it. 
ihc  foiid  CL,  fo  is  the  folid  EM  to  the  folid  GN. 

0^4  But 
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But  let  the  folid  AS  be  to  the  foHd  CL,  as  the  folid  EM  to 
the  folid  GN :  The  ftraight  line  AB  ia  to  CD,  as  £F  to  GH. 

Take  AB  to  CD.  as  £F  to  ST»  and  from  ST  ^eicffibe*  a 
iblid  paralklepiped  SV  Gmilar  and  fitfiilarly  fituated  to  either  o£ 
the  folida  £M|  GN  :  And  becaufe  AB  is  to  CD,  as  £F  to  ST, 
and  that  from  AB,  CD  the  folid  paraDelepipeda  AK,  CL  are 
(imilarly  defcribed;  and  in  like  manner  the  (blids  £M,  SV 
from  the  ftraight  lines  £F,  ST ;  therefore  AK  is  to  CL,  as 
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EM  to  SV :  But,  by  the  hypothetic  AK  ia  tjo  CL,  as  EM  to 
GN  :  Therefore  GN  is  equal  f  to  SV  :  But  it  is  likewife  Gmilar 
and  fimilarly  fitnated  to  SV  ;  therefore  the  planes  wiiich  contain 
the  folids  GN,  bV  are  fimilar  and  equa),  and  their  homologous 
fides  GH,  ST  eq'ual  to  one  another  :  And  becanfc  as  AB  to  CD, 
fo  EF  to  ST,  and  that  ST  is  equal  to  GH ;  AB  is  to  CD,  as 
EF  to  GH*    1  hefefore,  rf  ftmr  Itraight  lines,  &€•    Q^E.  D.' 


PROP,    XXXVIIL      T  H  E  O  B. 


5<eN.  «  TF  a.  plane  be  pcrpcndicialar  to  another  plane,  and 
^*  -■-  a  ftratght  *  lint  be  drawn  firom  a  point  in  one  of 
*•  the  planes  perpendicular  to  the  other  plane,  thfs  (Iraight 
<^  line  (hall  fall  on  the  common  feftion  of  the  planes. 

**  Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and 
•*  let  AD  he  their  common  fcdion  ;  if  any  point  E  be  taken  in 
*<  the  plaue  CD,  the  perpendicaiar  drawn  from  £  to  the  platie 
«<  AB  Oiall  fall  on  AD. 

«•  For, 
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«•  For,  if  it  does  not,  let  it,  if  poffible,  f^ll  dfcwbere,  at  EF|  ^'^  ^^ 
**  and  let  it  meet  tbe  plane  AB  in  the  point  F ;  and  from  F  ^i^YXr' 
^*  draw%  in  the  plane  AB,  a  perpendicular  FG  to  DA,  which  «  z».  z, 
«<  ia  alfo  perpendicularly  to  t))e  plane  CD;  and  join  EG:  Then  b4.defliz. 
**  becattfe  FG  ia  perpendicular 
^*  to  the  plane   CD,   and  the 
'*  ftraight  line  EG,  which  18  in 
**  that  phne,  meets  it )  there- 
«<  fore  FGE  is  a  right  angle  «  : 
«  But  £F  it  alfo  at  right  angles 
**  to  the  plane  AB  \  and  there* 

fore  £FG  is  a  right  angle : 

Wherefore  two  of  the  angles 
<*  of  the  triangle  £FG  are  equal  together  to  two  right  angles ; 
<<  whidi  is  abfurd  :  Therefore  the  perpendicular  from  the  point 
'<  £  to  tbe  plane  AB  does  not  fall  elfewfaere  than  upon  the 
**  ftraight  line  AD  :  It  therefore  falls  upon  it.  If  therefore  a 
«*  plane,'*  &c.    Q^^E-  D. 
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PROP.    XXXIX.      T  H  E  O  R. 


IN  a  folid  parallelepiped,  if  the  fides  of  two  of  the  op*  See  n. 
pofite  planes  be  divided  each  into  two  equal  parts,  the 
common  feflion  of  the  planes  paiBng  through  the  points 
of  divftfion,  and  the  diameter  of  the  folid  parallelepiped 
cut  each  other  into  two  equal  parts* 

Let  the  fides  of 
the  opposite  planes 
CF,  AH  of  tbe  fo- 
lid parallelepiped 
AF,  be  divided 
each  into  two  e- 
<)ttal  parts  in  the 
points  K,  L,  M, 
Nft  X,  O,  P,  R: 
and  join  KL^  MN, 
XO,  PR :  And  be- 
caufe  DE,  CL  are    ^ 

equal  and  parallel,    »    >vT--«L>vf       IH"^  •  SS- »• 

KL  IS  parallel  *  to  ^'      ^^ — ^  ^'       '        ^^ 

DC  :  For  the  fame 
reafon,  MN  is  pa- 
rallel to  BA :  And 
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Book  XI.  fiA  is  parallel  to  DC;  thereforei  bfcaufe  KL,  BA  are  each  of 
ithem  pnrallcl  to  DC,  and  not  in  the  fame  plane  with  it,  KL  is 
parallel  ^  to  BA  :  And  becaufe  KL,  MN  are  each  of  them  pa- 
rallel to  BA|  and  not  in  the  fame  }>Iarie  With  it,  KL  is  parallel 
^  to  MN  ;  wherefore  KL,  MN  are  in  one  plane.  In  like  man- 
ner, it  may  be  proved,  that  XO,  PR  are  in  one  plane.  Let  TS 
be  the  common  fediion  of  the  planes  KN,  XR ;  tni  D6  the 
diameter  of  the  foiid  parallelepiped  AF  :  TS  and  DG  do  meet| 
and  cut  one  another  into  two  eqtial  parts. 

Join  DY,  YE,  BS,  SG.  Befcaufe  DX  is  parallel  td  0£,  the 
alternate  anslcs  DXY,  YOE  are  equal  ^  to  One  another :  And 
becaufe  DX  i«  e-      i^  xf  -«? 

qual   to   OE,    and      ^ -^  "^  * 

XY  to  YO,  and 
contain  equal  an- 
gled, the  bafe  DY 
is  equal  ^  to  the 
bafe  Y£,  and  the 
other  angles  are 
equal  ;  therefore 
the  angle  XYD 
18  equal  to  the  an« 
gle  OYE,  and 
DYE  is  a  ftraight 
•  line  :  For  the 
fame   feafon  BSG 

18   a   ftraight  line,  «  «  ^^ 

and   BS    equal   to  A  N  O 

SG  :  And  becaufe  CA  is  equal  and  parallel  to  DB,  and  alfa 
equal  and  parallel  to  EG ;  therefore  DB  is  equal  and  parallel^ 
to  EG :  And  !)£,  BG  join  their  extremities  ;  therefore  D£  ii 
equal  and  parallel  *  to  BG :  And  DG,  YS  are  drawn  from 
points  in  the  one,  to  points  in  the  other ;  and  are  tlierefore  in 
one  plane:  Whence  it  is  manifeft,  that  DO,  YS  muft  meet 
one  another ;  let  them  meet  in  T  :  And  becaufe  D£  is  parallel 
to  BG,  the  alternate  angles  EDT,  BGT  are  equal  ^  ;  ^d  the 
ang^e  DT  Y  is  equal  f  to  the  angle  GTS  :  Therefore  in  the  tri- 
angles DTY,  GTS  there  are  two  angles  in  the  one  equal  to 
two  anglf:s  in  the  other,  and  one  flde  equal  to  oncfide,  oppofite 
to  two  of  the  eqtial  angles,  viz.  DY  to  GS }  for  thej  arc  the 
balfes  ot  D£,  BG  :  Therefore  the  remaining  fides  are  equal ', 
each  to  iach.  Wherefore  DT  is  equal  to  TG,  and  TT  equal 
to  TS.    Thereforci  if  in  a  foIid,  &c    Q;  £.  D. 
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TF  there  be  two  triangular  prifms  of  the  fame  altitude, 
the  bafe  of  one  of  which  is  a  parallelogram,  and  the 
bafe  of  the  other  a  triangle }  if  the  parallelogram  be 
double  of  the  triangle,  the  prifms  Ihall  be  equal  to  one 
another. 

Let  the  prifms  ABCDEF,  GHKLMN  be  of  the  fame  alti-* 
tude,  the  £rft  whereof  is  contained  by  the  two  tris^ngles  ABE, 
^pDFf  and  the  three  parallelogtams^  AD»  D£»  EC ;  and  the 
other  by  the  two  triangles  GHK,  LMN  and  the  three  paralIelo« 
grams  LH,  HN,  NG  {  and  let  one  of  them  have  a  parallelo- 
gram AF,  and  the  other  a  trigngle  GHK  for  its  bafe ;  if  the 
parallelogram  AF  be  double  of  the  triangle  G^IK,  the  prifm 
ABCDEF  is  equal  to  the  prifm  GHKLMN. 

Complete  the  folids  Aa,  GO  ^  and  becaufe  the  parallelo- 
gram AF  is  double  of  the  triangle  GHK ;  and  the  paralklo* 
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gram  HK  doable  *  of  tte  fame  triangle ;  therefore  the  paral*  «  34*  <• 
lelograro  AF  is  equal  to  HK.    Bot  folid  parallelepipeds  upon 
equal  bafes,  and  of  the  fame  altitude,  are  equal  ^  to  one  an*  b  31*  ix, 
other.    Therefore  the  folid''  AX  is  equal  to  the  folid  GO ;  and 
the  prifm  ABCDEF  is  half  ^  of  the  folid  AX ;  and  the  prifm  e  tS.  ii. 
GHKLMN  half «  of  the  folid    GO.     Therefore  the  prifm 
ABCDEF  18  equal  to  the  prifm  GHKLMN.    Wherefore^  if 
there  be  twO|  &c.  Q;  Ei  D. 
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Which  is  the  firft  propofitlon  of  tb«  tenth  bookj  and  is  neteC- 
fsiry  to  fome  of  the  [>ropofitions  of  this  book. 

TF  from  the  greater  of  two  unequal  magnitudes,  there 
be  taken  more  tbafn  its  half,  and  from  the  remainder 
more  than  its  half ;  and  fo  on :  There  (hall  at  length  re- 
main a  magnitude  lefs  than  the  lead  of  the  propofcd 
magnitudes*  « 


D 


Let  AB  and  C  be  two  unequal  magnitudes,  of  which  AB  is 
the  greater.    If  from  AB  there  be  taken  more 
than  its  half,  and  from  the  remainder  more  than      K 
its  half,  and  To  ow,  there  (hall  at  length  remain  , 
a  magnitude  Ich  than  C. 

For  C  may  be  multiplied  fo>  as  at  length  to   vr  . 
become  greater  than  AB.    Let  it  be  fo  flnulti'-   '^^ 


plied,  and  let  D£  its  maltiple  be  greater  than 
^AB,  and  let  D£  be  divided  into  DF,  FG|  G£, 
each  equal  to  C.  From  AB  take  BH  greater 
than  its  half,  and  from  the  remainder  AH 
take  HK  greater  than  its  half,  and  fo  on,  until 
there  be  as  many  divifions  in  AB  as  there  are 
im  I)B :  AiM  let  the  divifions  in  AB  be  AK, 
KH^  HB  •,  and  the  divifions  in  D£  be  DF,  FG, 
G£.    And  becaufe  D£  is  greater  than  AB^  and 
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^U  EG  uken  from  D£  ii  noe  grenter  than  iu  balf^  but  BH  ta«  Bo«k  m;' 
1;«n  from  AB  i$  greater  tbftn  its  balf  (  therefore  the  remainder ' 
GD  18  greater  than  the  remainder  HA.  As^^^f  be^auCc  GO  is 
greater  than  HA,  and  that  GF  is  not  greater  than  the  half  of 
GD>  but  HK  is  greater  than  the  half  of  HA  \  therefore  the  re* 
mainder  FD  is  greater  than  the  remainder  AK.  And  FD  is 
equal  to  C,  therefore  C  is  greater  than  AK  i  that  is,  AK  is  lefa 
than  C.    Q:,E.  D. 

And  if  only  the  halres  be  taken  away,  the  fame  thing  may  in 
the  iame  way  be  demonftrated. 


s 


P  R  O  p.    I.      T  H  E  O  R. 

Imilar  polygons  infcribed  in  circles,  arc  to  one  an- 
other as  the  fquares  of  their  diameters.  ; 


Let  ABCDE,  FGHKL  be  two  circles,  and  in  them  the  fi« 
snilar  polygons  ABCDE,  FGHKL ;  and  let  BM,  GN  be  the 
diameters  of  the  circles  :  As  the  fquare  of  BM  is  to  the  fquase 
of  GN,  fo  is  the  polygon  ABCDE  to  the  polygon  FGHKL. 

Join  BE,  AM,  GL,  FN :  And  becaufe  the  polygon  ABODE  is 
fimilar  to  the  polygon  FGHKL,  and  fimilar  polygons  are  di?ided 
into  fimilar  triangles  ^  the  triangles  ABE,  FGL  are  tmilar  and  e< 


Juiaogular  i> ;  and  therefore  the  angle  AEB  is  equal  to  the  angle  b  6.  ;; 
LG  :  But' AEB  is  equal  ^  to  AMB,  becaufe  they  ftand  up-c  ai.  3. 
pn  the  fame  circumference  ;  and  the  angle  FLG  is,  for  the  fame 
reafon,  equal  to  the  angle  FNG :  Therefore  alfo  the  angle  AMB 
is  equal  to  FNG :  And  the  right  angle  BAM  is  equal  to  the 
right  ^  angle  GFN  ;  ^hereifore  the  remaining  angles  in  the  tri-  d  31.  $. 
angles  ABM,  FGN  are  equal^  and  th^y  are  equiangular  to  one 

another^ 


«54 


THE    £L!tME  NTS 


9M>k  XII.  another :  Therefore  as  BM  to  GN,  fo  '  is  BA  to  GF;  and  there* 
^^VO  fore  the  duplicate  ratio  of  BM  to  GN,  is  the  fame  ^  with  the  do- 

#  ^  ticf  P^^^^^^  ^^^P  ^^  ^^  ^^  ^^  *  ^"^  ^^^  ''^^^^  ^^  ^''^  fquare  of  BM  to 
5!**  ift.  ^^^  ^qu^fc  of  GN,  is  the  dttplicate  >  ratio  of  that  which  BM:  has 
f  .*        *  to  GN ;  and  the  ratio  of  the  polygon  ABCDE  to  the  polygon 

I»o.#. 


FGHKL  is  the  duplicate  <  of  that  which  BA  has  to  GF :  There- 
fore »s  the  fquare  of  BM  to  the  fquare  of  GN,  fo  is  the  polygon 
ABCDE  to  the  polygon  FGHKL.  Wherefore  fimilar  polygons, 
^c    Q*  £.  D. 
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P  R  O  P.    II.      T  H  E  O  R* 

IRCLES  are  to  one  another  as  the  fquares  of  their 
diameters. 


Let  ABCD,  EFGH  be  two  circles,  and  BD,  FH  their  dia- 
meters ;  As  the  fquare  of  BD  to  the  fquare  of  FH,  fo  is  the 
circle  ABCD  to  the  circle  EFGH. 

For,  if  it  be  not  fo,  the  fquare  of  BD  (hall  be  to  the  fquare 
of  FH,  as  the  circle  ABCD  is  to  fome  fpace  either  lefs  than  the 
circle  EFGH,  or  greater  than  it  ♦.  Firft,  let  it  be  to  a  fpacc 
S  lefs  than  the  circle  EFGH  ;  and  in  the  circle  EFGH 
defcribe  the  fquare  EFGH  :  This  fquare  is  greater  than 
half  of  the  circle  EFGH  1  becaufe  if,  through  the  points 
£,  F,  G,  H,    there    be   drawn    tangents   to^  the  circle,    the 

fquare 


*  For  there  If  ibme  fquare  equal  to 
the  cirde  ABCD ;  lee  P  be  the  fide  of 
ic»  and  to  three  ftrai^ht  liacs  BD,  FH 
apd  P»  there  can  be  a  foarth  propor- 
tional*; let  this  be  Q  :  Therefore  the 
fquares  of  thele  four  itrai^ht  liocs  are 


proportionals ;  that  Is,  to  the  fquares  of 
BD^PHaod  the  circle  ABCD,  itispof- 
fible  there  may  be  a  fourth  proportioo- 
al.  Let  this  be  S.  ^nd  in  like  man- 
ner are  to  be  underftood  fome  thin^« 
in  ibmc  of  the  followiDa  propofitioas. 
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^uare  EFGH  is  half  *  of  the  fqaare  defcribed  about  the  circle ;  Beok  XII* 
and  the  circle  is  lefs  than  the  fquare  defcribed  about  it ;  there-  ^^^^'^^>^ 
fore  the  fqaare  EFGH  is  Rreatei^  than  half  of  the  circle.    Di-  ^  ^7*  ^ 
▼ide  the  circmnferences  £F,  PG,  GH,  H£»  each  into  two  equal 
partB  in  the  points  K,  L,  M,  N,  and  join  £K,  KP,  FL,  LG,  GKf , 
MH,  HN,  NE:  Therefore  each  of  the  triangles  EKF,  FLG^ 
GMH,  HNE  is  greater  than  half  of  the  fegment  of  the  circle 
ic  (lands  in  %  becaufe,  if  ftraight  lines  touching  the  Circle  be 
drawn  through  the  points  K,  L»  Mt  N,  and  parallelograms  up* 
on  the  ftraight  lines £F,  FG,  GH^  HE  be  completed;  each 
of  the  triangles  EKF,  FLG,  GMH,  HNE  (hall  be  the   half>4t.it 
of  the  parallelogram  in  which  it  is :  But  every  fegmenf  is  lefs  . 
than   the  parallelogram  in  which  it  is :  Wherefore  each  of  the 
triangles  £KF,  FLG,  GMH,  HNE  is  greater  than  half  the 
fegment  of  the   circle  which  contains  it:    And  if  thefe  cir- 
pnmferences  before  named  be  divided  each  into  two  equal  parts, 
and  their  extremities  be  joined  by  ftraight  lines,  by  continuing 


• 

to  do  this,  there  will  at  length  remain  fegments  of  the  circle 
which,  together,  fliall  be  lefs  than  the^xcefs  of  the  circle  EFGH 
above  the  fpace  S :  Becaufe,  by  the  preceding  lemma,  if 
from  the  greater  of  two  unequal  magnitudes  there  be  taken 
more  than  its  haify  and  from  the  remainder  more  than  its 
half,  and  fo  on,  there  (hall  at  length  remain  a  magnitude  lefs 
than  the  leaft  of  the  propofed  magnitudes^  Let  then  the  feg* 
mentsEK,  KF,  FL,  hG,  GM,  MH,  HN,  NE  be  thofe  that 
remain  and  are  together  lefs  than  the  ezcefs  of  the  circle  EFGH 
above  S :  Therefore  the  reft  of  the  circle,  viz.  the  polygon 
EKFLGMHN,  Is  greater  than  the  fpace  S.  Defcribe  likewife 
in  the  circle  A  BCD  the  polygon  AXBOCPDR  fimilar  to  the 
polygon  EKFLGMHN  :  As,  therefore,  the  fquare  of  BD  is  to 
the  fquare  of  FH,  fo  ^  is  the  polygon  AXBOCPDR  to  the  po-b  i.  i^ 
lygon  EKFLGMHN:  But  the  fquare  of  BD  is  alfo  to  the 

fquare 


•  • 


n^ 
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XiU  fqoare  of  FH»  mb  the  circle  ABCI>  is  to  the  fpace  S :  There* 

^K^^'^^^  fore  as  the  circle  ABCD  is  to  the  fpace  S»  ib  is  c  the  pdygon 

^  *<•  ^     AXBOCPDR  to  the  polygon  EKFLGMHN :  Bnt  the  circle 

ABCD  is  greater  than  the  polygdh  contained  in  it ;  wherefore 

4 14. 5.      the  fpace  S  is  greater  ^  than  the  polygon  EKFLGMHN  :  Bot 

it  is  likewife  lefs,  as  has  been  dcmooftrated ;  nrhich  is  impofi- 

ble«    Therefore  the  fquare  of  BD  is  not  to  the  fquare  of  FH, 

as  the  circle  ABCD  is  to  any  fpace  lefs  than  the  cirde  EFGH. 

la  the  fame  manner,  it  may  be  demonftrated,  that  neither  is  the 

fquare  of  FH  to  the  fquare  of  BD,  as  the  circle  EFGH  is  to 

any  fpace  lefs  than  the  circle  ABCD.    Nor  is  the  fquare  of 

BD  to  the  fquare  of  FH,  as  the  cirde  ABCD  is  to  any  fpace 

gteatcr  than  the  circle  EFGH :  For,  if  poffible,  let  it  be  fe  to 

T,  a  fpace  greater  than  the  circle  EFGH  :  Therefore,  inTcrfely, 

at  the  fquare  of  FH  to  tlie  fquare  of  BD,  fo  is  the  fpace  T  to 


the  circle  ABCD.  But  as  the  fpace  fT  is  to  the  circle  ABCD, 
fo  is  the  circle  EFGH  to  fome  fpace,  ivhicb  mull  be  lefs  ^  than 
the  circle  ABCD,  becaufe  the  fpace  T  is  greater,  by  hypothe- 
fis,  than  the  circle  EFGH.    Themore  as  the  fquare  of  f  U  is  to 

the 


f  For  as,  im  the  foregoing  note,  it  *, 
it  was  explained  bow  it  was  poi&ble 
there  could  be  a  foorth  proportional  to 
the  fouares  of  BD,  FH,  and  the  circle 
A9Cb,  which  was  named  S.  So,  in  like 


manner*  there  can  be  a  fourth  proper^ 
tional  to  this  other  fpace,  named  T, 
and  the  circles  ABCD,  £FGH.  And 
the  like  is  to  be  underftood  in  foiRC  of 
the  following  propodtionf. 


OF   BUG  LIS. 


2>? 


the  iifuaft  «f  BD,  foUth*  drdcEFGHw  a  tptce  left  thtn  Bookxir. 
the  aick  ABCD,  wbich  bx  W<n  dcmonftrated  to  be  impof-  W^s^ 
fibte  :  Tbctefore  the  fdnan  of  BD  It  iMc  tp  tbe  fquare  of  FH, 
as  tbe  circle  ABCO  w  M'  «f  fp»ce  ||r«B(cr  cTlM  the  circle 
EFOH:  Aad  ir  hal  bwn  dctB«altnttc!,  that  lKith«(  rathefquire 
of  BD 10  (be  l^sue  of  I^H,  M  tbe  oirclc  ABCO  to  an;  (£k« 
]e&  tbu  iImI  circle  EFOH  i  Wherefore,  *•  tb«  fqaare  of  BD  to 
the  iqatn  of  VH,  fb  ii  the  eir^  ABCD  to  the  circle  EFGH  |. 
Circles  thaeforc  xr«,  &c.    Q^£.  D. 


F  lb  O  P.    m.      T  H  E  O  H. 


EVERT  pyramid  having  1  cninj{utu  bafc*  may  be  di-  sw  ^^ 
Tided  into  two  equal  and  Similar  pyrunids  luTtng 
triangular  bafcs,  and  which  are  liaular  to  the  whole  py« 
ramid  j  and  into  two  equal  prilmt  which  together  art 
greater  than  half  of  the  whole  pyraottd. 

Let  there  be  «  pyramid  of  which  the  bale  it  the  triangle  ABC 
and  in  vertex  the  point  O  :  The  pyramid  ABCO  luy  be  divi- 
ded  into  two  equal  and  G^AthrjpyranidB 
havfog  triangular  bafet,  and  umilar  to 
the  whole  ;  and  into  two  equal  prifoM 
wbich  together  are  greater  than  half  of 
the  whole  pyramid. 

Divide  AB,  fiC,  CA,  AO,  DB,  DC. 
each  into  two  equal  parti  io  the  pointt 
E,  F,  G,  H,  K»  L,  and  join  EH,  £G, 
OHiHK.KL.LH,£K.KF,rG.  Be- 
caufe  AE  it  equal  to  £B,  andAHtO 
HD.  HE  is  parallel  ■  to  DB  r  r«i  the 
fame  rcafon,  rlC  is  parallel  to  AB : 
Therefore  HESK  ii  a  parallelogram,  and 
HK  equal  >  to  £B :  But  £B  is  equal  to 
AE  t  thcicfbrc  alfo  AE  is  equal  to 
HK:  And  AH  is  equal  to  HD;  where< 
fore  EA.    AH  an  e^ual  to  KH,  HD, 

each  to  etch  i  and  the  aagle  £AH  is  equal  *  to  the  angle  EHO ;  c 
therefore  tbe  bafe  £H  it  equal  (o  the  hafe  KD,  and  lb<t  triangle 
R  AEM 


t  BcMoft  »  ■  foonh  pTOporttoMt  to  the  fqnirei  of  BD,  FII  and  thcclrcl« 
A8CD  i*  poKble,  >Dd  tbu  ft  no  odthn  be  Idi  oor  (rcaict  ihu  tLt  tlide 
BFOH,  it  nutt  be  (qui  ra  it. 
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d4*  I* 


e  xo.  II. 


f  C.  i|« 


€4-6. 


^^^'|-  AEH  equal  ^  ftnd  (imilar  to  the  triangle  HKO :  For  the  fame 
^  '  reafon,  the  triangle  AGH  is  equal  and  fimilar  to  the  utanele 
HLD  :  And  becaufe  the  two  ftratght  lines  EH,  HG  which 
meet  one  another  are  parallel  to  KD»  DL  that  meet  one  an<y- 
ther,  and  ace  not  in  the  fame  plane  with  them»  they  conuin 
equal  '  angles.;  therefore  the  angle  EHG  is  equal  to  the  an- 
gle KDL.  Again,  becauib  £H»  HG  are  equal  to  KD,  DL,  each 
to  each,, and  the  angle  EHG  equal  to  the  angle  KDL;  therc^ 
fore  the  bafe  EG  is  equal  ta  the  bafe  KL  :  And  the  triangle 
EHG  equal  '  and  fimilar  to  the  triangle  KDL :  For  the  fame 
reafon»  the  triangle  AEG  is  alfo  equal  and  fimilar  to  the  tri« 
angle  HKL.  Ther^fort  the  pyramid  of  which  the  bafe  is  the 
triangle  AEG,  and  of  which  the  vertex  is  the  point  H^  is  e« 
qual  f^  and  fimilar  to  the  pyramid  the 
bafe  of  which  is  th^  triangle  KHL,  and 
Vertex  the  point  D  :  And  becaufe  HK 
IS  parallel  to  AB  a  fide  of  the  triangle 
ADB,  thf  triangle  ADB  is  equiangi»* 
lar  to  the  triangle  .HDE,  and  their 
fides  are  proportionals  ' :  Therefore  the 
triangle  ADB  is  fimilar  to  the  triangle 
HDk  :  And  for  the  fame  reafon,  tne 
triangle  DBC  is  fimilar  to  the  triangle 
DKL ;  and  the  triangle  ADC  to  the 
triangle  HDL ;  and  alfb  the  triangle ' 
ABC  to  the  triangle  AEG:  But  the 
triangle  AEG  is  fimilar  tb  the  triangle 
HKL,  as  before  was  proved ;  therefore 
the  triangle  ABC  is  fimilar  ^  to  the 
triangle  HKL.  And  the  pyramid  of 
which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D, 
is  therefore  fimilar  >  to  the  pyramid  of  ^hich  the  bafe  is  the  tri- 
angle HKL,  and  vertex  the  fame  point  D.:  But  the  pyramid  of 
which  the  bafe  is  the  triangle  HKL,  and  vertex  the  point  D,  is 
fimilar,  as  has  been  proved,  to  the  pyramid  the  bafe  of  which  is 
the  triangle  AEG,  and  vertex  the  point  H  :  Wherefore  the  py- 
ramid the  bafe  of  which  is  the  triangle  ABC,  and  vertex  the  point 
D,  is  fimilar  to  the  pyramid  of  which  the  bafe  is  the  triangle 
AEG  and  vertex  H  :  Therefore  each  of  the  pyramids  AEGH, 
HKLD  is  fimilar  to  the  whole  pyramid  ABCI) :  And  becaufe 
BF  is  equal  to  FC,  the  parallelogram  EBFG  is  double  ^  of  the 
triangle  GFC  :  But  when  there  are  two  prifmi  of  the  fame  alti^i* 

tudci 


h  II.  i. 


s  B.  II. 
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tu<lei  oi^  which  one  has.  a j^arallelogratn  for  its  bafey  and  th^  other  Book  xri. 
a  triangle  that  is  half  of  the  parallelograQi>  thefe  prifms  are  equal  Vi^Wi^ 
*  to  one  another;  therefore  the  prifcn  having  the  parallelogram  *  4^*  ''• 
£fiFG  for  its  bafe,  andi<  the  ftraight  line  KH  oppo^tcto 
itp  is  equal  to  the  prifm  having  the  triangle  GFC  for  its  bafe, 
and  the  triangle  HKL  oppofite  to  it  $  for  they  are  of  the  fame 
altitude,  becaufe  they  are  between  the  parallel  ^  planes  ABC,  b  25.  zx. 
HKL  :  And  it  is  manifeft  that  each  of  thefe  priuns  is  greater 
than  either  of  the  pyramids  of  which  the  triangles  AEG,  HKL 
are  the  bafes,  and  the  vertices  the  points  H,  D  i   becaufe,  if 
£F  be  joined,  the  prifm  having  the  parallelogram  £BFG  for 
its  bafe,  and  KH  the  ftraight  line  oppo&te  to  it«  ia  greater  than 
the  pyramid  of  which  the  bafe  is  the  triangle  £Bf  ,  and  vertex 
the  point  K  ;  but  this  pyramid  is  equal  ^  to  the  pyramid  the  e  C.  iz* 
bafe  of  which  is  the  triangle  AEG,  and  vertex  the  point  H ; 
becaUfe  they  are  contained  by  equal  and  fimilar  planes  :  Where^^ 
fore  the  prifm   having  the  parallelogram  EBFG  for  itsbafe^^ 
and  oppofite  fide  KH,  is  greater  than  the  pyramid  of  which 
the  bafe  is  the  triangle  AEG,  and  vertex  the  point  H  :  And  the 
prifm  of  which  the  bafe^  is  the  parallelogram  EBFG,  and  op* 
pofite  fide  KH  is  equal  to  the  prifm  having  the  triangle  GFC   ' 
for  its  bafe,  and  HKL  the  triangle  oppofite  to  it  $  and  the  pyra* 
mid  of  which  the  bafe  is  the  triangle  AEG,  and  vertex  H,  is 
equal  to  the  pyramid  of  which  the  bafe  is  the  triangle  HKL, 
and  ve(tex  D :  Therefore  the  two  prifms  before  mentioned  are 
greater  than  the  two  pyramids  of  which  the  bafes  are  the  tri- 
angles AEG,  HKL,  and  vertices  the  points  H,  D.    Therefore 
the  whole  pyramid  of  which  the  bafe  is  the  triangle  ABC,  and 
vertex  the  point  O,  is  divided  into  two  equal  pyramids  fimilar 
to  one  another,  and  to  the  whole  pyramid  j  and  into  two  equal 
prifms  I  and  the  two  prifms  are  together  greater  than  half  of  the 
whole  pyramid.    Q;  £•  D* 
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F  R  O  P.   IV.     T  H  E  O  R. 

IF  there  be  two  pyramids^  of  flie  fame  ai 
triaogotar  bafesi  and  each  of  them  be 
two  cqu^  pyramids  flmihr  to  the  whole  pyramid,  and  alfb 
into  two  equal  prifnu }  and  if  each  of  thefe  pyramida  be 
divided  ia  the  fame  manner  as  the  firit  two,  and  fo  on  : 
As  the  bafe  of  one  of  the  firft  two  pyrwnids  is  to  the  bale 
of  the  other,  fo  fiiall  ail  the  prifms  in  one  of  them  be  to 
all  the  prifms  in  the  other,  that  are  produced  by  the  famd 
number  of  diviGona» 

.  Let  there  ht  two  pyrsmUls  of  the  fiuM  altitude  vpon  the  tri* 
aH^alsf  bafei  ABC,  BEF,  and  havins  their  vertices  in  the 
points  G,  H  i  and  let  each  of  them  he  divided  into  two  equal 
pffasnids  fimilar  to  the  whole,  and  into  two  equal  prirms }  and 
let  each  of  the  pyramids  tbas  made  he  conceived  to  be  divided 
io  the  Uke  manner,  and  ib  on  s  As  the  h^fe  ABC  is  to  thehafe 
SEF,  fo  are  all  the  prifms  in  the  pyramid  ABCG  to  all  the 
prifms  in  the  pyramid  OKFH  made  hy  the  fame  number  of  di- 
vifions. 

Make  the  fiime  eooflruAien  u  in  the  ioregoing  propoGtion  : 
and  becaufe  BX  is  eqaal  to  XC,  and  AL  to  LC,  therefore  XL 

a  >.  tf.  ^  parallel  *  to  AB,  and  the  triangle  ABC  Cmilar  to  the  tri- 
angle  LXC  :  For  the  fame  reafon,  the  triangle  P£F  is  fimilar 
10  kVF  :  And  becaufe  BC  is  double  of  CX,  and  £P  double  of 
FV,  therefore  BC  is  to  CX^  as  £F  to  F\'^ :  And  upon  BC,  CX 
ire  defcribed  the  fimilar  aiid  fimilarly  fituated  re^lineal  fi- 
gures ABC,  LXC }  and  upon  £F|  FV,  in  like  manner,  arc 
defcribed  the  fimilar  figures  DEF,  RVF :  Therefore,  as  the  trx« 

h  21.  6«  angle  ABC  is  to  the  triangle  LXC,  fo  ^  is  the  triangle  D£F  to 
the  triangle  RVF,  and,  by  permutation,  as  the  triangle  ABC 
to  the  triangle  DEF,  fo  is  the  triangle  LXC  to  the  triangle 
RVF :  And  becaufe  the  planea  ABC,  OMN,  as  alfo  the  planes 

€  15.  u,  DEF,  S>TY  are  parallel  %  the  perpendiculars  drawn  from  the 
poinu  G,  U  to  the  bafes  ABC,  DEF,  which,  by  the  hypothec 
fis,  are  equal  to  one  another,  (hall  be  cut  each  into  two  equal 

i  17.  xr,    '  parts  by  the  planes  OMN,  STT,  bdcaufe  the  ftraight  lines 

GC,  HF  are  cut  into  two  equal  parts  in  the  points  N,  Y  bf 

the  fame  planes :  Therefore  the  prifms  LXCOMN,  R VFSTY 

.  are  of  the  fame  altitude )  and  tfaereforc^  as  the  bafe  L!^C  to 

the 


O  f;  E  U  C  t  I  D.  t(i 

tht  bife  RVFt   Am  m,  u  the  trUn^^e  ABC  to  chctrianelff  Bo^xil. 
DBF,  To  ■  i«  the  prlfio  having  the  triancte  LXC  fer  iti  bate,  '^rT'^^ 
mod  OMN  the  trlvi(te  iqtpofite  to  it,  ts  Uc  prifm  of  which  the  *  j^'  3*' 
b«fe  it  the  trianfle  RVF,  uid  the  oppolite  uiangle  STY :  And 
becaufe  the  two  prlfnu  in  the  pyramid  ABCO  are  equal  to 
one  another,  and  alfo  the  two  piifma  in  the  pyramid  DEFH 
eqaat  to  one  another,  as  the  prifm  of  which  the  bafc  is  the  pa- 
rallelogram B2XL  and  oppofite  fide  MO,  to  the  prifm  hanng 
the  triang)e  L^C  for  tu  Iniic,  and  OMN  the  triangle  oppofite 
to  it ;  fo  is  the  prifm  of  which  the  hafe  "  is  the  parallelogram  b  7.  j. 
FEVR,  and  t^uiGte  fide  TS,  to  the  prifm  of  vbtcb  the  bafe 
is  tfae  triangle  RVF,  and  oppofite  triangle  3TT.    Therefore, 
componendo,  m  the  prifns  KBXLMO,   LXCOMN  n^ethcr 


are  unio  ihe  prifm  LKCOMN}  (9  are  the  priftns  FEVRTS, 
A  VFSTT  to  the  prifm  RVFSTY :  And,  pcrmnundo,  at  the 
•nfms  KBXIJAO.  LXCCUtfN  are  to  the  prifmi  FEVRTS, 
RVFSTY  1  f0  is  the  srifai  LXCQMN  to  the  prifm  RVFSTY : 
But  as  the  priAn  LXCOMN  to  ibe  prifm  RVFSTY,  fo  is,  as 
liu  been  proved,  the  bafc  ABC  to  the  bafis  DBF  ;  TncKfore. 
as  the  bate  ABC  to  the  bafe  P£F,  lis  are  the  two  prifms  in 
the  wramid  ABCG  to  tbe  two  prifma  in  the  prramid  I>£FH  ; 
Am  likewife  if  tbe  pynmids  now  made,  for  eumple,  the  two 
OMMG,  ftTYH  be  divided  in  tbe  &me  manner  ;  as  the  bafe 


OMN  is  to  the  baf*  STY,  fo  BtaU  tbe  two  priCna  in  the  py- 
ramid OMNG  be  to  ike  two  prifma  la  the  pyramid  STYH : 
But  the  bafe  OMN  is  to  the  bafe  STY,  as  the  hafe  ABC  to  the 


biCe  DEF  ;  therefore,  is  the  bafo  ABC  to  the  bafe  D£F,  fo  are 
R  3  il^e 
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Book  xrr.  the  two  prifmt  in  the.  pyramid  ABCG  to  the  two  prirms  in  Am 
Vi^Wi^  pyramid  DEFH;  and  fo  arc  the  two  prifms  in  the  pyramid 
OMNG  to  the  two  prifms  in  the  pyranaid  STTH ;  and  fo  are  all 
four  to  all  four:  And  the  fame  thing  may  be  fliewn  of  the 
prifms  made  by  dividing  the  pyramids  AKLO  and  DPRS,  and 
of  all  made  by  the  fame  number  of  dirifions.    Q^£*  D« 

P  R  O  P.    V.      T  H  E  O  R. 

See  If.  T^YRAMIDS  of  the  fame  altitude  which  have  trian* 
J|[7    guiar  bafes,  are  to  one  another  as  their  bafcs. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafesi  and  of  which  the  vertices  are  the  points  G,  H,  be  of  tho 
fame  altitude  :  As  the  bafe  ABC  to  the  bafe  DEF,  fo  is  the  py- 
ramid ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  not  fo,  the  bafe  ABC  muft  be  to  the  bafe  DEF, 
as  the  pyramid  ABCG  to  a  folid  either  lefs  than  the  pyramid 
DEFH,  or  greater  than  it  f.  Firft,  let  it  be  to  a, folid  leVs  than 
it,  viz.  to  the  folid  Qj  And  divide  the  pyramid  DEFH  into 
two  equal  pyramids,  fimilar  to  the  whole,  and  into  two  eoual 

•  s- 1%*  prifms  :  Therefore  thefe  two  prifms  are  greater^  then  the  naif 
of  th$  whole  pyramid.  And,  again,  let  the  pyramids  made  by 
this  divifion  be  in  like  manner  divided,  and  fo  on,  until  the 
pyramids  which  remain  undivided  in  the  pvramid  DEFH  be, 
all  of  them  together,  lefs  than  the  excefs  of  tne  pyramid  DEFH 
above  the  folid  Q^:  Let  thefe,  for  example,  be  the  pyramids 
DPRS,  STYH  :  Therefore  the  prifms,  which  make  the  reft  of 
the  pyramid  DEFH,  *are  greater  than  the  folid  Qj  Divide  liko^ 
wife  the  pyramid  ABCG  in  the  fame  manner,  and  into  as 
many  parts,  as  the  pyramid  DEFH :   Therefore,  as  the  bafe 

b  4.  %%.  ABC  to  the  bafe  PEF,  fo  >  are  the  prifms  in  the  pyramid 
^BCG  to  the  prifms  in  the  pyramid  DEFH  :  But  as  the^iafe 
ABC  to  the  bafe  DEF»  fo,  by  hypothefis,  is  the  pyramid  ABCG 
to  the  folid  Qj  and  therefore,  as  the  pyramid  ABCG  to  the 
folid  Q,  fo  are  the  prifms  in  the  pyramid  ABCG  to  the  prifma 
in  the  pyramid  DEFH :   But  the  pyramid  ABCG  is  greater 

c  14/ j^,     than  the  prifms  contained  in  it  1  wherefore  ^  alfo  the  folid  Q^ts 

!;reater  than  the  prifms  in  the  pyramid  DEFH.    But  it  is  alfe 
efsi  which  is  impoffiblef    Therefore  the  bafe  ABC  is  not  to 

the 
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the  bafc  DEF.  as  the  vrnjoid  ABCG  to  any,  folid  which  is  S««k  ^tr- 
Icfs  than  the  pyramid  DEFH.     In  the  fame   manner  it  may    V^vnJ 
be  demonftratcd,  that  the  bafe  DBF  is  not  to  the  bafe  ABC, 
as  the  pyramid  DEFH  td  any  folid  which  is  lefs  than  the  py-  * 

ramid  ABCG-  Nor  can  the  bafe  ABC  be  to  the  bafc  DEF,  as 
the  pyramid  ABCG  to  any  folid  which  is  greater  than  the  py- 
ramid DEFH.  For  if  it  be  poQible,  let  it  be  fo  to  a  |:reater, 
viz.  the  fo(id  Z.  And  becaufe  the  bafe  ABC  is  to  the  bafe  DEF 
as  the  pyramid  ABCG  to  the  folid  Z ;  by  inverlion,  as  the  bafe 
DEF  to  the  bafe  ABC,  fo  is  the  folid  Z  to  the  pyramid  ABCG. 
Sut  a(  the  foJid  Z  is  to  the  pyramid  ABCG*  u>  i«  the  pyramid 
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DEFH  to  fome  folid  •,  which  mnft  be  Icfs  •  than  the  pyramid  ■  U.  i. 
ABCG,  becaufe  the  folid  Z  is  greater  than  the  pyramid  DEFH. 
A.nd  therefore,  as  the  bafe  DEF  to  the  We  ABC,  fb  is  the  py- 
ramid DEFH  to  a  folid  lc£s  than  the  pyramid  ABCG ;  the  con- 
trary to  which  has  been  proved.  Therefore  the  bafe  ABC-is 
not  to  the  bafe  DEF,  as  the  pyramid  ABCG  to  any  folid  which 
is  ijreater  than  the  pyramid  DEFH.  And  it  has  been  proved, 
that  neither  is  the  bafe  ABC  to  the  bafe  D£F,  as  the  pyramid 
ABCG  to  any  folid  which  is  left  than  the  pyramid  DEFH. 
3  hcrefote,  as  the  bafe  ABC  is  to  the  bafe  b£F,  fo  is  tho  py- 
ramid ABCG  to  the  pyramid  DEFH.  Wherefore  pvramids. 
&c    (t^E.  D. 

R4  PROP. 
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THE    f^ClfSNTS 

PEOP.   VI.     TH£OA. 

PYRAMIDS  of  the  fame  iidtilde  whidi  ha^e  poiTgcMS 
for  their  foafiss,  trc  to  one  another  19  their  bafe8* 

Let  the  ptraOii js  which  httt  the  pdjrgons  ABCD£«  FGHKI« 
lor  their  halesi  and  their  Terticefl  in  the  points  M»  N«  be  of  the 
IV  me  altitude :  As  the  bafe  ABCDE  to  thr  bafe  FGHKL»  b  la 
the  pyramid  ASCDCM  to  the  pyramid  FGHKLN. 

Drride  the  hftfe  ABCDE  into  the  triangiet  ABC>  ACD, 
ADE^  and  the  bafe  FGHKL  into  the  trtanglea  FQH,  FHK, 
FKL  i  And  upon  the  b^fei  ABC,  ACDy  ADE  let  there  be  as 
many  pyramids  of  which  the  common  rertez  is  the  point  M, 
and  upon  the  remaining  bafcs  as  many  pyramids  ha?ing  their 
conMnoa  vertex  in  the  point  N:  Therefore,  fincf  the  triangle 
ABC  ia  to  the  triangle  FGHt  as  *  the  pyramid  ABCM  to  the 
pyiamtd  FGHN;  and  the  triangle  ACU  to  the  triangle  FGH, 
as  the  pyramid  ACPM  to  the  pyramid  FGHN  ;  amt  ^fo  the 


b  1.  Cor. 
24-  5- 


tf  iangle  ADE  to  the  triangle  FGH»  as  the  prramid  ADEM  to 
the  pyramid  FGHM"  (  as  all  the  firft  anteeeocnts  to  their  com* 
mon  confequent ;  fo^  are  all  <he  ether  antecedents  tp  tbcir  com* 
mon  confequent  |  that  iSj  as  the  bafe  ABCDE  to  the  bafe 
FGH^  lb  is  the  pyramid  ABCDEM  to  the  pyramid  FG^N : 
And,  for  the  fame  reafoni  as  the  bafe  FGHKL  to  the  bafe  PGM, 
(o  is  the  pyramid  FGHKLN  to  the  pyramid  FGHN  ;  And,  by 
}#T«rGon,  as  the  bafe  FGH  to  the  bale  FQHKX4,  fo  is  the  py- 
ramtd  FGHN  to  the  pyramid  FGHKLN :  Them  becaofe  as  the 
bafe  ABCDE  to  the  bafe  FGH,  fo  is  the  pyramid  ABCPEM 
to  the  pyramid  FGHN ;  and  as  the  bafe  FGH  to  the  bafe 
FGHKL,  fo  is  the  pyramid  FGHN  to  the  pyramid  FGHKLN  | 

therdbrci 
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<lMf«fort«  fli  ••qvdi*.  Mth*  bafir  ABCDE  to^  bdb  FOHBX«  >Mk  xk 
fo  ilM  yfffMHd  ABCOIM  to  tlw  pynnU  FCraCtN.    Theic  O'fi'Nj 

P  R  O  F.    Vn.     T  H  E  O  R. 
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J^j  <)cd  Into  thrM  pyramidi  that  bavc  (mnguW  bafiniy 

and  are  equal  to  one  another. 

Let  tlMTc  b«  a  prifm  af  which  the  hafii  Is  the  erftngle  ABC, 
and  let  DEF  bt  dMtriaaglt  oppofit«to  it ;  The  prifm  ABCDEF 
may  be  divided  into  three  equal  pyramids  having  triangular 
bafes. 

Join,  BD,  EC,  CD  %  and  becanfe  ABES  U  a  parallelogram 
of  which  BD  is  the  diameter,  the  triangle'  ABD  is  equal  *  to  >  14*  i* 
the  triangle  £BD ;  tberciorc  the  pyramid  9f  whieh  the  btfe  is 
the  triangle  ABD,  ind  yertex  tbe  point  C,  i»  Maal  ^  to  the  ^  ^-  '^* 

pyramid  of  which  the  bafe  is  the  triangle  EBD,  and  vertex  th<i 
point  C :  But  this  pyramid  is  the  fame  with  the  pyramid  the 
bafe  of  which  is  the  triangle  £BC,  and  vertex  the  point  D ; 
for  cbey  are  eontained  l^  fhe  fame  planes  t  Therefore  the  py« 
ramid  of  which  the  bale  is  the  triangle  ABD,  and  vertex  the 
poim  C,  i$  eqnal  to  the  pyramid,  the  bafe  of  which  is  the  trU 
angle  £BC«  and  vertex  the  point  D  e  Againi  beeai^lSs  FCBE  is 
a  parallelogram  of  which  the  diameter  is 
C£,  the  triangle  ECF  is  equal*  to  the 
triangle  ECBi  therefore  the  pyramid  of  j^ 
which  the  bafe  is  the  triangle  £CB,  and  " 
vertex  the  point  D,  is  equal  to  the  pyra- 
mid, the  \k($  of  which  is  the  tri^gle 
£CF,  and  vertex  the  point  D  s  Bat  the 
pyramid  of  which  the  bafe  is  the  triangle 
£CB,  and  vertex  the  point  D  hss  been  §. 
proved  eqasl  tp  tbe  pvramid  of  which  the  -^^ 
bafe  is  the  triio|le  ABDi  and  vertex  tbe  poiat  C*  Therefore 
the  prifm  ABCDEF  js  divided  into  tbtee  equal  pyrailiids  having 
triangular  bales,  via»  ii|fo  the  pyramids  ABiDC>  bBOC,  ECFD  : 
And  necaaie  the  pframid  of  wnich  die  hafii  tt  (be  triangle  ABD, 
and  vertex  the  point  C,  is  the  time  arith  the  pframid  of  which 

the  hafe  it  tbe  triangle  ASCp  and  vmot  tbeiimt  Dt  Sot  thar 
are  eontained  hj  Hkt  i  sme  pwm )  and  thif  Ae  pjramid  of  whieh 
ibe  laie  is  tbe  triangle  ABD#  and  ycneathe  pom  C,  haa  hftn 

demonftrated 
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^L  demonftnted'to1>ea  thitd  part  of  tlie  priTm  the  btfe  of  which 
'"^  ia  the  triangle  ABC,  and  to  whkb  DEF  is  the  oppofite  triangle ; 
therefore  the  pyramid  of  which  {he  bafe  is  the  triangle  ABC, 
and  vertex  the  point  D,  is  the  third  part  of  the  prifm  which  hu 
the  fame  bafe,  viz.  the  triangle  ABC9  and  DEF  is  the  oppoCte 
triangle.    Q^  E.  -D.      I    "^        : 

Cor.  I.  From  this  it  is  manifeft,  that  every  pyramid  is  the 
third  jKirt  of  a  prifm  which  has  the  fame  bafe.  and  is-  of  aa 
equal  altitude  with  it ;  for  if  the  bafe  of  the  pf iim  be  any  other 
figure  than  a  triaoglci  it  may  be  divided  into  prifms  having  tri- 
angular bafes* 

Cor.  2.  Prifms  of  equal  altitudes  are  to  one  another  as  their 
bafes ;  becaufe  the  pyramids  upob  the  fame  bafes^  and  of  the 
c  6t  is.     iame  altitudci  are^  to.  one  another  as  their  bafes. 


PROP.    Vin.      T  H  E  O  IL 


SIMILAR  pyramids  having  triangular  bafcs  are  one  to 
another  in  the  triplicate  ratio  of  that  of  their  homo« 
logous  fides,    . 

Let  the  pyramids  having  the  triangle  ABC»  DEF  for  their 
bafes,  and  the  points  G*  H  for  their  vertices,  be  fiibilar  and 
fimilarly  fituated;  the  pyramid  ABCG  has  to  the  pyramid 
DEFH,  the  triplicate  ratio  of  that  which  the  fide  BC  has  to  tbe 
homologous  fide  EF. 

Complete  the  parallelograms  ABCM,  GBCN,^ABGK,  and 
fbc  folid  parallelquped  BGML  contained  by  thefe  planes  and 


thofe  oppoCte  to  theift  :  Arid,  in  like  manner,  com^plete  the  fo- 

lid  parallelepiped  EHPOconbiH^d. by  the  three  parallelograms 

PEFP,  HEFR,  DEUX,  and  thofe  oppoCte  to  them :  And  be- 

'  cauff 
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caufe  the  pyramid  ABCG  is  fimilar  to  the  pyramid  DEFH,  the  Bode  xin 
angle  ABC  is  equal  •  to  thr  angle  DEF,  and  tbe  angle  GBC  ^^^^ 
to  the  angle  HEF,  and  ABG  to  DEH  :  And  AB  is  *  to  BC,  *  \\\  ^^ 
as  D£  to  EF ;  that  is,  the  fides  ahouC  the  eqtial  angles  ace.  pro*  b  i/def.  i« 
portionals;  wherefore  the  parallelogram  BM  is  fimilar  to  EP: 
For  the  fame  reafon,  the  parallelogram  BN  is  fimilar  to  ER| 
and  Bk  to  EX :   Therefore  the  three  parallel<^ram8  BM,  BN^, 
BK  are  fimilar  to  the  three.  EP,  £R,  EX  :  But  the  three  BM^ 
BN,  BK,  arc  equal  and  fimilar^  to  the  three  which  are  oppose  04-  n* 
fite  to  themy  and  the  three  EP,  ER,  EX  equal  and  fimilar  to 
the  thr^  oppofite  to  them  :    Wher^efore  the  folids  BGMLy 
EHPO  are  a>ntained  by  the  fame  number  of  fimilar  planes  1 
and  their  folid  angles  are  equaH  ;   and  therefore  the  folia  dB.xi« 
BGML  is  fimilar*  to  the  folid  EHPO :   But  fimilar  folid  pa-' 
rallclepipeds  have  the  triplicate^  ratio  of  that  which  their  ho*^  33*  ix* 
mologous  fides  have :  Therefore  the  folid  BGML  has  to  the 
folid  EHPO  the  triplicate  ratio  of  that  which  the  fide  BC  has 
to  the  homologous  fide  £F:   But  as  the  folid  BGML  is  to  the 
folid  EHPO,  fo  is  f  the  pyramid  ABCG  to  the  pyramid  DEFH ;  f  15.  5- 
becaufe  the  pyramids  are  the  fixth  part  of  the  tolids,  fince  the 
prifm,  which  is  the  half  of  the  folid  parallelepiped',  is  triple '^s  aS.  xx« 
'  of  the  pyramid.    Wherefore  likewife  the  pyramid  ABCG  has**  ^*  '*• 
to  the  pyramid  DEFH,  the  triplicate  ratio  ot  that  which  BC  has 
to  the  homologous  fide  EF*    Q*  E.  D. 

Cor.  From  this  it  is  evident,  that  fimilar  pyrainids  which  See  N, 
have  multangular  bafes^  are  likewife  to  one  another  in  the  tri« 
plicate  ratio  of  their  homologous  fides :  For  they  may  be  di« 
vided  into  fimilar  pyramids  having  triangular  bafes,  becaufe  the 
fimilar  polygons,  which  are  their  bafes,  may  be  divided  into 
the  fame  number  of  fimilar  triangles  homologous  to  the  whole 
polygons ;  therefore  as  one  of  the  triangular  pyramids  in  the 
fiift  multangular  pyramid  is  to  one  of  the  triangular  pyramids 
in  the  ocher^  (0  are  all  the  triangular  pyramids  in  the  ncft  to  a^l 
the  triangular  pyramids  in  the  other  i  that  is,  fo  is  the  firft 
multangular  pyramid  to  the  other :  But  one  triangular  pyramid 
is  to  its  fimilar  triangular  pyramid^  in  the  triplicate  ratio  of 
their  homologous  fides  i  and  therefore  the  firit  multangular  py« 
ram  id  has  to  tbe  othery  the  triplicate  ratio  of  that  which  one  of 
the  fides  of  the  firft  has  to  the  homologous  fide  of  the  other. 


PROF« 
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PROP.    IX.    T  H  E  O  R. 

THE  bales  and  altitudes  of  eaual  pyramids  havir; 
triangular  bafes  arc  reciprocally  proportional :  Ami 
triangular  pyramids  of  whieh  the  bafes  and  altitudes  arc 
reciprocally  proportional,  are  equal  to  one  another. 

Let  the  pynimids  of  which  the  triani^les  ABC,  DBF  are  tbe 
hafes,  and  which  have  their  Terticea  m  the  points  Gs  H,  k 
equal  to  one  another:  The  bafes  and  altitudes  of  the  pyramids 
AnCGi  DEFH  are  redprocally  proportional,  tIz.  the  hafe 
ABC  is  to  the  hafe  DEF,  as  the  altitude  of  the  pjramid  DEFH 
to  the  altitude  of  tbe  pyramid  ABCG, 

Complete  the  parallelograms  AC,  AG,  GC,  DF,  DH,  HI; 
and  the  folid  parallelepipeds  SGML,  EHPO  conuincd  bj 


thefe  ]^lanes  and  thcfe  oppoHte  to  them :  And  becaofe  the  py* 
ramid  A6CG  is  equsil  to  the  pyramid  DEFH,  and  that  the 
ibiid  BGML  is  fextuple  of  the  pyramid  ABCG,  and  the  fo)i(i 
EHPO  fextuple  of  the  pyramid  DEFH  i  therefore  the  folid 
a  s.  As.  5. SGML  is  equal*  to  the  folid  EHPO :  But  the  bafes  and  alti- 
tudes of  cq^al  (blid  parallelepipeds  are  redprocally  propor- 
tional ^  ;  therefore  as  the  hafe  BM  to  the  hafe  £P,  fo  is  the  al- 
titude of  the  folid  EHPO  to  the  altitude  of  the  folid  BGML; 
But  as  the  hafe  BM  to  the  hafe  EP,  fo  is  •  the  triangle  ABC 
to  the  triangle  DEF  %  therefore  as  the  triangle  ABC  to  the  tri- 
tngle.  PXF,  fo  ia  the  altitude  of  the  folid  EHPO  to  the  aiti* 
tude  of  the  folid  BGML :  But  the  altitude  of  the  folid  EHPO 
is  the  fame  with  the  altitude  of  the  pyramid  DLFH  i  and  the 
altitude  of  the  folid  BGML  is  the  £une  with  the  altitude  of  tbe 

pyramid 


^34-  Xt* 
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pyramid  ABCXr*:  Tbereforci  as  the  bafo  ABC  to  the  bafe  DEF,  BookxiL 
fo  is  tlie  alticiKle  of  the  pjrramid  DEFR  to  the  altitude  of  tht  C/VVI 
pyramid  ABCG :  Wherefore  the  bafea  and  altitudes  of  the  py- 
ramid#  ABCG,  0EPH  are  reciprocally  proportional. 

Anin,  Let  the  bafes  and  altitudes  of  the  pyramids  ABCG, 
DEFH  be  reciprocally  proportional,  viz.  the  bafe  ABC  to  the 
bafie  DBF,  as  the  idtitude  of  the  pyramid  DEFH  to  the  altitude 
of  the  pyramid  ABCG  :  The  pyramid  ABCG  is  equal  to  the 
pyramid  DEFH. 

The  fame  conftrudion  being  made,  bccaufe  as  the  bafe  ABC 
to  the  bafe  DBF,  fo  is  the  altitude  of  the  pyramid  DEFH  to 
the  altitude  of  the  pyramid  ABCG  :  And  as  the  bafe  ABC  to 
the  bdfe  DEP,  fo  is  the  parallelogram  BM  to  the  parallelo* 
gram  £P  ;  therefore  the  parallelogram  BM  is  to  EP,  as  the 
altitude  of  the  pyramid  DEFH  to  the  altitude  of  the  pyramid 
ABCG  t  But  the  altitude  of  the  pyramid  DEFH  i|  the  lame 
iirith  the  altitude  ot  the  folid  parallelepiped  EHPO ;  and  the  at- 
titude of  the  pyramid  ABCG  is  the  lame  with  the  altitude  of 
the  folid  jparaUelepiped  SGML  :  As»  therefore,  the  bafe  BM  to 
the  bafe  EP,  fo  is  the  altitude  of  the  folid  parallelepiped  EHPO 
to  the  altitude  of  the  folid  parallelepiped  BGML.  But  foIid 
parjdklepipeds  having  their  bafes  and  altitudes  reciprocally  pro* 
poftaonalj  are  equal  ^  to  one  another.  Therefore  the  folid  pa#  b  34.  n. 
rallelepiped  BGML  is  equal  to  the  folid  parallelepiped  EHPO. 
And  the  pyramid  ABCG  is  the  fixth  part  of  the  folid  BGML, 
and  the  pyramid  DEFH  the  fixth  part  of  the  folid  EHPO. 
Therefore  the  pyramid  ABCG  is  equal  to  the  pyramid  DEFH. 
Therefore  the  bafes^  &c.    Q^  £.  D. 

P  R  O  P.    X.      T  H  E  O  R. 

< 

EVERT  cone  is  the  third  part  of  a  cylinder  which 
has  the  lame  bafe,  and  is  of  an  eqqal  altitude  Vith 
it. 

Let  a  cone  hate  the  fame  bafe  with  a  cyliiider>  viz.  the  circle 
ABCD,  and  the  fame  ahitude.    The  cone  is  the  third  part  of 
the  cylinder ; '  that  is,  the  cyiinder  is  triple  of  the  eone* 
'   If  the  cylinder  be  nor  triple  of  the  cone^  it  Muft  dcher  be 

£  eater  than  the  triple,  or  lefs  than  it.    Firfti  Let  it  be  grcattr 
an  the  triple  i  and  delcrtbe  the  fquarc  ABCD  in  the  cii«le  ; 
this  fquare  is  greater  than  the  half  of  the  circto  ABCD  *» 

Upon 

*  At«uilinniiaj^r^s.«ftl^it  boak. 
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Book  xn.  Upon  tbe  fquare  ABCD  ereA  a  prijrm  of  the  fame  aldtade  yrlA 
^^"^^^^  the  cylinder;  this  prifm  is  i^reater  than  half  of  the  cylinder; 
becaufe  if  a  fquare  be  defcnbed  about  the  circle^  and  a  prifm 
creAed  upon  the  fquare^  of  the  fame  altitude  with  the* cylinder, 
the  infcribed  fquare  is  half  of  that  circumfcribed  ;  and  upoa 
thefe  fquare  bafea  are  erected  folid  parallelepipeds*  tiz.  the 
prifms^  of  the  fame  altitude ;  therefore  the  prifm  upon  the 
fquare  ABCD  is  the  half  of  the  prifm  upon  the  fquare  defer;* 
bed  about  the  circle  :    Becaufe  they  are  to  one  another  as  their 

a  39.  ir.  bafes  * :  And  the  cylinder  is  lefs  than  the  prifm  upon  the  fquare 
defcribed  about  the  circle  ABCD  i  Therefore  the  prifm  upoa 
the  fquare  ABCD  of  the  fame  altitude  with  the  cylinder*  is 
greater  than  half  of  the  cylinder.  Btfe£l  the  circumferences 
AB,  BC,  CD,  DA  in  the  points  E,  F,  G,  H ;  and  join  AE, 
£B,  BF,  FC,  CGt  GD»  1)H»  HA ;  Then,  each  of  the  triangles 
A£B,  BFC,  CGD,  DIIA  is  greater  than  the  half  of  the  feg- 
ment  of  the  circle  in  n^hich  it  ftands, 
as  was  {hewn  in  prop.  2.  of  this 
book  Ere  A  pnfms  upon  each  of 
thefe  triangles  of  the  fame  altitude 
with  the  cylinder  y  each  of  thefe 
prifms  is  greater  than  half  of  the  feg-  a 
ment  of  the  cylinder  in  which  it  is  ;  '^ 
becaufe  if,  through  the  points  £,  F, 
G,  H,  parallels  be  drawn  to  AB,  BC,  vn 
CD,  DA,  and  paiailelograms  be  "^ 
completed  upon  the  fame  AB,  BC, 
CD,  DA,    and  folid 'parallelepipeds 

be  ere&ed  upon  the  parallelograms  ;    the   prifms  upon  the 
triangles  AEB,  BFC,  CGD,  DH  A  are  the  halves  of  the  folid 

b  a.  Gbr.  parallelepipeds  \  And  the  fegments  of  the  cylinder  which  are 
7*  IS.  upon  the  fegments  of  the  circle  cut  off  by  Ao,  BC>  CD,  DA, 
are  lefs  than  the  folid  parallelepipeds  which  contain  them. 
Therefore  the  prifms  upon  the  triangles  AEB,  BFC,  CGD, 
DHA,  are  greater  than  half  of  the  fegments  of  the  cylinder  in 
.  which  they  are  i  therefore,  if  each  of  the  circumferences  be  di« 
vided  into  two  equal  parts,  and  (Iraight  lines  be  drawn  from 
the  points  of  divifion  to  the  extremities  of  the  circumferences, 
and  upon  the  triangles  thus  made,  prifms  be  erected  of  the  fame 
akitudc  with  the  cylinder,  and  fo  on,  there  muft  at  length  re« 

e  t^.»«-  main  fome  fegments  of  the  cylinder  which  together  are  lefs  ^ 
.than  the  excefs  of  the  cylinder  above  the  triple  of  the  cone. 
Let  them  be  thofe  upon  the  fegments  of  the  cirdle  AE$  EB,  BF, 

FC, 


^ 


O  F   B  U  G  L  I  D. 


«7« 


12. 


FC>  CG,  GD,  DH,  HA*  Therefore  the  reft  of  the  cylin-  Bookxn. 
der,  that  ie^  the  prifm  of  which  the  bafe  is  the  polygon 
AEBFCGDH,  and  of  which  the  altitude  is  the  fame  with  that 
of^he  cylinder,  is  greater  tha^  the  triple  of  the  cone  :  Biit  this 
prifm  is  triple  ^  of  the  pyramid  upon  the  fame  bafe,  of  which  dr.  Cor*  7. 
the  vertex  is  the  fame  with  the  vertex  of  the  cone;  therefore 
the  pyramid  upon  the  bafe  AEBFCGDH,  having  the  fame 
vertex  with  the  cone,  is  greater  than  the  cone,  of  which  the 
bafe  is  the  circle  ABCD:  Bat  it  is  alfo  lefsyfor  the  pyramid  is 
contained  within  the  cone ;  which  is  impoQible.  Nor  can  the 
cylinder  be  lefs  than  the  triple  of  the  cone.  Let  it  be  lefst  if 
poflible  :  Therefore,  inverfely,  the  cone  is  greater  than  the  third 
part  of  the  cylinder.  In  the  circle  ABCD  defcribe  a  fquare  ; 
this  fquare  is  greater  than  the  half  of  the  circle  :  And  upon  the 
fquare  ABCD  ereft  a  pyramid  having  this  fame  vertex  with  the 
cone;  this  pyramid  is  greater  than  the  half  of  the  cone;  becaufe, 
as  was  before  demon(lrated«  if  a  fquare  be  defcribed  about  the 
circle,    the    fquare  ABCD  is  the  • 

half  of  it;  and  if,  upon  thefefquares  " 

there  be  cre£led  folid  parallelepi- 
peds of  the  fame  altitude  with  the 
cone,  which  are  alfo  prifms,  the 
prifm  '  upon  the  fquare  ABCD  . 
fhall  be  the  half  of  that  which  is  ' 
upon  the  fquare  defcribed  about  the 
circle;  for  they  are  to  one  another 

as  their  bafcs  ■ ;  as  are  alfo  the  third       t~    ^<:>nJ^<^'^       1        a  3»,  n. 
parts  of  them  :    Therefore  the  py«  P 

ramid,   the  bafe'  of  which  is  the 

fquare  ABCD,  is  half  of  the  pyramid  upon  the  fquare  de- 
fcribed about  the  circle  :  But  this  laft  pyramid  is  greater  than 
the  cone  which  it  contains ;  therefore  the  pyramid  upon  the 
fquare-  ABCD  having  the  fanie  vertex  with  the  conev  is  great- 
er than  the  half  of  the  cone.  Bi&ft  the  circumferences  AB, 
BC.  CD,  DA  in  the  points  E,  F9  G,  H,  and  join  AE,  EB,  . 
9F,  FC,  CG,  GD,  DH,  it  A:  Therefore  each  of  the  triangles 
AEB,  BFC,  CGD,DHA  is  greater  than  half  of  the  fegment 
of  the  circle  in, which  it  is  :  Upon  each  of  thefe  triangles  ereA 
pyramids  having  the  fame  vertex  with  the.cone«  Therefore  each 
of  thefe  pyramids  is  greater  than  the  half  of  the  fegment  of 
the  cone  in  which  it  is,  a$  before  was  demonftratod  of  the 
fVriffflS  and  fegmenu  of  the  cylinder ;  and  thus  dividing  each 
of  the  circumferences  into  two  equaL  partSi  and  joining  the 
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XII.  poiau  of  diTifioti  and  tbcir  •xtremititi  by  ftfii^kt  lUMt^  aftd 
'"^  ^  upon  tht  triangles  eroding  pjrramids  hating  tl»eir  vertices  tW 
fame  with  that  of  the  conei  and  fo  Otti  there  mnft  at  letigth  re* 
main  fome  fegmenu  of  the  eonei  which  together  (ball  oe  kfs 
than  the  ezcefa  of  the  concy  abote  the  third  part  of  the  cyto- 
dcr.  Let  thefo  be  the  fegmentt  npod  A£^  £B,  BF,  FC^  CO|  G  D, 
DU,  HA.    Therefore  the  reft  of  »f 

the  conet  that  is^  the  pjrramidt  of  "^ 

which  the  bafa  is  the  polygon 
AEBFCGDH,  and  of  which  the 
vertex  is  the  fame  with  that  of  the 
concp  is  greater  than  the  thii d  part  ^ 
of  the  cylinder.  Bat  this  pyramid 
is  the  third  part  of  the  priim  apon 
the  fame  bafe  AEBFCGDH,  and 
of  the  iame  altitude  with  the  cylin- 
der. Therefore  this  prifm  is  great- 
er than  the  cylinder  of  which  the 

bafe  is  the  circle  ABCD.  But  it  is  alfo  left,  for  it  ia  coQtmned 
within  the  cylinder  |  which  ia  impoi&ble*  Therefore  the  cy* 
linder  ia  fiot  left  than  the  triple  of  the  cone*  And  it  has  been 
demodftrated  that  neither  is  it  greater  than  tho  triple*  Therefore 
the  cylinder  is  triple  of  the  conCt  or,  the  cone  ia  the  tUrd  part 
of  the  cylinder.    Wherefore  cTcry  cone,  &c.   (^£.  D. 
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sm  N.      ^^ONES  and  cylinders  of  the  (ame  altitude,  are  to  one 
\^  another  as  their  bafes. 

Let  the  cones  and  cylinders^  of  which  the  bafes  are  the  cir^ 
cles  ABCDp  EFGH,  and  the  axes  KL,  MK»  and  AC,  KG  the 
diameters  of  their  bafes,  be  of  the  fame  altitude.  As  the  circle 
ABCD  to  the  circle  EFGH,  fo  is  the  cane  AL  to  the  cone  £N« 

If  it  be  not  fo,  let  the  circle  ABCD  be  to  the  circle  EFGH, 
as  the  cone  AL  to  fome  foUd  either  lefs  than  the  cone  £N,  or 
greater  tbaa  it.  Firft,  let  it  be  to  a  folid  left  than  BN,  tin.  to 
the  folid  X I  and  let  Z  be  the  folid  which  is  equal  to  the  ex- 
cefs  of  the  cone  EN  abort  the  folid  X  i  therefore  the  cone  EN 
is  equal  so  the  foUds  X,  Z  together.  In  the  circle  BFGH  de- 
ftf  ibc  the  fqttaic  SFGU,  therefote  this  foiiare  is  greaser  than 
the  half  of  the  circle :  Upon  tho  f(|ttare  EFGH  ere£k  a  pyra- 
mid of  the  fame  altitude  with  the  cone  ;  this  pyramid  is 
greater  than  half  of  the  cone.  For,  if  a  fquare  be  defcribed 
about  the  circle,  and  a  pyramid  be  erc^hd  upon  it,  ha- 
ving 
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VihK  the  fune  vertex  with  the  cone  *,  the  pyramid  itifctibed  Book  xir. 
in  the  eone  is  half  of  the  pvramid  circumfcribed  about  it^  be-  VmOt^^ 
caufe  they  are  to  one  anptner  as  their  bafes  *  :    But  the  cone  ^  5.  ti» 
is  Icfs  than  the  circumfcribed  pyramid  ;  therefore  the  pyramid  of 
which  the  bafe  is  the  fqiiare  EFGH**  and  its  vertex  the  iame 
with  that  of  the  cone,  is  ereater  th!an  half  of  the  cone :  Djvide 
the  cirtumietences  EF,  FG,  6H>   HE,   each  into  two  (equal 
parts  .m  the  points  O,  P,  R»  S,  and  join  £0,  OF,  FP,  PG^ 
OR,  HH^  HS,  SE  :    Therefore  each  of  the  triangles  EOF, 
FPG»  GRH^  i^SE  is  greater  than  half  of  the  fegment  pf  the 


« 


citcle  ih  which  it  is :  tJpon  each  of  thefe  tHangteis  ere£l:  a  pyra^ 
raid  having  the  fame  vertex  with  the  cone$  c;acb  of  thefe  py- 
ramids is  greater  than  the  half  of  the  fegm<  nt  of  the  cone  in 
which  it  is  :  And  thus  dividing  each  of  thefe  circumferences 
into  two  equal  partSj  and  from  the  points  of  divifion  drawing 
flraight  lines  to  the  extremities  of  the  circumferences,  and  up'- 
011  each  of  the  triangles  thus  made  erefiing  pyramids  having  the 
fame  vertex  with  the  cone,  and  fo  on,  there  miift  at  length 
lemain  fome  fegments  of  the  cone  which  are  together  lets  ^  b  lAmmti 
than  the  folid  Z :  Let  thefe  be  the  fegments  upon  £0,  OF,  FP, 

S  PG, 

*  Vertex  h  pat  in  pUce  6f  altittide  which  If  in  the  Gt'cek,  becade'the  pfnimid, 
in  vbat  f^Uowt ,  i%  fuppefcd  to  be  ctrcmnicribed  sbont  the  fiooe.  and  fi>  mim  have 
the  (ami  vcrtcxt    And  the  iaac  dup^e  b  made  ia  fom''  -*» 
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Book  XII.  FG^  GR,  RH,  HS,  SE :  Therefore  tlie  remainder  of  the  cone, 
iiz.  the  pyramid  of  which  the  bafe  is  the  polygon  EOFPGRHSi 
and  its  Vertex  the  fame  with  that  of ^the.  conei  is  ereater  than 
the  folid  X  :  In  the  circle  ABCD  defcribe  the  polygon 
ATBTCVDQ  fimilar  to  the  polygon  EOFPGRHS,  and  upon 
St  crt€t  a  pyramid  having  the  fame  vertex  with  the  con^  AL  t 
And  becaufe  as  the  fquare  of  AC  is  to  the  fquare  of  EG,  ib  *  is 
the  polygon  ATfiYCVDQ^to  the  polygon  EOFPGRHS  s  and 
as  the  (quare  of  AC  to  the  fquare  of  £G|  fo  is  ^  the  circle 
ABCD  to  the  circle  EFGH  i  therefore  the  circle  ABCD  is  «  to 
the  circle  EFGH,  as  the  polygon  ATBYCVDC^to  the  poly 
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gon  EOFPGRHS  :  But  as  thecirdc  ABCD  to  the  circle  EFGHp 
To  is  the  cone  AL  to  the  folid  X  ;  and  as  the'  polygon 
ATBYCVDQ^to  the  polygon  EOFPGflHS,  fo  is  « the  pyra- 
mid of  which  the  bafe  is  the  firft  of  thefe  polygon.S9  and  ver- 
tex L|  to  the  pyramid  of  which  the  bafe  is  the  other  polygon, 
and  its  vertex  N  :  Therefore,  as  the  cone  AL  to  the  folid  X,  fo 
is  the  pyramid  of  which  the  bafe  is  the  polygon  ATBTCVDQ* 
and  vertex  L»  to  the  pyramid  the  bafe  of  which  is  the  polygon 
EOFPGRHS,  and  vertex  N :  But  the  cone  AL  is  greater  than 
the  pyramid  contained  in  itj  therefore  the  folid  X  is  greater* 
than  the  pyramid  in  the  cone  £N  s  But  it  is  lefs,  as  was  ihown, 

which 
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Wtiicti  18  abrurd :  Therefore  the  circle  ABCD  is  liot  to  the  cir-  Book  xir. 
cle  EFGH,  as  the  cone  AL  to  any  folid  ivhich  is  left  than  the  <^^^'^ 
tone  EN.    In  the. fame* manner  it  may  be  demonftrated  that 
the  circle  EF6H  is  not  to  the  circle  ABCD,  as  the  cone  EN    ~ 
to  >any  folid  lefe  than  (he  cotie  AL.    Nor  can  the  circle  ABCD 
b^  to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  greater 
than  the  cone  EN :  For,  if  it  bt  poflible«  let  it  be  fo  to  the  folid 
If  which  is  greater  than  the  cone  EN  :  Therefore,  by  inverfion, 
as  the  circle  EFGH .  to  the  circle  ABCD,  fo  is  the  folid  I  to 
the  cone  AL  :    Bat  as  the  folid  I  to  the  cone  AL,  fo  is  the 
cone  EN  to  fome  folid,  which  mull  be  lefs  *  than  the  cone  a  14.  ^. 
AL,  becaufe  the  folid  I  is  greater  than  the  cone  EN  s    There- 
fore, as  the  circle  EFGH  is  to  the  circle  ABCD,  fo  is  the  cone 
EN  to  a  folid  lefs  than  the  cone  AL,  which  was  (hewn  to  be 
impofiible  :    Therefore  the  circle  ABCD  is  not  to  the  circle 
EFGH,  as  the  cone  AL  is  to  any  folid  greater  than .  the  cone 
EN :     And  it  has  been  demonftrsted  that  neither  is  the  circle 
ABCD  to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  Jefs 
than  the  cone  EN :    Therefore  the  circle  ABCD  is  to  thfe  circle 
EFGH,  as  the  cone  AL  to  the  cdne  EN  :  But  as  the  cone  is  to 
the  cone,  fo  ^  is  the  cylinder  to  the  cylinder,  becaufe  the  cy-  b  is,  5* 
linders  are  triple.*  of  the  cones,  each  to  each.    Therefore,  as  e  za  n. 
the  circle  ABCD  to  the  circle  EFGH,  fo  are  the  cylinders  op^ 
on  them  of  the  fame  altitude.     Wherefore  cones  and  cylinders 
of  the  fame  altitude  are  to  one  another  as  their  bafes.  (^E.  D« 


P  R  O  P.    Xn.      T  H.E  O  R. 

SIMILAR  jcones  and  cylinders  have  to  one  another  See  k« 
the  triplicate  ratio  of  that  which  the  diameters  of 
their  bafcs  have* 

Let  the  cones  and  cylinders  of  which  the  bafcs  are  the  circles 
ABCD,  EFGH,  and  the  diameters  of  the  bafcs  AC,  £G,  and 
KL,  MN  the  axes  of  the  cones  or  cylinders,  be  fimilar  :  The 
cone  of  #hich  the  ba(e  is  the  circle  ABCD«  and  vertex  the 
point  L,  has  to  the  cone  of  which  the  bafe  is  the  circle  EFGH, 
and  vertex  N,  the  triplicate  ratio  of  that  which  AC  has  to  EG. 

For,  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN  the 
triplicate  ratio  of  that  which  AC  has  to  EG,  the  cone  ABCDL 
(hall  have  the  triplicate  of  that  ratio  to  fome  folid  which  is  lefs 

S  a  of 
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or  greater  than  the  cone  EFGHN.  Firft,  kt  it  ha?6  it  to  a  left, 
viz.  to  the  folid  X  : .  Make  the  fame  coflftrudion  as  in  the  pre* 
ceding  p^opofition,  and  it  may  be  demonftrated  the  very  fame 
vay  as  in  that  propofition,  that  the  pyramid  of  which  the  bafe 
18  the  polygon  EOFPGRHS,  and  vertex  N,  is  greater  than  the 
folid  X.  Defcribe  alfo  in  the  circle  ABCD  the  polygon 
ATBYCVDQ^fimilar  to  the  polygon  EOFPGRHS,  upon  which 
ereA  a  pyramid  having  the  fame  vertex  with  the  cone  ;  and  let 
LAQ^bc  one  of  the  triangles  containing  the  pyramid  upon 
the  polygon  ATBYC VDQ^the  vertex  of  which  is  L ;  and  let 
N£S  be  one  of  the  triangles  comaining  the  pyramid  upon  the 
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polygon  EOFPGBHS  of  whieb  the  vertex  is  N  ;  and  join  KQ. 
MS  :  Becaufe  then  the  cone  ABCDL  is  fimilar  to  the'  cone 
EFGHN,  AC  is  ^  to  EG,  as  the  axis  KL  to  the  axis  MN  ; 
and  as  AC  to  EG,  fo  ^  is  A£  to  EM  ;  therefore  as  AK  to 
EM,  fo  is  KL  to  MN  ;  and,  alternately,  AK  to  KL,  as  EM 
to  MN  ;  jAnd  the  right  angles  AKL,  EMN  are  equal ;  there- 
fore  the  fides  about  thefe  equal  angles  being  proportionals, 
the  triangle  AKL  is  fimilar  ^  to  the  triangle  EMN.  Again,  be-' 
caufe  AK  is  to  KC^>  as  £M  to  MS^  and  that  thcfe  fides  are 

about 
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Aovit  equH  angles  AE(^>  EMS,  becatife  thefe  angled  arc,  ^^^  ^^' 
each  of  them,  the  fame  part  of  four  right  angles  at  the  cen-   V-/'^^'^,^ 
tree  K,  M ;  therefore  the  triangle  AKQ^  is  fimilar  •  to  the  tri-    *  ^  ^* 
angle  EMS:  And  becaufe  it  ha«  been  fliown  that  as  AK  to  VHh, 
fo  18  EM  to  MN,  and  that  AK  is  eq|ial  to  KC^;  and  EM  to 
MS,  as  QK  to  KL,  fo  is  SM  to  MhJ ;  and  therefore  the  fictes 
about  the  right  angles  QKL,  SMN  being  proportionals,  the 
triangle  LKQ^is  fimilar  to  the  triangle  NMS :   And  becaufe  of 
the  fimilarity  of  the  triangles  AKL,  EMN,  as  LA  is  to  AK, 
fo  is  NE  to  £M  ;  and  by  the  fimilarity  of  the  *  triangles  AKQt^ 
EMS,  as  KA  to  AQ,   fo  M?  to  ES ;   ex  aequali^  LA  is  b  »«  5. 
to  AQ^f  as  N£  to  ES.     Again,  becaufe  of  the  fimilarity  of  the 
triangles  LQK,   NSM,   as  LC^to  QK,   fo  NS  to  SM ;    and 
from  the  fimilarity  of  the  triangles  KAQ>  MES,  as  KQ^tp 
<XA,  fo  MS  to  SE  ;  ex  aequaii  ^,  LQ^  is  to  QA,  as  N6  to 
SE  :  And  it  was  proved  that  QA  is  to  AL,  as  SE  to  EN  ;  there- 
fore, again,  ex  aequaii,  as  QL  to  LA,  fo  is.SN  to  NE  :  Where- 
fore the  triangles  LQA,  NSE,  having  the  fides  about  ail  their 
angles  proportionals,  are  equiangular^  and  fimilar  to  one  an- «  j«  «. 
ether :  And  therefore  the  pyramid  of  which  the  bafe  is  the  tri- 
angle AKQt  and  vertex  L,  is  fimilar  to  the  pyramid  the  bafe 
of  which  is  the  triangle  EMS,  and  vertex  N,  becaufe  their 
folid  angles  are  equaH  to  one  another,  and  they  are  contained  d  B.  xx. 
by  the  fame /number  df  fimilar  planes:    But  fimilar  pyramids 
which  have  triangular  bafes  have  to  one  another  the  triplicate 
*  ratio  of  that  which  their  homologous  fides  have;  therefore^  S.  it> 
the  pyramid  AKQL  has  to  the  pyramid  EMSN  the  triplicate 
ratio  of  that  which  AK  has  to  EM.     in  the  fame  manner,  if 
firaight  lines  be  drawn  from  the  points  D,  V,  C,  Y,  B,  T 
to  K,  itnd  from  the  points  H,  R,  G,  P^  F,  O  to  M,  and  py- 
ramids be  ere£led  upon  the  triangles  having  the  fame  vertices 
with  the  cones,  it  may  be  dei;non(lrated  that  each   pyramid  ic^ 
the  firll  cone  has  to  each  in  the  other,  taking  ihem  m  the  fame 
order,  the  triplicate  ratio  of  that  wfiich  the  fide  AK  has  to  the 
fide  EM ;  that  is,  which   AC  has  to  EG  :  But  as  one  antece<« 
dent  to  its  confequcnt,  fo  are  all  the  antecedents  to  all  the* 
confequentsf ;  therefore  as  the  pyramid  AKQL  to  tlie  pyra- f  i^.  ^^ 
mid  EMSN,  fo  is  the  whole  pyramid  the  bafe  of  which  is  the 
polygon  DQATBYCV,  and  vertex   L,  to  the  whole  pyramid 
of  which' the  bafe  is  the  polygon  HSEOFPGR,  and  vertex  N. 
WIverefore  alfo  the  firft  of  thefe  two  lait  named  pyramids  has 
to  the  other  the  triplicate  ra^io  of  that  which  AC  has  to  EG. 
But,  by  the^  hypothefis,  the  cone  of  which  the  bafe  is  the  cir- 
cle  ABCD,  and  vertex  L  has  to  the  folid  X|  the  triplicate 
raiib  of  tl)^t  which  AC  has  to  EG ;  thcreforcj  as  the  cone  of 

S3'  which 
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Baok  xiu  whicb  the  bafe  is  the  circle  ABCD,  and  Ycrtez  L,  i$  to  the 
folid  X|  (6  is  the  pyramid  the  bafe  of  vhich  is  the  poljgoo 
DOATBTCVy  and  vertex  L,  to  the  pyramid  the  bafe  of  which 
is  the  polygon  HSEOFPGR  and  vertn  N :  But  the  faid  cone 
is  greater  than  the  pyramid  contained  in  it,  therefore  the  felid 
X  is  greater^  than  the  pyramid,  the  bafe  of 'which  is  the  poly- 
l^on  HSEOFPGR,  and  vertex  N ;  bat  it  is  alfo  lefs )  whicb  is 
impoflible  :  Therefore  the  cone  of  which  the  bafe  is  the  circle 


ABCD»  and  vertex  Lt  has  not  to  any  folid  which  is  Icfs  than  the 
cone  of  which  the  bafe  is  the  circle  EFGH  and  vertex  N,  the  tri- 
plicate ratio  of  that  which  AC  has  to  EG.  In  the  fame  manner 
It  may  be  demonftrated  that  neither  has  the  cone  EFGHN  to 
any  folid  which  is  lefs  than  the  cone  ABCDL,  the  triplicate 
ratio  of  that  which  EG  has  to  AC.  Nor  can  the  cpne  ABCDL 
have  to  any  folid  which  is  greater  than  the  cone  EFGHN,  the 
triplicate  ratio  of  that  which  AC 'has  to  EG  :  For,  if  it  be  pof- 
(ible,  let  it  have  it  to  a  greater,  viz.  to  the  folid  Z ;  Therefore^ 
inverfely,  the  folid  Z  has  to  the  cone  ABCDL,  the  triplicate 
ratio  of  that  which  EG  has  to  AC :  But  as  the  folid  Z  is  to 

the 
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tbe  cone  ABCDL,  fo  it  the  cone  EFGHN  to  Tome  folid,  Bookxir. 
which  muft  be  lefs  ^  than  the  cone  ABCDL^  becaufe  the  folid  Z  ^^^^^'^"^ 
is  greater  than  the  cone  EFGHN :  Therefore  the  cone  EFGHN  *  '^  ^* 
has  to  a  folid  which  is  lefj^  Chan  the  cone  ABCDL,  the  tripli- 
CUte  ratio  of  that  which  EG  has  to  ACt  which  was  demon- 
ftrtted  to  be  impoflible  :   Therefore  the  cone  ABCDL  has  n6C 
to  any  folid  greater  than  the  cone  EFGHN,  the  triplicate  ra- 
tio 01  that  which  AC  hsrt  to  EG  ;  and  it  was  demonftrated  thaC 
it  could  not  have  that  ratio  to  any  folid  lefs  than  the  cone 
EFGHN :  Therefore  the  cone  ABCDL  has  to  the  cone  EFGHN, 
the  triplicate  ratio  of  that  which  AC  has  to  £G. :   But  as  the^ 
cone  is  to  the  cone,  fo^  the  cylinder  to  the  cvlinder ;  for  every  b  ts»  s* 
cone  is  the  third  part  of  the  cylinder  upon  the  fame  bafe,  and 
of  the  fame  altitude :   Therefore  alfo  the  cylinder  has  to  the  cy- 
linder, the  triplicate  ratio  of  that  which  AC  has  to  £Q.  Where- 
fore fimijar'conesj  &c.    Q^E*  D« 


PROP.    XIII.      T  H  B  O  H, 

IF  a  cylinder  be  cut  by  a  plane  parallel  to  its  oppofitc »« **• 
planed,  or  bafcs  ;  it  divides  the  cylinder  into  two  cy- 
lindcrs,  one  of  which  is  to  the  other  a&  tho  axis  of  the 
firft  to  the  axis  of  the  other. 

Let  the  cylinder  AD  be  ciit  by  the 
plane  GH  parallel  to  the  oppofice 
planes  AB,  CD,  meeting  the  axis 
£F  in  the  point  K,  and  let  the  line 
GH  be  the  common  feclion  of  the 
plane  GH  and  the  furface  of  the  cy- 
linder AD  :  Let  AEFC  be  tbe  paraU 
lelogram,  in  any  poGtion  of  it«  by  the 
revolution  of  which  about  the  ftraight 
line  £F  the  cylinder  AD  is  defcribed ; 
and  let  GK  be  the  common  fe£tion 
of  the  plane  GH,^  and  the  plane 
AEFC  :  And  becaufe  the  parailkl 
planes  AB,  GH  are  cut  by  the  plane 
AEKG,  AE,  KG,  their  common 
fe£lions  with  it,  are  parallel  ^^  where- 
fore AK  IS  a  parallelogram,  and  GK 
equal  to.  £A  the*  ftraight  line  from 
the  centre  of  the  circle  AB :  For  the 
^me  rcafoui  each  of  the  ftraight  lines 
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Book  Xiu  drawn  from  the  point  K  ,to  the  liqe  G|I  may  be  proTtd  td  be 
Vii^Y^i^  equal  to  tbofe  which  are  drawn  from  the  centre  of  the  circle 

AB  to  its  circumference,  and  are  therefore  all  equal  to  tmc  an- 
•  X5.aef.x.  other.    Therefore  the  line  GH  is  th9 circumference  of  a  circle* 

of  which  the  centre  is  tHe  point  K  ;   Therefore  the  plane  GH 

divides  the  cylinder  AD  into  the  cylinders  AH,  GD  ;  for  they 

are  the  fame  which  would  be  defcribcd  by  the  refolutton  of  the 

parallelograms  AK,  GF  about  the  ftraight  lines  EKi  KF :  And 

It  is  to  be  (hown  that  the  cylinder  AH  is  to  the  cylinder  HC»  as 

the  axis  £K  to  the  axis  KF- 

Produce  the  axis  EF  both  ways  %  'and  tak^  any  number  of 

ftraight  lines  EN,  NL,  ench  equal  to  £K  i  and  any  number 

FX,  XM,  each  equal  to  FK;  and  let 

planes  parallel  to  AB,  CD  pafs  through 

the  points  L,  N,  X,  M  :   Therefore 

the  common  fe£lions  of  thefe  planes 

with  the  cylinder  produced  are  circles 

the  centres  of  which  are- the  points 

L,  N,  X,  M,  as  was  proved  of  the 

plane  GH ;  and  thefe  planes  cut  off 

ihe   cylinders,   PR,  RB,  DT,  TCf.     . 

And  becaufc  the  axes  LN,  NE,  EK    -^ 

dre  all  equal ;  therefore  the  cylinders 
b  If.  II,    PR,  RB,  BG  are  *»  to  one  another  as 

their  bales  ;  but  their  bafcs  are  equal,  rj 

and  therefore  the  cylinders  PR,  RP,  ^^ 

BG  are  equal :  A>id  becaufe  the  axes    r^ 

1,N,  NE,  EK  are  equal  to  one  an-    ^ 

other,  as  alfo  the  cylinders  PR,  RB,    rp 

BG,  and  that  there  are  as  many  axes     •*■ 

as  cylinders  j  therefore,  whatever  mul-    w 

tiple  the  axis  KL  is  of  the  axis  KE,     r 

the  fame  multiple  is  the  cylinder  PG 

of  the  cylinder  GB :    For  the  fame  reafon,  whatever  multiple 

the  axis  MK  is  of  the  axis  KF,  the  fame  multiple  is  the  cy 

linder  QG  of  the  cylinder  GD:  And  if  the  axis  KL  be  equal  to 

the  axis  KM,  the  cylinder  PG  is  equal  to  the  cylinder  CQ^;  and 

if  the  axis  KL  be  greater  th^n  the  axis  KM,  the  cylinder  PG  is 

greater  than  the  cylinder  GQj  and  if  lefs,  lefs :    8ince'therer 

fore  there  are  four  magnitudes,  viz.  the  axes  EK,  KF,   and 

the  cylinders  BG,  GD,  and  that  of  the  axis  EK  and  cylinder 

BG  there  has  been  taken  any  equimultiples  whateveri  vz?.  the 
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aitis  KL  and  cylinder  PG ;  and  of  the  axis  KF  and  cvlindcr  f^^^ 
GD9  any  equunDHtvpIes  whateTcr^  viz.  fhe  axis  KM  and  cylin-  ^       "^ 
del'  GO ;  and  it  has  been  demonftrated,   if  the  axis  KL  be 


PROP,    XTV.      T  H  «  O  R» 


CONES  and  cylvnder«  ofMrn-oqisal bofesarc  to  oneaa^^ 
other  as  their  altitudes. 

Let  the  cjlmders  £B,  FD  be  upon  the  equal  bafes  AB,  CD  ; 
As  the  cylinder  EB  to  the  cylinder  FO|  fo  is  the  axis  GH  to  - 
the  axis  KL. 

Produce  the  axis  KL  to  the  point  N,  and  make  LN  equal 
to  the  axis  GH,  and  let  CM  be  a  cylinder  of  which  the  bafe  is 
CD|  and  axis  LN;  and  becaufe  the  cylinders  EB»  CM  hare 
the  fame  altitude,  they  are  to  one  another  as  their  bafes  ^  :  But  a  u.  is, 
their  bafes  are  equal,  therefore  alfo  the  cylinders  EB,  CM  axe 
equal.   And  becaufe  the  cylin- 


der FM  is  cut  by  the  plane 
CD  parallel  to  its '  qppofitff 
planes,  as  the  cylinder  CM  to 
the  cylinder  FD,  fo  is  ^  tKe 
axis  LN  ro  the  axis  KL.  But 
the  cylinder  CM  is  equal  to 
the  cylinder  £B>  and  the  axis 
LN  to  rhe  axis  GH :  There- 
fore as  the  cylinder  £B  to  the 
cylinder  FD,  fo  is  the  axis 
GH  to  the  axis  KL :  And  as 


b  13.  s«. 


the  cylinder  EB  to  the  cylindei  FD,  fo  is  «  the  cone  ABG  to  the  0  ij.  5, 
cone  CDK,  becaufe  the  cylinders  are  triple  **  of  the  cones :  ^  ^°«  *^« 
Therefore  alfo  the  axis  GH  is  to  the  axis  KL,  as  the  cone  ABG 
to  the  cone  CDK,  and  the  cylinder  EB  to  the  cylinder  FD. 
Whtrcforc  cpnes,  ^c    C^E.  D, 
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P  R  O  P.    XV.      T  H  E  O  R. 

THE  ba&s  and  altitudu  of  vqual  cones  and  cylioden,  1 
are  reciprocally  proportional ;  and  if  the  bafct  and 
altitudes  be  feciprocaliy  proportional*  the  cones  and  cy- 
linders are  equal  to  one  anotbcF, ' 

Let  tbe  cirdei  ABCD,  EFGH,  the  diameters  of  vbicfa  an  ! 
AC,  EG,  be  the  bafct,  and  KL,  MN  tbe  axes,  as  alfo  the  ald- 
tudei*  of  equal  cones  and  cylinders ;  and  let  ALC,  ENG  be  the 
CODci,  and  AX,  EO  the  cylinders :  Tbe  bafct  and  altitudes  of 
the  cylinders  AX,  £0  are  reciprocaUj  proportional ;  that  is, 
at  the  bafe  ABCD  to  the  bafe  ^GH,  fo  is  the  altitude  MN  to 
the  altitude  KL. 

Either  the  altituijc  MN  is  equal  to  the  altitude  KL,  or  tbefe 
altitndcs  are  not  equal.  Firft,  let  them  be  equal  i  and  the 
cylinders  AX,  EO  being  alfo  equal,  and  cones  and  cylinders 
of  the  fame  altitude  being  to  one  another  as  their  bafes  *,  there- 
fore the  bafe  ABCD  is  eq<ul  ^  to  the  bafe  EFGH  t  and  as  the 
bafe  ABCD  is  to  the  bafe  EFGH>,  fo  is  the  altitude  MN  to 
the  altitude   KL. 


But  let  the  alti- 
tudes KL«  MN 
be  unequal,    and 

'  MN  the  greater 
of  the  two,  and 
from  MN  take 
MP  equal  to  KL, 
and,  through  the 
point  P,  cut  the 
cylinder  £0  by 
the  plane  TXS 
parallel  to  the  op* 
pofitc  planes  of  the  circles  EFGH,  RO ;  therefore  the  com- 
moii  {eQioa  of  the  plane  TY£>  and  the  cylinder  EO  is  a  cir- 
cle, and  confequently  ES  is  a  cylinder,  the  bafe  of  vhtch  is  the 
circle  EFGH,  and  altitude  MP:  And  bccaufc  the  cylinder  AX 
is  equal  to  the  cylinder  £0,  as  AX  is  to  the  cylinder  ES,  fo 
'is  the  cylinder  EO  to  the  fame  ES.  But  as  the  cylinder  AX 
to  the  cylinder  ES,  fo  ■  is  the  bafe  ABCD  to  the  bafe  EFGH  t 
for  the  cylinders  AX,  ES  are  of  the  fame  altitude  {  and  as  the 

.  cylinder  eG  to  tbe  cylinder  ES,  fo'is  the  altitude  Mfi  to 
the  altitude  MPi  becaufe  the  cyl^cr  £0  is  cut  by  the  plane 

TIS 
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7*78  parallel  to  ita  oppoGte  planes.    Therefore  as  the  bafe  B^okXlL 
.A.BGD  to  the  bafe  EFGH^  fo  is  the  altitude  MM  ro  the  altitude   vyvN> 
BAP:  But  MP  is  equal'  to  the  altitude  KL  s  wherefore  as  the 
1>afe  ABCD  to  the  bafe  SFGH,  fo  is  the  altitude  MN  to  the  al- 
cicude  KL ;  that  is,  the  hafes  and  altitudes  of  the  equal  cylinders 
.A.X»  ECXare  reciprocally  proportionaK 

But  let;, the  bafes  and  altitudes  of  the  cylinders  AX,  EO,  be 
reciprocally  pff^^ortionalt  vis.  the  bafe  ABCD  to  the  bafe 
£.FGH,  as  the  altitude  MN  to  the  altitvde  KL  :  The  cylinder 
^X  is  equal  to  the  cylinder  £0. 

Flift,  let  the  bafe  ABCD  S>e  equal  <o  the  bafe  EFGH;  theut 
becaafe  as  the  bafe  ABCD  is  to  the  bafe  EFGH>  fo  is  the  al- 
citade  MN  to  the  altitude  KL;  MN  is  equal,*'  to  KL,  and  ^  A*  5*^ 
therefore  the  cylinder  AX  is  equal  •  to  the  cylinder  EO.  *  "'  '^^ 

But  let  the  bafes  ABCD,  EFGH  be  une(fual|  and  let  ABCD  . 
be  the  greater ;  and  becaufe,  as  ABCD  is  to  the  Infe  EFGH,  fo  ' 
18  the  altitude  MN  to  the  altitude  KL ;  therefore  MN  is  great- 
er ^  than  KL*  Then,  the  fame  conftrudion  being  made  as  be- 
fore, becaufe  as  the  bsRTe  ABCD  to  the  bafe  SFGif,  fo  is  the  al- 
titude MN  to  the  altitude  KL ;  and  becaufe  the  altitude  KL 
18  equal  to  the  altitude  MP  i  therefore  tl^e  bafe  ABCD  is  ^  to 
the  bafe  EFGH»  as  the  cylinder  AX  to  the  cylinder  ES ;  and 
as  the  altitude  MN  to  the  altitude  MP  or  KL,  fo  is  the  cylinder 
£0  to  the  cylinder  ES  :  Therefore  the  cylinder  AX  is  to  the 
cylinder  ES,  as  the  cylinder  EO  is  to  the  fame  ES :  Whence  the 
cylinder  AX  is  equal  to  the  cylinder  EO  ;  AQd  the  fame  rea- 
foning  holds  ii)  cones*    Q^E.  p. 


P  JV  O  ?.    3^VL      P  R  O  b; 

TO  defcribc  in  the  greater  of  two  circles  that  have 
the  fame  centre,  a  polygon  of  an  even  number  of 
equal  fidesy  that  ifoall  not  meet  thp  lefler  circle. 

Let  ABCD»  EFGH  be  two  given  circles  having  the  fame  cen«T 
tre  K:  It  is  required  to  infcribe  in  the  greater  circle  ABCD 
a  polygon  of  an  even  numbet  ot  equal  fides,  that  (hail  not  meet  . 
(be  lener  circle* 

Through  the  centre  K  drsw  the  ftraight  line  BD,  and  from 
|be  point  G|  vfhcre  it  meets  the  circumference  of  the  lefler 

wcfe 


I 

V 


S«4 


THE    ELEMENTS 


s  z6.  3* 
b  L6nm< 


BMk^xn.  eirclc,  draw  GA  at  right  angles  to  BD,  and  produce  ie  to  C , 
'  therefore  AC  touches  •  the  circle  EFGH :  Then,  if  the  drciin- 
ference  BAD  be  bifeAed,  and  the  half  of  it  be  again  hife&»i« 
and  fo  on,  there  muft  at  length  remain  a  circumference  lels  * 
than  AD  :  Let  this  be  LD ;  anrf 
from  the  point  L  draw  LM  per- 
pendicular to  BD,  and  produce 
it  to  N  ;  and  join  LD,  DN. 
Therefore  LD  is  equal  to  DS  i 
and  beciufe  LN  is  parallel  to  AC, 
and  that  AC  touches  the  circle 
EFGH ;  therefore  LN  does  not 
meet  the  circle  EFGH;  And 
much  lefs  (hall  the  ftraight  lines 
LD,  DN  meet  the  circle  EFGH : 

So  that  if  ftraight  lines  equal  to  LD  be  applied  in  the  cUclc 
ABCD  from  the  point  L  around  to  N,  there  (hall  be  defcribed 
in  the  circle  a  polygon  of  an  even  number  of  equal  ficlea  noc 
meeting  the  lefler  circle.    Which  was  to  be  done. 
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IF  two  trapeziums  ABCD,  EFGH  be  infcribcd  in 
the  circles,  the  centres  of  which  are  the  points  K, 
L  ;  and  if  the  fides  AB,  DC  be  parallel,  as  aifo  £F, 
HG ;  and  the  other  four  fides  AD,  BC,  EH,  FG  be 
all  equal  to  one  another;  but  the  fide  AB  greater 
than  EF,  and  DC  greater  than  HG.  The  flraigbt 
line  KA  from  the  centre  of  the  circle  in  which  the  great- 
er fides  are,^  is  greater  than  the  ftraight  line  LE  drawn 
from  the  centre  to  the  circumference  of  the  other  circle. 

If  it  be  poiSble,  let  KA  be  not  greater  than  LE ;  then  KA 
muft  be  cither  equal  to  it,  or  lefs.  Firft,  let  KA  be  equal 
to  LE  :  Therefore,  becaufe  in  two  equal  circles,  AD,  BC  in  the 
one  are  equal  to  EH,  FG  in  the  other,  the  circumferences 
AD,  £C  are  equal  *  to  the  circumferences  EH,  FG ;  but  be« 
caufe  the  ftraight  lines  AB,  DC  are  rcfpcdivelj  greater  than 
£F,  GH,  the  circumfierences  AB,  DC  are  greater  than  £F, 
HG :  Therefore  the  whole  circumference  ABCD  is  greater 
than  the  whole  EFGH  i  but  it  is  alfo  equal  to  it«  vbich  is 

impollible  : 
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impoffible:   Therefore  the   ftraight  line  l^A  is  not  equal  to  BookXiL 

But  let  It  A  be  lefs  than  LE,  andi  make  LM  equal  to  K  A, 
and  from  the  centre  L,  and  diftance  LM  defcrioe  the  circle 
I^NOP,  meeting  the  ftraight  lines  LE,  LF,  LG,  LH,  in  M, 
N,  O,  P ;  and  join  MN,  NO,  OP,  PM  which  art  rcfpeaivc- 
ly  parallel*  to,  and  lefs  than  £F,  FG,  GH,  HE :  Then,  be- a  a.  6. 
caufe  EH  is  greater  than  MP,  AD  is  greater  than  MP  j  and 


the  circles  ABCD,  MNOP  are  equal ;  therefore  the  ,circum* 
fercnce  AD  is  greater  than  MP  i  for  the  fame  reafo^i,  the  cir* 
cumferencp  BC  is  greater  than  NO  ;  and  becaufe  the  ftraight 
line  AB  is  greater  than  £F  which  is  greater  than  MN,  much 
more  is  AB  greater  than  MN :  Therefore  the  circumference 
AB  is  greater  than  MN ;  and,  for  the  fame  reafon,  the  circum- 
ference DC  is  greater  than  PO  :  Therefore  the  whole  circum* 
ference  ABCD  is  greater  than  the  whole  MNOP ;  but  it  is  like* 
wife  equal  to  it,  which  is  impoffible :  Therefore  KA  is  not  lefs 
than  L£ ;  nor  is  it  equal  to  it ;  the  ftraight  line  KA  mull 
therefore  be  greater  than  LE.    Q^E.  D. 

CbiL.  And  if  there  be  an  ifofceles  triangle  the  fides  of  which 
are  equal  to  AD,  BC,  but  its  bafe  lefs  than  AB  the  greater  of 
the  two  (ides  AB,  DC  ;  the  ftraight  line  K  A  may,  in  the  fame 
manner,  be  dcmonftrated  to  be  greater  than  the  ftraight  line 
drawn  from  the  centre  to  the  circumference  of  the  circle  de« 
fcribed  about  the  triangle. 


PROP. 


xrl.  •  . 

PROP.  xvn.    "P  R  o  B.- 

*•  ^      rirsO  defcribe.in  the  greater  of  tiw)  fpheres  which  liaTc 
J^     the  (ame  centre,   a  foiid  polyhedron,  the  fupcrfi^ 
cies  of  which  fhali  not  meet  the  lefler  fphcre. 

Let  there  be  two  fpheres  about  the  fame  eeiitre  A  i  it  is  rc« 
quired  to  defcribe  in  the  greater  a  folid  polyhedronj  the  fupa** 
ficies  of  which  (hall  not  meet  the  lefler  fphere. 

Let  the  fpheres  be  cut  by  a  plane  pafling  through  the  centre; 
the  common  fediiona  of  it  with  the  fpheres  fliall  be  circles ; 
becaufe  the  fphere  is  defcribed  bjr  the  revolution  of  ^  fcmicir- 
cle  about  the  diameter  remaining  unmoveable ;  fo  that  in  wbac- 
cyer  pofition  the  femicircle  be  conceived,  the  common  fedioa 
of  the  plane  in  which  it  is  with  the  fuperficies  of  the  fphcre  is 
the  circumference  of  a  circle  |  and  this  is  a  great  circle  of  the 
X         fphere,  becaufcthe  diameter  of  the  fphere,  which  is  likewtfe 

a  fSm  3*  the  diameter  of  the  circle,  is  greater*  than  any  itraight  line 
in  the  circle  or  fphere :  Let  then  the  circle  made  by  the  fe^on 
of*the  plane  with  the  greater  fphere  be  BCDE,  and  with  the 
lefler  fphere  be  FGH  ;  and  draw  the  two  diameters  BD,  CE 
at  ^rigbt  angles  to  one  another;  And  in  BCDE,  the  greater  of 

%  16. 1%,  the  two  circles,  defcribe  ^  a  polygon  of  an  even  number  of  e* 
qual  fides  not  meeting  the  leiTer  circle  FGH ;  and  let  its  CdeSy 
in  BE,  the  fourth  part  of  the  circle,  be  BK,  KL,  LM,  ME ; 
join  KA  and  produce  it  to  N  ;  and  from  A  draw  AX  at  right 
angles  to  the  plane  of  the  circle  BCDE  meeting  the  fuperficies 
of  the  fphere  in  the  point  X  ;  and  let  planes  pafs  through  AX 
and  each  of  the  ftraight  lines  BD,  KN,  which,  from  what 
has  been  faid,  (hall  produce  great  circles  on  the  fuperficies  of 
the  fphere,  and  kt  BaD,  KXN  be  the  femicircles  thus  made 
upon  the  diameters  BD,  KN :  Therefore,  becaufe  XA  is  at  right 
angles  to  the  plane  of  the  circle  BCDE,  every  plane  which 

c  18.  II.  paffes  through  XA  is  at  right  ^  angles  to  the  plane  of  the  circle 
BCDE;  wherefore  the  femicircles  BXD,  KXN  are  at  right 
angles  to  that  plane  :  And  becaufe  the  femicircles  B£D»  fiXD, 
KXN,  upon  the  equal  diameters  BD  KN,  are  equal  to  one 
another,  their  halves  BE,  BX,  KX,  are  equal  to  one  an- 
other :  Therefore,  as  many  fides  of  the  polygon  as  are  in  BE, 
fo  many  there  are  in  oX,  KX  equal  to  the  fides  BK, 
•  K'L,-  LM,  ME :  Let  thefe  polygons  be  defcrtbed»  and  their 
fides  be  BO,  OP,   PR,  RXj  KS,  ST,  TY,  YX,  and  join 
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OS,  VT9  RT ;  and  from  the  pointi  O,  S  draw  CfV,  S(>  perpen-  Book  xii, 
dioulars  to  AB,  AK :  And  bccaufc  the  plane  BOXD  is  at  right  O^v^^ 
angles  to  the  plane  BCDE,  ^d  in  one  6f  them  BOXD,  OV 
is  drawn  perpendicular  to  AB  the  common  fe^ion  of  the  planes, 
therefore  OV  is  perpendicular  ■  to  the  plane  BCDE  :  For  the  a  4*  diC 
iaoie  reafon  SQ^is  perpendicolar  to  the  fame  plane,  becaufe     '*• 
tbc  plane  KSXN  is  at  right  angles  to  the  plane  BCDE.    Join 
VQj    and;  becaufe  in  the  equal  femicircles  BXD,  KXN  the 


circumferences  BO,  KS  are  equal,  and  OV,  SQ^are  perpen- 
dicular to  their  diameters,    therefore  ^  O  V  is  equ^  to  SQj|  d  a6.  i. 
and  BV  equal  to  KQ^:  But  the  whole  BA  is  equal  toflie  whole 
KA,  therefore  the   remainder  VA  is  equal  to  the  remainder 
Q^A :  Ai  therefore  BV  is  to  VA,  fo  is  KQ^to  QA,  wherefisre 
VQ^is  parallel*  to  BK:  And   becaufe  OV,  SQ^ar^  eachofea,6. 
them  at  right  angles  to  the  plane  of  the  circle  BCDE,  OV  is 
parallel '  to  SQ^;  and  it  has  been  proved  that  it  is  alfo  equal  f  <•  ii. 
to  it;  therefore  Qy>  SO  are  equal  and  parallel* :  And  becaufe  %  ^.  ,^ 
QJf  is  paraUel  to  SO,  and  alfo  to  KB }  OS  is  paraUel  ^  to  BK ; 
and  therefore  BO,  KS  which  join  them  are  in  the  fame  plane  h 

io  ^  rr. 
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B^ok  xa  ]Q  wlijck  tbefe  ptrallds  are^  and  tbe  ^uadrHaieral  Bfpsrt  JtBOS 
^^^^"^^^  is  in  one  plane:  And  if  PB»  TK  be  joined^  and  perpendicifian 
lie  drawn  ffom  the  poinu  P,  T  to  tbe  ftraigbt:  lines  AB,  AK, 
it  may  be  demonftratqd  that  TP  is  parallel  to  KB  in  the  yctj 
fame  way  that  50^  was  fhown  to  be  parallel  to  the  fame  KB ; 
wherefore  *  TP  is  parallel  to  SO,  and  the  quadHlateral  figure 
bOPT  is  in  one  plane  ;  For  the  fame  reaibn^  the  quadrilateral 
Trn  Y  is  in  one  plane :  And  the  figure  YRX  is  alfo  in  o&e  plane  K 


Therefore,  if  from  the  points,  O,  8,  P,  T,  R,  T  there  be  draiHi 
ftraight  lines  to  the  point  A.  there  fliall  be  formed  a  fdid  po- 
lyhedron between  the  circumferences  BX,  KX  compofcd  of 
pyramids  the  bafcs  of  which  are  the  quadrilaterals  KBOS, 
SOFT,  TPRY,  and  the  triangle  YRX,  and  of  which  the  com- 
mon vertex  .is  the  point  A  i  And  if  the  fame  conftro^on  be 
made  opon  each  of  the  fides  KL,  LM,  ME,  as  has  been  done 
upon  BK,  and  the  like  be  done  alfo  in  the  other  three  qua- 
dranid,  and  in  the  other  hemifphere;  there  fliall  be  ior- 
mcd  a  fplid   polyhedron    defcribcd    in  the  fphere>  compo- 
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toAfA  pyttmids»  tbe  hafeft  of  wfaidi  are  die  aferefaici  quf  ^^k  xri. 
dr^iteral  iij^iireSi  and  tbe  trisii^e  TRX»  and  tbofe  formed  in    ^^^^''v^J 
the  like  manner  im  the  reft  of  the  fphere^  the  comthon  vertex 
of  cfaem  all  being  the  paio^  A :  And  tbe  fuperfictes  of  this  fo^ 
lid  polyhedron  does  not  meet^  lefler  fphere  in  whiqh  is  the 
circle  FGH :  For,  from  the  point  A  draw  *  AZ  per4>endieular  •  ii.  ti. . 
to  the  plane  of  the  ^aadrslatoriii  KBOS  meeting  it  in  Z,  and 
join  BZ,  ZS  :  Atid  becanfe  AZ  js  perpendicular  to  the  plane 
KBOS,  it  makes  right  angles  with  'every  ftraigbt  Hne  meeting 
It  IB  that  plant; ;  there£Dre  AZ  is  perpendicular  to  BZ  and  ZK : 
And  bccaufe  AB  is  equal  to  AK^  and  thae  the  fquares  of  of  AZ, 
ZBy  are  equal  to  the  fquare  of  AB ;  and  the  fquares  of  AZ, 
ZK  to  the  fquare  of  AK^ ;  therefore  the  fquares  of  AZ,  ZB  b  47.  u 
are  equal  to  the  f<|aare8  of  AZ,  ZK :  Take  from  thefe  equals 
the  fquare  of  AZ,  the  remaining  fquare  of  BZ  is  equal  to  the 
remaining  fquare  of  ZK  (  and  therefore  the  ftraight  line  BZ 
if  equal  to  ZK ;  In  the  like  manner  it  may  be  demonftratedy 
that  the  ftraight  lines  drawn  from  the  point  Z  to  the  pomts  O, 
S  are  equal  co  BZ  or  ZK  x    Therefore  the  circle  defcril»ed  from 
the  <emrc  Z,  and  diftancc  ZB  (hall  pals  through  the  points  K,  O, 
8,  and  KfiO^)  fhall  be  a  quadrilateral  figure  in  the  circle  T  And 
faecauie  KB  is  greater  than  QV,  and  Qy  equal  to  i>0,  thenc- 
lore  KB  is  greater  than  bO:    But  KB  is  equal  to  each  of  the 
ftraight  lines  BO,  KS ;  whetiefore  each  of  the  circunxfercnces 
cat  off  by  KB,  BO,  KS  is  greater  than  that  cwtoff  by  OS ;  a^d 
thefe  three  circuntferences,  together  with  a  fourth  equal  lo  oae 
of  them,  are  greater  than  che  fame  three  together  with  that  eiit 
off  by  OS  I  that  is^  than  the  vhole  circumference  of  tbs;  cir- 
cle ;  therefore  the  circumference  fiibtended  by  KB  is  greater  * 
tbao  the  fourth  part  of  thtf  whole  circumference  of  thecirde 
KBOb,  and  confequentiy  the  angle  BZK  at  the  centre  is  great- 
ter  than  a  right  angle  :    And  becaufe  the  angle  BZK  is  obtufe, 
the  iquare  of  BK  is  greater  ^  than  the  fquares  of  BZ,  ZK  |  c  is.  a. 
that  is,  greater  than  twice  the  fquare  of  B2U     Join  KV>  and 
becaule  in  the  triangles  KBV,  OBV,  KB,  B V  are  equal  to  OB, 
BV,  asMl  that  they  contain  equal  angles  i  the  angle  KVB  is  e* 
qual  '  to  tbe  angle  O VB  :  And  O VB is  a  n^ht  angle ;   there*  d  4,  t.^ 
fore  aUb  KVB  is  a  right  angle :    And  becaule  Bl>  is  lels  than 
twice  DV,  the  refiangie  contained  by  OB,  BV  is  lefs  than 
twice  the  rcdangle  DVB;   that  is  %  the  fquare  of  KB  is  lefs  ^  ^  ^^ 
thu  tWice  the  SqvoLVt  of  KV  :  But  the  fquare  of  KB  is  greater 
than  twice  the  fquare  of  BZ}  thereiore  the  fquare  of  KV  is 
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iookxir.  greater  than  tbe  Tqaare  of  BZ :  And  becanre  B  A  if  eqsal  to 
St^Y'KJ  AK,  ahd  that  the  fi)uare8  of  BZ^  Z  A  are  equal  together  to  the 
fquare  of  BA,  and  the  fqoares  of  KV^  VA  to  the  fqoare  of 
AK ;  therefore  the  fquares  of  BZ,  Z  A  are  equal  to  the  fqaarcs 
of  KV»  V  A I  and  of  thefe  the  fquare  of  KV  ia  greater  than  the 
fquare  of  BZ  i  therefore  the  fquare  of  VA  is  lelii  than  the 
fquare  of  ZA,  and  the  ftraight  line  AZ  greater  than  VA: 
Much  more  then  la  AZ  greater  than  AG ;  fiecai^'ct  in  the  pre* 
ceding  propofition,  it  was  ihown  that  KV  falls  without  the 
circle  FGU  :  And  AZ  is  perpendicular  to  the  plane  KBO^, 
and  is  therefore  the  fliorteft  of  all  the  firatght  lines  that  can  he 
drawn  from  A»  the  centre  of  the  fphere  to  that  plane*  Therc« 
fore  the  plane  KBOS  does  not  meet  the  lefler  fphere. 

And  that  the  Other  planes  between  the  quadrants  BX,  KX 
fall  trithout  the  lefler  fphere,  is  thus  demonftrated  :  Froai  the 
point  A  draw  Al  perpendicular  to  the  plane  of  the  quadrila- 
teral sop  r,  and  join  lO  i  and,  as  was  demonftrated  of  the 
plane  KBOS  and  the  point  Z,  in  the  fame  way  it  may  be.fliown 
that  the^  point  I  is  the  centre  of  a  circle  defcribed  about  SO PT : 
and  that  OS  is  jp^^ter  than  PT ;  and  PT  was  fliown  to  be  pa- 
rallel to  OS :  Therefore,  becaufe  the  two  trapeziums  KBOS, 
SOPT  infcribed  in  circles  have  their  fides  BK,  Ob  parallel^  as 
alfo  OS,  PT }  and  their  other  fides  BO,  KS,  OP,  S  f  all  equal 
to  one  another,  and  that  BK  is  greater  than  OS,  and  OS 
a  a.  Lena,  .greater  than  PT,  therefore  the  ftraight  line  ZB  is  greater  * 
<^  than  lO.  Join  AO  which  will  be  equal  to  AB ;  and  becaufe 
AIO,  AZB  are  right  angles,  the  fquares  of  Al,  lO  are  equal 
to  the  fquare  of  AO  or  of  AB  ;  that  ia,  to  the  fquares  of  AZ, 
ZB  I  and  the  fquare  of  ZB  is  greater  dian  the  fquare  of  iO, 
.  therefore  the  fquare  of  AZ  is  left  than  the  fquare  of  AI ;  and 
the  ftraight  line  AZ  lefs  than  the  ftraight  line  AI :  And  it  was 
'  proved  that  AZ  is  greater  than  AG  ;  much  more  then  is  AI 
greater  than  AG :  Therefore  the  plane  SOFT  falla  whoUv  with* 
out  the  leflier  fphere :  In  the  fame  manner  it  may  be  demon* 
.  ftrated  that  the  plane  TPRT  falls  without  the  (kme  fphere,  as 
alfo  the  triangle  TRX,  via.  by  the  Cor.  of  ad  Lemma*  And 
after  the  fame  wty  it  may  be  demonftrated  that  ail  the  planes 
which  contain  the  folid  polyhedron,  fall  without  the  Jefler 
fphere*  Therefore  in  the  greater  of  two  fpherea  which  have  the 
fame  centre,  a  folid  polyhedron  is  defcrioed,  the  fuperficies  of 
which  does  not  meet  the  lefler  fphere.    "Which  was  to  be  cfone. 
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Bat  the  ftraigbt  line  AZ  may  be  demonftrated  to  be  greater  Book  xii. 
th^n  AG  otherwife*  and  in  a  Shorter  manner,  without  the  help  ^>^Y\J 
6(  Prop.  i6.  as  follows*  From  the  point  G  draw  GU  at  right 
angles  to  AG  and  join  A0.  If  then  the  circumference  BE  be 
bifecled,  and  its  half  again  bifeded,  and  fo  on,  there  will  at 
length  be  left  a  circumference  lefs  than  the  circumference 
which  is  fubtended  by  a  ftraight  line  equal  to  GU  infcribed  in 
the  circle  BCDE :  Let  this  be  the  circumference  KB  :  Therefore 
the  ftraight  line  KB  is  lefs  than  GU  :  And  becaufe  the  angle 
BZK  is  obtufe,  as  was  proved  in  the  preceding^  therfrfore  BK 
is  greater  than  BZ  :  But  GU  is  greater  than  BK  ;  much  more 
thVn  is  GU  greater  than  BZ|  and  the  fquare  of  GU  than  the  ^ 
fquare  of  BZ ;  and  AU  is  equal  to  AB  ;  therefore  the  fquare 
of  AU,  that  is,  the  fquares  of  AG,  GU  are  equal  to  the  fouare 
of  AB,  that  is,  to  the  fquares  of  AZ,  ZB ;  but  the  fquare  ol*  BZ 
is  leiB  than  the  fquare  of  GU  ;  therefore  the  fquare  of  AZ  ts 

Srreater  than  the  fquare  of  AG,  and  the  ftraight  line  AZ  con* 
cquently  greater  than  the  ftraight  line  AG. 

Cor*  And  if  in  the.  iefter  fphere  there  be  defcribed  a  folid 
polyhedron  by  drawing  ftraight  lines  betwixt  the  points  in 
which  the  ftraight  lines  from  the  centre  of  the  fphere  drawn 
to  all.  the  angles  of  the  folid  polyhedron  in  the  greater  fphere 
meet  the  fuperficies  of  the  lefler;  an  the  fame  order  in  whtcfa 
are  joined  the'points  in  which  the  fame  lines  from  the  centre 
meet  the  fuperficies  of  the  greater  fphere ;  the  folid  polyhe* 
dron  in  the  fphere  BCDE  has'  to  this  other  folid  polyhedron 
th;e  triplicate  ratio  of  that  which  the  diameter  of  the  fphere 
BCDE  has  to  the  diameter  of  the  other  fphere :  For  if  thefe 
two  folids  be  divided  into  the  fame  number  of  pyramidsi  and 
in  the  fame  order ;  the  pyramids  fliall  be  Hmilar  to  one  ano* 
ther,  each  to  each  :  Becaufe  they  have  the  folid  angles  at  their 
common  vertex,  the  centre  of  the  fphere,  the  fame  in  each  py* 
ramid^  and  their  other  folid  anele  at  the  bafes  equal  to  one 
another,  each  to  eaf  h  ^,  becaufe  tbe^y  are  contained  by  three  •  e  h. 

tlanc  angles  equal  each  to  each ;  and  the  pyramids  are  contained 
y  the  fame  number  o(  fimilar  planes  \  and  are  therefore  Gmilar  <>  b  1 1.  dtK 
to  one  another,  each  to  each  :  But  fimilar  pyramids  have  to     ''- 
one  another  the  triplicate  ^  ratio  of  their  homologous  fides.' c  Cor,  zs« 
Therefore  the  pyramid  of  which  the  bafe  is  the  quadrilateral 
KBOS,  and  vertex  A,  has  to  the  pyramid  in  the  other  fphere 
of  the  iaiae  ordori  the  triplicate  ratio  of  their  homologous 
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Book  xri.  fid^j  .  that  IS,  of  that  ratio  which  AB  from  the  centre  of  the 
^»^Y^  greater  fphcre  haa  to  the  ftraight  line  from  the  fame  centre  to 
the  fuperficies  of  the  lefier  fphere.  And  in  like  manner,  each 
pyramid  in  the  greater  fphere  has  to  each  of  the  fame  order  in 
the  Ie0er»  the  triplicate  ratio  of  that  which  AB  has  to  the  fe* 
roidiameter  of  the  leiTer  fphere.  And  as  one  antecedent  is  to  its 
confequent,  fo  are  all  the  antecedents  to  all  the  confequents. 
Wherefore  the  whole  folid  polyhedron  in  the  greater  fphere  has 
to  the  whole  folid  polyhedron  in  the  other,  the  triplicate  ratio 
r  of  that  wh<ch  AB  the  femidiameter  of  the  6rft  has  to  the  ferni* 

diameter  of  the  other  ;  that  is,  which  the  diameter  BD  of  the 
greater  has  to  the  diameter  of  the  other  fphere. 

PROP.    XVIII.      T  H  E  O  R. 

SPHERES  have  to  one  another  the  triplicate  ratio  of 
that  which  their  diameters  have. 

Let  ABC,  DEF  be  two  fpheres  of  which  the  diameters  are 
BC,  EF.  The  fphere  ABC  has  to  the  fphere  DEF  the  triplicate 
ratio  of  that  which  BC  has  to  EF. 

For,  if  it  has  not,  the  fphere  ABC  (hall  hare  to  a  fphere  ei- 
ther lefs  or  greater  than    DEF,   the  triplicate  ratio  of  that 
which  BC  has  to  EF.    Firft,  let  it  have  that  ratio  to  a  lefs,  viz. 
to  the  fphere  GHK ;  and  let  the  fphere  DEF  have  the   fame 
a  sy.  IS.    centre  with  GHK  ;  and  in  the  greater  fphere  DEF  defcribe  " 


n  fblid  polyhedron,  the  fuperficies  of  which  does  not  qieet  the 
leflcrfphcre  GHK ;  and  in  the  Sphere  ABC  defcribe  another 
fimilar  to  that  in  the  fphere  DEF :  Therefore  the  folid  poiyhe-* 
dron  in  the  (phere  ABC  has  to  the  tolid  polyhedron  in  the 
h  Cor.  Z7.  fphere  DEF,  the  triplicate  ratio  ^  of  that  which'  BC  has  to  EF. 
<»•        But  the  fphere  ABC  hus  to  the  fphere  GHK^  the  triplicate  ra* 
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etc  of  that  which  BC  hM  to  £F ;  therefore,  as  the  fphere  ABC  Book  XTt 
to  the  fphere  GHK,  fo  is  the  folid  polyhedron  in  the  fphere  ABC  v^^vvi 
to  the  folid  polyhedron  in  the  fphere  OEF  :  But  the  fphere 
ABC  is  greater  than  the  tolid  polyhedron  in  it  ;  therefore  ^  al-^  H*  S* 
{o  the  fphere  GHK  is  greater  than  the  folid  polyhedron  in  the 
fphere  DBF  :  But  it  is  alfo  Ie(S|  becaufe  it  is  contained  within 
it|  which  is  impoflible :  Therefore  the  fphere  ABC  has  not  to 
anY  fphere  left  than  DEF,  the  triplicate  ratio  of  that  which 
Be  has  to  £F.  In  the  fame  manner,  it  may  be  dcmonftrated, 
that  the  fphere  DEF  has  not  to  any  fphere  lefs  than  ABC,  the 
triplicate  ratio  of  that  which  EF  has  to  BC.  Nbr  can  the 
fphere  ABC  have  to  any  fphere  greater  than  DEF,  the  triplt* 
cate  ratio  of  that  which  BC  has  to  EF  ;  For,  if  it  can,  let  it 
have  that  ratio  to  a  greater  fphere  LMNf :  Therefore,  by  invert 
fidny  the  fphere  LMK  ha«  to  the  fphere  A^C,  the  triplicate 
ratio  of  that  which  the  diameter  EF  has  to  the  diameter  BC. 
But,  as  the  fphere  LMN  to  ABC,  fo  is  the  fphere  DEF  to  fome 
fphere,  yffaich  muft  be  lefs  ^  than  the  fphere  AfiC,  becaufe  the 
fphere  LMN  is  greater  than  the  fphere  DEF  :  Therefore  the 
fphere  DEF<  has  to  a  fphere  lefs  than  ABC  the  triplicate  ratio 
of  that  which  EF  has  to  BC  ;  which  was  Ihewn  to  be  impof- 
fible  :  Therefore  the  fphere  ABC  has  not  to  any  fphere  greater 
than  DEF  the  triplicate  ratio  of  that  which  BC  has  to  EF  :  And 
it  was  demonftrated,  that  neither  ha^  it  that  ratio  to  any  fphere 
lefs  than  DEF.  Therefore  the  fphere  ABC  has  to  the  fphere 
D£F|  the  triplicate  ratio  of  that  which  BC  has  to  EF.  Q;^£.  D. 
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DEFINITION    I.     BOOK,  I, 

IT  la  aeceflary  to  confidcr  a  folid^that  ia*  ?  magnitude  w.hlch 
has  IcQgthp  oreadtb^  and  thickocfsi  m  order  to  underftand 
ariglit  the  definitions  of  a  pointy  line^  and  fuperficies  i  for  thefe 
all  arife  from  a  folid^.and  exidt  in  it :  The  bbundary>  or  boun^ 
daries  which  contain  a  folid  are  called  fuperficies,  or  the  boun<« 
dary  which  is  common  to  two  folids  which  are  contiguous,  of 
which  divides  one  folid  mto  two  contiguous  parts,  is  called  a 
fuperficies ;  Tlitis,  if  BCGF  he  one  of  the  boundaries  which 
contain  the  folid  ABCD£FGH|  or  which   is  the  common 
boundary  of  this  folid,  and  the  folid  BKLCFNMG,  and  ia  therein 
fore  in  the  one  as  w^i  aa  the  other  folid,  is  called  a  fuperfictesi 
and  has  no  thicknefs  t  For  if  it  have  any,  this  thicknefs  tn^^, 
ekber  be  a  part  of  the  thicknefs 
pf  the  folid  AG,    or  the  folid 
BM,  or  a  part  of  the  thicknefs  of 
each  of  them.      It  cannot  be  a 
part  of  the  thicknefs  of  the  folid 
BM ;  becaufe,  if  this  folid  be  re* 
moved  from  the  folid  AG>  the 
fuperficies  BCGF,  the  boundary 
of  the  folid  AG,  remains  ifill  the 
fame  as  it  was.    Nor  can  it  be  a 
part  of  the  thicknefs.of  the  folid  AG ;  becaufe,  if  this  be  re^ 
moved  from  the  fplid  BM,  the  fuperficies  BCGF,  the  boundary 
of  the  folid  BM^  does  neverthelefs  remain ;  therefore  the  fuper« 
ficies  BCGF  has  no  thicknefs,  but  only  length  and  breadth. 

The  boundary  of  a  fuperficies  is  called  a  line,  or  a  line  is  the 
(Common  boundary  of  two  fuperficies  that  are  contiguous,  or 
which  divides  one  fuperficies  into  two  contiguous  parts :  Tbus^ 
if  BC  be  one  of  the  boundaries  which  contain  the  fuperficies 
ABCD,  or  which  is  the  common  boundary  of  this  fuperficies^ 
and  of  the  fuperficies  KBCL  which  is  contiguous  to  it,  riiis 
boundary  BQ  is  called  a  line,  and  has  no  breadth ;  For,  if  it 
)iave  any»  this  mnil  be  part  either  of  the  breadth  of  the  fuper- 
ficies AdCD,  or  of  the  fuperficies  KBCL,  or  part  of  each  of 
them.  It  is  not -part  of  the  breadth  of  the  fuperficies  KBOL  % 
fofi  if  thit  fuperncies  be  remored  from  the  fuperficies  ABCD^ 
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^Boofc  I.   the  line  BC  which  is  the  boimdary  of  the  fupericies  ABCD 

mains  the  fame  as  it  was :  Nor  can  the  breadth  that  BC  is  fap- 

tofed  to  hayCf  be  a  part  of  the  breadth  of  the  fitperficiea  ABCJD  s 
ecaofe)  if  this  be  removed  from  the  Juperficies  KBCL^  the  line 
BC  which  is  the  boundary  of  the  fuperficies  KBCL  does  never- 
theleis  remain  t  Therefore  the  line  BC  has  no  breadth  i  And  be- 
cattfe  the  line  BC  is  in  a  fttperficies^  and  that  a  fuperficies  has 
no  tbicknefty  as  was  ihewn )  therefore  a  line  has  neither  breadth 
nor  thickncfoy  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point  is  die 
common  boundary  or  extremity  <rx       CZ  \A 

of  two  lines  that  are  contiguous :  -"  M 

Thus,  if  B  be  the  extremity  of  the 
line  AB,  or  the  common  extre*  Q 
mity  of  the  two  lines  AB,  KB^ 
this  extremity  is  called  a  point, 
and  has  no  length :  For,  if  it  have 
any,  this  length  muft  either  be 
part  of  the  length  of  the  line  AB,      A^      "R  IT 

or  of  the  line  KB-    It  is  not  part    ^-^*-       •"  *^ 

of  the  length  of  KB ;  for,  if  the  line  KB  be  removed  from  AB^ 
the  point  B  which  is  the  extremity  of  the  line  AB  remains  the 
fame  as  it  was :  Nor  is  it  part  of  the  length  of  the  line  AB  i 
for,  if  AB  be  removed  from  the  line  KB,  the  point  B,  which  is 
the  extremity  of  the  line  KB,  does  neverthelefs  remain :  There^ 
fore  the  poiht  fi  has  no  length  c  And  becaufe  a  point  is  in  a  line, 
and  a  line  has  neither  breadth  nor  thicknefs,  therefore  a  point 
has  no  length,  breadth,  nor  thickneft.  And  in  this  manner  the 
definitions  of  ^  point,  line,  and  fuperficies  are  to  be  underftood. 

D  E  F.    VH,    B.  I. 

Infiead  of  this  definition  as  it  is  in  the  Greek  copies,  a  more 
diftin£l  one  is  given  from  a  property  of  a  plane  fuperficies,  which 
is  manifeftly  fuppofcd  in  the  elements,  viz.  that  a  ftraight  line 
drawn  fron)  any  point  in  a  plane  to  any  other  in  it,  is  wholly  in 
that  plane. 

D  E  F.    Vm.    B.  I, 

1%  feema  that  he  who  made  this  definition  defigned  that  it 
(hpuld  comprehend  not  only  a  plane  znglc  contained  by  two 
ftraight  lines,  but  likewife  the  an^le  whicn  -fome  conceive  to 
be  niade  by  a  ftraight  line  and  a  curve,  or  by  two  curve  lines, 
ivhich  meet  one  another  in  a  plane :  But|  tho*  the  meaning  of 

the 


N   D   T  S    S.  ^99 


the  worda  i«*'  ttliMif.  Aat  i«p  m  »  ftraight  Iin^i  or  in  the  fame  Book  |» 

direction,  be  plaioj  when  two  ftraight  lines  are  faid  to  be  in  a  VVVf 

ftraight  line^  it  does  not  appear  what  ought  to  be  nnderftood 

by  thefe  words,  when  a  ftraight  line  and  a  cunre,  or  two  curve 

lines,  are  faid  to  be  in  the  (ame  dire&ion;  at  leaft  it  cannot  be 

explained  in  this  place ;  which  makes  it  probable  that  this  defi« 

nicion,  and  that  of  the  angle  of  a  fegment,  and  what  is  (aid  of 

the  angle  of  a  femicircle,  and  the  angles  of  fegments,  in  the 

i6.  and  3.1.  propofitions  of  book  3.  are  the  additions  of  fome 

lefi  ikilful  editor :   On  which  accottnt^^fpectallj  fince  they  are 

quite  ufelefs,  thefe  definitions  are  dtftinguiihed  from  the  reft  by 

inverted  dbuble  commas. 

* 

D  E  F.    XVn.     B.  1. 

The  words,  ^^  which  alfo  divides  the  circle  into  two  equal 
*^  parts.**  are  added  at  the  end  of  this  definition  in  alLthe  copies^ 
but  are  now  left  out  as  not  belonging  to  the  definition,  being 
only  a  corollary  from  it.  Proclas  demonftrates  it  bv  conceiving 
one  of  the  parts  into  which  the  diameter  divides  the  circle*,  to 
be  applied  to  the  ether }  for  it  is  plain  they  muft  coincide,  elfe 
the  ftraight  lines  from  the  centre  to  the  circumference  would 
not  be  all  equal :  The  fame  thing  is  eafily  deduced  from  the 
31.  prop,  of  book  3.  and  the  24.  of  the  fame)  from  the  firft 
of  which  it  follows  that  femicircles  are  fimilar  fegments  of  a 
circle :  And  from  the  other,  that  they  are  equal  to  one  another* 

D  E  F.    XXXIIL     B.  I. 

This  definition  has  one  condition  more  than  is  neceflary ; 
becaofe  every  quadrilateral  figure  which  has  its  oppofite  fides 
equal  to  one  another,  has  iikewife  its  oppofite  angles  equal;  and 
on  the  contrary. 

Let  ABCD  be  a  quadrilateral  figure  of  which  the  oppofite 
fides  AB,  CD  are  equal  to  one  an- 
other ;  -as  alfo  AD  and  BC :  Join 
BD ;  the  two  fides  AD,  DB  are  e- 
qual  to  the  two  Cfi,  BD,  and  the  baie 
AB  is  equal  to  the  bafe  CD ;  there* 
fore  by  prop.  8.  of  book  i.  the  angle 

ADB  is  equal  to  the  angle  CBD ;  and  by  prop.  4.  B.  i*  the  an- 
gle BAD  is  equal  to  the  angle  PCB,  and  ABD  to  BDC ;  an4 
ffaerefore  alfo  the  an|[le  ADw  is  equal  to  the  angle  ABC 

A|i4 


V   O   T   1    & 

Jktokt  Ani  if  Ait  Mgte  BAD  be  eqaal  to  the  (ypdke  an|^6  BCD^ 
'  tnd  the  angle  ABC  to  ADC ;  the  eppofitc  fiiki  are  equal : 
Beeattfe,  hy  prop.  32.  B.  t.  all  the  aagkt  of  the  quadrilateral 
figure  ABCD  are  together  equal  to 
fnir  right  angles,  and  the  two  angles 
BAD|  ADC  are  together  equal  to 
the  two  angles  BCD,  ABC :  Where- 
fore BAD,  ADC  are  the  half  of  all 
the  four  angles ;  that  is,  BAD  and 

ADC  *  are  ea  ual  to  two  right  anries :  And  thtrefere  AB,  CD 
tre  prallels  oy  prop.  98-  B.  i.  In  the  (ame  manner  AD^  BC 
are  parallels :  Therefore  ABCD  is  a  parallelogram,  and  its  op* 
pofite  fides  are  equal  bf  34.  prop.  B.  i« 

p  R  o  p.  vn.    B.  L 

There  are  two  cafes  of  this  propofitton,  one  of  which  is  not 
In  the 'Greek  text,  but  is  as  neceflary  as  the  other:  And  that  the 
cafe  left  out  has  been  formerly  in  the  text  appears  plainly  from 
this,  that  the  iecond  part  of  prop.  5.  which  is  neceffary  to  the 
demonftration  of  this  cafe,  can  be  of  no  ufe  at  all  in  the  ele- 
ments, or  any  where  elfe,  but  in  this  demonftration  ;  becaufe 
the  fecond  part  of  prop.  5.  dearly  follows  from  the  firft  part, 
and  prop*  13.  B.  i.  This  part  muft  therefore  have  been  added  to 
prop.  5*  upon  account  of  fome  propofition  betwixt  the  5.  and 
13.  but  none  of  thefe  ftand  in  need  of  it  except  the  7.  pro- 
poGtion,  on  account  of  which  it  has  been  added  :  fiefides,  the 
tranflation  from  the  Arabic  has  this  caie  expiicidy  demonftrated : 
And  Proclus  acknowledges  that  the  fecond  part  of  prop.  5. 
-was  added  upon  accoimt  of  prop.*  7.  but  givte  a  ridiculous  rea- 
fon  for  it,  **  that  it  might  afford  an  anfwcr  to  ohje£kions  made 
^  'againft  the  7;**  as  if  the  cafe  of  the  7.  which  is  left  out,  were, 
as  he  exprefsly  makes  it,  an  obje£lion  againil  the  propofition 
'kfelf.  vhoeter  is  curious  may  read  what  Proclus  fays  of  this 
in  his  commentary  on  the  5.  ami  7.  propofitions  ^  for  it  is  not 
worth  while  to  relate  his  trifles  at  full  length. 

It  was  thought  nroper  to  change  the  exmnciatlon  of  this  7. 

{)rop.  fe^  as^  to  prdenpe  the  very  fame  meaning  ^  the  literal  tran£> 
atioiv  irom  the  Gree^  b^^i^g  extrcnkcly  harlh,  and  difficult  to  be 
l^pderftood  by  beginners. 


P  ]B^  6  P. 
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P  R  O  P.    XL     B.  L 

I 

A  corollary  is  added  to  this  propofitioiii  ^ich  is  neeeffiiry  to 
Prop.  X.  b.  II.  and  otherwife. 

PROP.    XX.  and  XXI.     B.  I. 

Prockis,  in  bis  commentary*  i elates,  tbat  the  Epicureans  de- 
rided this  propofition,  as  being  manifeft  even  to  aflcSi  and  need* 
ing  no  demonftratiou,;  and  his  anfwer  is,  that  though  the  truth 
of  it  be  manifeft  to  our  fenfes,  yet  it  is  fcience  which  muft  giy^ 
the  reafon  why  two  (Ides  of  a  triangle  are  greater  than  the  third  : 
But  the  right  anfwer  to  this  obje£lion  agaJnft  this  and  the  aift^ 
and  fome  other  plain  propoGtions*  is,  that  the  number  of  axioms 
ought  not  to  be  increafed  without  necefiity^  as  it  muft  be  if  theft 
propofition«  be  not  demonftrated.  Monf.'Clairault,  in  the  pre* 
face  to  his  elements  cf  geometry,  publiflied  in  French  at  Paris* 
ann.  1741*  ^^T^'  "^^^  Euclid  has  been  at  the  pains  to  prove, 
that  the  two  fides  of  a  triangle  which  is  included  wkhin  another 
are  together  lefs  than  the  two  fideeof  the  triangle  which  in* 
eludes  it  i  but  he  has  forgot  to  add  this  loonditioni  via.  that  the 
triangles  muft  be  upon  the  fame  bafe  j  becyufe^  unJefs  thi«  be 
added,  the  fides  of  the  included  triangle  may  be  greater  than  the 
fides  of  the  triangle  which  includes  it,  in  any  ratio  which  is  left 
than  that  of  two  to  one,  as  Pappus  Akaandrinas  has  demon? 
ftrated  in  Prop.  3.  b.  3.  of  his  mathematical  coUeAions^ 

PROP.  xxn.    B.  I. 

Some  authors  blame  Euclid  becaufe  he  doee  not  demonftrato^ 
that  she  two  circles  made  ufe  of  in  the  conftrtt£lioil  -of  this 
problem  muft  cut  one  another :  But  this  ia  very  plain  from  the 
determination  he  has  given,  vi2.  that  any  two  of  the  ffariighc 
lines  DF,  FG,  GH  muft  be  great* 
cr  than  the  third ;  For  who  is  fo 
dull,  tho^  only  beginning  to  learn 
the  elements,  as  not  to  perceive 
that  the  circle  defcribed  from  the 
centre  F,   at    the  diftance  FD,  

muft  meet  FH  betwixt  F  and  H^OM       F    G  H 

hecaafe  FD  is  lefs  than  FH  i  and 

ahat^  for  the  like  reafon,  the  circle  defcribed  from  the  centre 

G,  at  the  diftance  GH  or  GM,  muft  meet  DG  betwixt  D 


3«» 
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Boo^  t  and  G I  ind  that  tbefe  circles  muft  meet  one  another^  becatife 
'  FD  dnd  GH  are  together  greater 
than  FG  ?  And  this  determina^ 
tkm  ia  eafier  to  be  anderftdod  than 
that  which  Mr  Thomas  Simpfon 
derires  from  it,  and  puts  inftead 
of  EncUd's,  in  the  49th  page  of 
his  elements  of  geometry,  that  hie  O  M 
niaj  fappiy  the  omifljon  he  blames 

Euclid  for  $  which  determination  is*  that  any  of  the  three 
firaight  lines  muft  be  le£i  than  the  fum,  bat  greater  than  the 
difference  of  the  other  two :  From  this  be  (hews  the  circles  mnft 
meet  one  another,  in  one  cafe ;  and  fays,  that  it  may  be  proved 
after  the  fame  manner  in  any  other  cafe  :  But  the  nraight  line 
GM  which  he  bids  take  from  GF  may  be  greater  than  it,  as  in 
the  figure  here  annexed  i  in  which  cafe  his  demonftration  muft 
be  changed  into  another. 

PROP.    XXIV.      B.  I. 

To  this  is  added,  <<  of  the  two  fides  DE,  DF,  let  DE  be 
^  that  which  Is  not  greater  than  the  dther  }**  that  is,  take  that 
fide  of  the  two  DE,  DF  which  is  not  greater  than  the  other,  in 
order  to  make  with  it  the  angle  EDO     J^ 
equal  to  Bag  }  becaufe,  without  this 
reftri£Uon,  there  might  be  three  differ* 
lent  cafes  of  the  propofition,  as  Campa« 
nus  and  others  make. 

Mr  Thomas  Simpfon,  in  p.  262.  of 
the  fecond  edition  of  his  elements  of 
geometry,  printed  anno  1760,  obfenres, 
m  his  notes,  that  it  ought  to  have  been  Ei 
(hown,  that  the  point  F  falls  below  the 
line  EG  i  this  probably  Euclid  omitted,  "^"''^F 

as  it  is  very  eaiy  to  perceive,  that  DG  being  equal  to  DF,  the 
point  G  is  in  the  circumference  of  a  circle  defcribed  from  the 
centre  D  at  the  diftance  DF,  and  muft  be  in  that  part  of  it 
which  is  above  the  ftraight  line  £F,  becaufe  DG  falls  above 
DF>  the  angle  EDG  being  greater  than  the  angle  EDF. 

PROP.    XXIX.    B.  I. 

The  propofition  which  is  ufually  called  the  5th  poftuhte,  or 
titb  aziomi  by  fomc  the  lath,  on  which  this  29th  depends,  has 

given 
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giTcn  a  greit  deal  to  do»  both  to  antient  and  ntodeni  geome-  Booli  L 
ters  :    It  feems  not  to  be  properly  placed  among  the  Axioms, 
as,  indeed,  it  is  not  felf»e?ident  \  but  it  may  be  demonftrated 
thus :  .    *         .  . 

DEFENITION    i. 

The  diftance  of  a  point  from  a  ftraigbt  line,  is  the  perpendi- 
cular drawn  to  it  from  the  point* 

D  £  F.    2. 

One  ftraight  line  is  faid  to  go  nearer  to,  or  farther  from,  ano«* 
ther  ftraight  line,  when  the  diftances  of  the  points  of  the  firft 
from  the  other  ftraigbt  line  become  lefs  or  greater  than  they 
were  \  and  two  ftraight  lines  are  faid  to  keep  the  fame  diftance 
from  one  another,  when  the  diftance  of  the  points  of  one  of  them 
from  the  other  is  always  the  fame. 

AXIOM. 

A  ftraight  line  cannot  firft  come  nearer  to  one  another  ftraight 
line^  and  then  *go  further  from      Ji^  ^^^  ^ 

it,  before  it  cuts  it }  and,  in  like "^  ^ 

manner,  a  ftraight  line  cannot]^ 
go  further  from  another  ftraight 
line,  and  then  come  nearer  to  F 
it  ;  nor  can  a  ftraight  line  keep 
the  fame  diftance  from  another  ftraight  line,  and  then  come 
nearer  to  it,  or  go  further  from  it  j  for  a  ftraight  line  keeps  al- 
ways the  fame  direAion. 

For  example,  the  ftraight  line  ABC  cannot  firft  come  near- 
er to  the  ftraight  line  D£,    as  JB 

from  the  point  A  to  the  point  /\ ^  ^    See  the  »• 

B,  and  then,  from  the  point  B  j^  j^  S»r««^v«> 

to  the  point  C,  go  further  from  "  *^ 

the  fame  DE :  And,  in  like  man-  p^  VX  ]^ 

ner,  the  ftraight  line  FGH  can- 
not go  further  from  D£,  as  from  F  to  G,  and  then,  from  G  to 
H,  come  nearer  to  the  fame  DE  :  And  fo  in  tho  laft  c^fe,  as  in 
fig.  2. 

P  R  O  P.      I. 

If  two  equal  ftraight  lines  AC,  BD,  be  each  at  right  angles 
to  the  fame  ftraight  Tine  AB  j  if  the  points  C,  D  be  joined  by 
the  ftraight  hne  C0|  the  ftraight  line  £F  drawn  from  any  point 
£  in  AB  unto  CD,at#nght  angles  to  AB,  fliall  be  equal  to  AC^ 
orBD. 

If  £F  be  not  equal  to  AC,  one  of  them  muft  be  greater 
than  the  other  1  let  AC  be  the  greater ;  then,  becaufe  F£  ia 

left 
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left  than  CA,  the  ftntght  line  CFD  is  nearer  to  tbe  ftratght 

line  AB  at  the  point  F  &n  at  the  ^ 

point  C»  that  is,  CF  cornea  nearer  X 

to  AB  from  the  point  C  to  F :   Baf 

bccaufe   DB   is  greater  than  FE» 

the  ftraight  line   CFD   is  further 

from  AB  at  the  point  D  than  at  F, 

that  iSt  FD  goes  further  from  AB 

from  F  to  B :  Therefore  the  ftraight    A  TT  Xy 

line  CFD  6rft  comes  nearer  to  the  /I  XL.  15 

ftraight  line  AB,  and  then  goes  funher  from  ir»  before  it  cuts 

it ;  which  is  impoiTtble*    If  F£  be  faid  to  be  greater  than  C A, 

or  DB»  the  ftraight  line  CFD  firft  goes  further  from  the  ftraight 

line  AB|  and  then  comes  nearer  to  it ;  which  ia  alio  tmpoffiUe. 

Hierefore  F£  is  not  unequal  to  AC,  that  isi  it  is  equal  to  it. 

P  R  O  P.    2. 

If  two  ecraal  ftraight  lines  AC,  BD  be  each  at  right  angles  to 
the  fame  ftraight  line  AB}  the  ftraight  line  CD  which  joins 
their  extremities  make  right  angles  with  AC  and  BD. 

Join  AD,  BC  $  and  becaufe,  in  the  triangles  CAB^  DBA, 
CA«  AB  are  equal  to  DB,  BA,  and  the  angle  CaB  equal  to 
the  angle  DBA  $  the  bafe  BC  is  equal  ■  to  the  bafe  AD  :  And 
in  ibe  triangles  ACD,  BDC,  AC,  CD  are  equal  to  BD,  DC 
and  the  bafe  AD  is  equal  to  the  bafe 
BC :  Therefore  the  angle  ACD  is  e-Q 
quaP  to  the  angle  BDC:  From  any^ 
point  £  in  AB  draw  EF  unto  CD, 
at  right  angles  to  AB  -,  therefore,  by 
Prop.  I.  £F  19  oqual  to  AC,  or  BD ; 
wherefore,  as  has  been  juft  now^^ 
fliown,  the  angle  ACF  is  equal  to 
the  angle  EFC  :  In  the  fame  manner,  the  angle  BDF  is  equal 
to  the  angle  £FD;  but  the  angles  ACD,  BDC  are  equal  ; 
therefore  the  angles  £FC  and  £FD  are  equal,  and  right 
angles  *  $  wherefore  aUb  the  angles  ACD,  dDC  are  right 
angles. 

Coa.  Hence,  if  two  ftraight  lines  AB,  CD  be  at  right  angles 
to  the  fame  ftraight  line  AC,  and  it  betwixt  them  a  ftraiglit 
line  BD  be  drawn  at  right  angles  to  either  of  them,  as  to  AB ; 
then  BD  is  equal  to  AC,  and  BDC  is  a  right  ax^gle. 

If  AC  be  not  equal  to  BD,  take  BO  equal  to  .AC,  and 
join  CG  ;  Therefore,  by  this  PropoCtion.  the  angle  ACG  is  a 
right  angle ;  but  ACD  is  alfo  a  right  angle  |  wherefore  the  an- 
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}KU$  ACD,  ACG  ate  eqttal  to  one  another,  which  \$  impofliBIe. 
Therefore  0D  is  eqaal  to  AC  $  and  by  this  propofltion  BDC  itf 

a  right  angle. 

It 

PROP.    3. 

If  two  (Iraight  lines  which  contain  an  ang}e  be  produeecf^ 
there  may  be  found  in  either  of  them  a  point  from  which  the 
perpendicular  drawn  to  the  other  fliall  be  greater  than  any  given^ 
ftraight  line. 

Let  AB,  AC  be  two  ftraight  lines  which  make  an  angle  with 
one  another^  and  let  AD  be  the  given  (Iraight  line ;  a  point 
may  be  found  either  in  AB  or  AC,  as  in  AC,  from  which  the 
perpendicular  drawn  to  the  other  AB  fliall  be  greater  than  AD* 

In  AC  take  any  point  £,>and  draw  £F  perpendicular  to 
ABi  produce  AE  to  G,  fo  that  EG  be  equal  to  AE}  and 

SrodttceFEto  H,  and  make  EH  equal  to  FE,  and  join  HG4 
ecaufe,  in  the  triangles  AEF«  GEU,  AE,  EF  are  equal  to 
GE,  £H,  each  to  each,  and  contain  equal  *  angles,  the  angle  a  z^« 
GHE  is  therefore  equal  ^  to  the  angle  AFE  which  is  a  right  5.  4. 
angle:  Draw  GK  perpendicular  to  AB ;  and  becaufe  the  ftraight 
lines    FK,    HG  ^  t^  ^ 

are  at  right   an-  A  F  K  B         M 

Sies  to  FH,  and  ^r 
IG  at  right  an-  ^N.. 
glesto  FKi  KGO- 
is  equal  to  FH,  JQ . . 
by  Cor.  Pr.  a.  -p.. 
that  is,  to  the  ^ 
double     of     FE. 

In  the  Tame  manner,  \t  AG  be  produced  to  L,  fo  that  GL  be 
equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB,  then 
LM  is  double  of  GK,  and  fo  on.  In  AD  take  AN  equal  to 
FE,  and  AO  equal  to  KG,  that  is.  to  the  double  of  FE,  or 
AN ;  alfo,  take  AP  equal  to  LM,  that  is,  to  the  double  of  KG^ 
or  AG  i  and  let  this  be  done  till  the  ftraight  line  taken  be  great- 
er than  AD :  Let  this  ftraight  line  fo  taken  be  AP,  and  becaufe 
AP  is  equal  to  LM,  therefore  LM  is  greater  than  AD.  Which 
was  to  be  done. 

PROP.    4* 

If  two  ftraight  lines  AB,  CD  make  equal  angles  EAB, 
£CD  with  another  ftraight  line  EAC  towards  the  fame  parts  of 
It ;  AB  and  CD  arc  at  f^ "^  ■     '  "  to  feme  ftraight  line. ' 

BiCeft 
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BifeA  AC  in  F,  and  draw  FG  perpendicular  to  AB ;  ta&€ 
CH  in  the  ftraif^bt  line  CD  equal  to  AG,  and  on  the  contrary 
fide  of  AC  to  that  on  which  AG  is,  and  join  FH  ;  Therefore, 
in  the  triangles  AFG,  CFH  the  fides  FA,  AG  are  equal  to 
FC,  CH,  each  to  each,  and  the  angle 

s  15.  r.      FAG,  that*  is,  EAB  is  equal  to  the 

b  4.  x«  angle  FCP(^  wherefore  ^  the  angle 
AGF  is  equal  to  CHF,  and  AFG  to 
the  angle  CFH  :  1  o  thefe  laft  add  the 
common  angle  AFH  ;  therefore  the 
two  angles  AFG,  AFH  are  equal  to 

the  twa  angles  CFH,  HFA,  which      

two  laft  are  equal  together  to  two  O     tl 

c  ts.  X.      right  angles  «,  therefore  alfo  AFG, 

d  14,  X.  AFH  ate  equal  to  two  right  angles,  and  confequently  '  GF 
and  FH  are  in  one  ftraight  line.  And  becaufe  AGF  is  a  right 
angle,  CHF  which  is  equal  to  it  is  alfo  a  right  angle  :  Therefore 
the  ftraight  lines  AB,  CD  are  at  right  angles  to  GH. 

P  R  O  P.    5. 

If  two  ftraight  lines  AB,  CD  be  cut  by  a  third  ACE  fo  as 
to  make  the  interior  angles  BAC,  ACD,  on  the  fame  fide  of 
it,  together  lefs  than  two  right  angles  ;  AB  and  CD  being  pro* 
duccd  ftiall  meet  one  another  towards  the  parts  on  which  are 
the  two  angles  which  are  lefs  than  two  right  angles* 

a  1^.  X.  At  the  point  C  in  the  ftraight  line  C£  make  *  the  angle 

ICF  equal  to  the  angle  EAB,  and  draw  to  AB  the  ftraight 
line  CG  at  right  angles  to  CF :  Then,  becaufe  the  angles  ECF, 
EAB  are  equal  to  one  an- 
other, and  that  the  angles 
ECF,  FCA  are  together  c- 

b  13.  X.  qual  *>  to  two  right  angles, 
the  angles  EAB,  FCA  are 
equal  to  two  right  angles. 
But,  by  the  hypothefis,  the 
angles  £AB,  ACD  are  to- 
gether lefs  than  two  right  . 
aiigles  }  therefore  the  angle  ^\^  Q  (j 
FCA  is  greater  than  ACD, 

and  CD  falls  between  CF  and  AB  :  And  becaufe  CF  and  CD 
make  an  angle  with  one  another,  by  Prop.  3.  a  point  may  be 
found  in  either  of  them  CD  from  which  the  perpendicolar 
draWn  to  CF  (hall  be  greater  than  the  ftraight  line  CG  ;  Let 
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this  point  be  &»  and  draw  HK  perpendicular  to  CF  meeting  Book  t. 
AB  in  L :  And  becaufe  AB,  CF  contain  eqokl  angles  with 
AC  €m  the  fame  fide  of  it»  by  Prop.  4.  AB  and  CF  are  at  right 
angles  to  the  ftraigbt  line  MNO  which  bifefis  AC  in  N  and  ia 
perpendicular  to  CF :  Therefore,  by  Cor.  Prop.  2.  CG  and  KL 
which  are  at  right  angles  to  CF  are  equal  to  one  another :'  And 
HK  is  greater  than  CfC,  and  therefore  is  greater  than  KL,  and 
confequently  the  point  H  is  in  KL  produced.  Wherefore  the 
ftraigbt  lines  COH  drawn  betwixt  the  points  C,  H  which  are  on 
contrary  fides  of  AL,  mud  neceffariiy  cut  the  ftraigbt  line  AB* 

PROP.    XXXV.     B.  I. 

The  demonftration  of  this  Propofition  is  changed,*becaufet  if 
the  method  which  is  ufed  in  it  was  followed,  there  would  be 
three  cafes  to  be  feparately  demonftrated,  as  is  done  in  the 
tranllation  from  the  Arabic  \  for,  in  the  Elements,  no  cafe  of  a 
Propofition  that  requires  a  different  demonftration,  ought  to 
be  omitted.  On  this  account,  we  have  chofen  the  method 
which  Monf.  Clairault  has  given,  the  firft  of  any,  as  far  as  I 
know,  in  his  Elements,  page  21.  and  which  afterwards  Mr 
Simpfon  gives  in  his  page  32.  But  whereas  MrSimpfon  makes 
ufe  of  Prop.  26.  B.  1.  from  which  the  equality  of  the  two 
triangles  does  not  immediately  follow,  becaufe,  to  prove  that, 
the  4.  of  B.  1.  muft  likewife  be  made  ufe  of,  as  may  be  feen, 
in  the  very  fame  cafe  in  the  34.  Prop.  B.  i.  it  was  thought  bet- 
ter to  make  ufe  only  of  the  4*  of  B«  i. 

PROP.    XLV-      B.  L 

The  ftraight  line  KM  is  proved  to  be  parallel  to  FL  from 
the  33-  Prop.  \  whereas  KH  is  parallel  to  FG  by  conftrudlionf 
and  KHM,  FGL  have  been  demonftrated  to  be  ftraight  lines. 
A  corollary  is  added  from  Commandine,  as  being  often  ufed. 


PROP.    XIII.     B.  IL 


N  this  Propofition  only  acute  angled  triangles  are  mention*  Book  u. 
_^  ed,  whereas  it  holds  true  of  every  triangle  3    And  the  ,de-  v^w^ 
monftrations  of  the  cafes  omitted  are  added  \  Commandine  and 
Clavius  have  likewife  given  their  demonftrations  of  thefe  cafes. 
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PROP.    XIV.     B.  U. 


In  the  demonftration  of  this,   fome  Greek  editor  has  lg« 
norantlj  infertcd  the  words,  **  but  if  oot,  one  of  the  two  B£, 
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B<M>k  n.    «  BD  jg  the  greater  ;  let  BE  be  the  grejitcr,  add  proAiC^  if  « 
'*'''''^'^*^    •*  P,**  as  if  it  was  of  any  confequetice  whether  the  greater  or 
lellier  be  produced :   Therefore,  inftead  of  thefe  words,  there 
ought  to  be  read  only,  <'  bac  if  not,  ploduce  BE  to  F.** 

i 

PROP.    I.     B.  III. 

Book  III.  Q«  EVERAL  authors,  efpecially  among  the  modern  mathe^^ 
*  "■"**  '  1^  maticians  and  logicians,  invetgh  too  fcrerehf  againft  indi- 
rc€t  or  Apagogic  demonftrations,  and  fometimes  ignorantly 
enough ;  not  being  aware  that  there  are  fome  things  that  can- 
not be  demonftrated  any  other  way :  Of  this  the  prefent  pro- 
pofition  is  a  very  clear  inftance,  as  no  direA  demonftration 
can  be  giren  of  it  t  Becanfe,  befides  the  definition  of  a  circle, 
there  is  no  principle  or  property  relating  to  a  circle  antecedent 
to  this  problem,  from  which  either  a  dire£t  or  indireiEl  de-* 
monftration  can  be  deduced  :  Wherefore  it  is  rtecefiary  that  the 
point  found  by  the  conftruAion  of  the  problem  be  proved  to 
be  the  centre  of  the  circle,  by  the  help  of  this  definition,  and 
fome  of  the  preceding  propofitions  :  And  becaiife,  in  the  de- 
monftration,  this  propofition  mud  be  brought  in,  viz.  ftraight 
Unes  from  the  centre  of  a  circle  to  the  circumference  are  equal, 
and  that  the  point  found  by  the  cohftruAion  cannot  be  afiii* 
med  as  the  centre,  for  this  is  the  thing  to  be  dciAonftrated  ;  it 
is  manifeft  fome  other  point  mud  be  affumed  as  the  centre ; 
and  if  from  this  afliimption  an  abfurdity  follows,  as  Euclid  de* 
monftrates  there  muft,  then  it  is  not  true  that  the  point  aflumed 
IB  the  centre ;  and-  as  any  point  whatever  was  aflumed,  it  follows 
chat  no  point,  except  that  found  by  the  conftru6lion,  can  be  the 
centre,  from  which  the  neccflity  of  an  indircA  demonftration  in 
this  cafe  is  evident* 

PROP.    XIII.     B.  III. 

As  it  is  much  eaficr  to  imagine  that  two  circles  may  touch 
one  another  within  in  more  points  than  one,  upon  the  fame 
fide,  than  upon  oppofite  fides;  the  figure  of  that  cafe  ought 
not  to  have  been  omitted ;  but  the  con(tru£lion  in  the  Greek 
text  would  not  have  fuited  with  thta  figure  fo  well,  beeaufc  the 
centres  of  the  circles  muft  have  been  placed  near  to  the  cir- 
cumferences :  On  which  account  another  con(lru£tion  and  de« 
monftration  is  given,  which  is  the  fame  with  the  fecond  part 
of  that  which  Gampanus  has  tranflated   from  the    Araoic, 

where 
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where  wkhout  any  reafon  the  denuHiftration  is  divided  into  two  ^'>^  i^<- 
ptutt. 

PROP.      XV.     B.  HL 

« 

The  converfe  of  the  fecond  part  of  this  propofition  is  want- 
ing, though  in  the  preceding,  the  converfe  is  added,  in  a  like  cafe, 
both  in  the  enunciation  and  demonftration  ;  and  it  is  now  add* 
ed  in  this.  Befides,  in  the  demondration  of  the  firfl  part  o£ 
this  15th,  the  diameter  AD  (feeCommandine's  figure)  is  proved 
to  be  greater  than  the  (Iraight  line  BC  by  means  of  another 
ilraight  line  MN  ;  whereas  it  may  be  better  done  without  it : 
On  which  accounts  we  have  given  a  different demonftration,  like 
to  that  which  Euclid  gives  in  the  preceding  f^th,  and  to  that 
which  Theodofins  gives  in  prop.  6.  B.  i.  of  his  Spherics,  in 
this  very  affair. 

PROP.    XVI.      B.  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  tranf- 
lation  literallyy  but  have  given  what  is  plainly,  the  meaning  of 
the  propofitioHy  without  mentioning  the  angle  of  the  femicircle, 
pr  that  which  ibme  call  the  cornicular  angle  which  they  con- 
ceive to  be  nsade  by  the  circumference  and  the  ftraigbt  line  which 
36  at  right  angles  to  the  diameter,  at  its  extremity  \  which  an^ 
gles  have  furaiihed  matter  of  great  debate  between  fome  of  the 
nodem  geomccers,  and  given  occafion  of  deducing  iirange  con- 
^uences  from  them,  which  are  <|uite  avoided  by  the  manner 
in  which  we  have  esprcfled  the  propoCtion.  And  in  like  man- 
iieri  we  have  given  the  true  meaning  of  prop.  31.  b.  3.  without 
fnentioBiDg  the  angles  of  the  greater  or  ieffer  fegments  :  Thefc 
piiflages,  Vieta,  with  good  reaibn,  fufpedls  to  be  adulteiated,  in 
the  3tf6tb  page  of  his  Oper.  Math. 

PROP.    XX-    B.  UI. 

The  firft  words  of  the  iecond  part  of  this  demonnration, 
«<  K«»A«ri>if  S«  ircAi^"  are  wrong  tr^inflated  by  Mr  Briggs  and 
l)r  Gregory  "  Rutfus  inclincturj**  for  the  tranflaticn  ought 
to  be  ^^  Rurfus  inflcfiatur,**  as  Commandine  has  it  :  A  ftraigh^ 
line  is  (aid  to  be  infleded  either  to  a  (Iraight,  or  curve  line» 
when  a  ftraight  line  is  drawn  to  this  line  from  a  point,  and 
from  the  point  in  which  it  meets  it,  a  ftraight  line  making 
an  angle  with  the  former  is  drawn  to  another  point,  as  is  evi* 
4lent  from  the  90th  prop,  of  Euclid's  Data  :  For  thus  the  whole 
}ipe  betwixt  the  firft  and  lad  points^  is  ioflefled  or  broken  at 
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Bookjir.  the  ^int  of  inflediony  where  the  two  ftraight  lines  meet.  And 
in  the  like  fenfe  two  ftraight  lines  are  faid  to  be  infleded  from 
two  pointt  to  a  third  point,  when  the7  make  an  angle  at  this 
point ;  as  may  be  fecn  in  the  defcription  giren  by  Pappus  A-r 
fexaodrinus  of  Apo}Ionius's  Books  de  Locis  planis^  in  the  pre- 
iface  to  his  7th  book :  We  hare  made  the  ezpreffion  fuller  from 
the  potb  prop,  of  the  data. 

PROP.     XXI.     B.  m. 

There  are  two  cafes  of  this  propoGtion,  the  fecond  of  which, 
▼iz.  when  the  angles  are  in  a  fegment  not  greater  than  a  femi- 
circlci  is  wanting  in  the  Greek :  And  of  this  a  more  firaple 
demonftration  is  given  than  that  which  is  in  Commandinei  as 
being  derived  only  from  the  firft  cafe,  without  the  help  of  tri* 
angles. 

PROP.    XXIIL  and  XXIV.    B.  III. 

In  propofition  24*  it  is  demonftratedj  that  the  fegment  AEB 
muft  coincide  with  the  fegment  CFD,  (fee  Commandine's  fi- 
gure)! and  that  it  cannot  fall  otherwifci  as  CGD,  fo  as  to  cut 
the  other  circle  in  a  third  point  G|  from  this»  that,  if  it  did,  a 
circle  could  cut  another  in  more  points  than  two :  But  this 
ought  to  have  been  proved  to  be  impoflible  in  the  23d  prop,  as 
well  as  that  one  of  the  fegments  cannot  fall  within  the  other : 
This  part  then  is  left  out  in  the  24th|  and  put  in  its  proper  place, 
the  23d  Propofition. 

PROP.    XXV.    B.  HI. 

This  propofition  is  divided  into  three  cafes,  of  which  two 
have  the  fame  conllruflion  and  demonftration  \  therefore  it  is 
now  divided  only  into  two  cafes. 

PROP.    XXXIII.    B.  III. 

This  alfo  in  the  Greek  is  divided  into  three  cafes,  of  which 
two,  viz.  one,  in  which  the  given  angle  is  acute,  and  the  other  in 
which  it  is  obtufc,  have  exadlly  the  fame  conftru£\ion  and  de- 
mondratipn ;  on  which  account,  the  demonftration  of  the  laft 
cafe  is  left  out  as  quite  fuperfluous,  and  the  addition  of  fome 
unflcilful  editor ;  befides  the  demonftration  of  the  cafe  when  the 
^ngl^^rven  is  a  right  angle,  is  done  a  round  about  way,  and  is 
^bcicforc  changed  to  a  more  fimple  onCj  as  was  done  by  Clavius. 
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P  R  O  J.    XXXV.      B.  III.  J^i^ 

As  the  2tth  and  33d  propofitions  are  divided  into  more  cafes, 
fo  this  3;tb  is  divided  into  fewer  cafes  than  are  neceflary.  Nor 
can  it  l>e  fuppofed  that  Euclid  omitted  them  becaufe  they  are 
eafy ;  as  be  has  given  the  cafe,  which  by  far,  is  the  eafieft  of 
them  all,  viz.  that  in  which  both  the  (Iraight  lines  pafs  through 
the  centre  :  And  in  the  following;  propoGtipn  he  feparately  de- 
monftrates  the  cafe  in  which  the  ftraighc  line  pafles  through  the 
.  centre,  and  that  in  which  it  doe^  not  pafs  through  the  centre :  So 
that  it  feems  Theon,  or  fome  other,  has  thought  them  too  long 
to  infert :  But  cafes  that  require  different  demon  ft  rations,  fhould 
not  be  left  out  in  the  elements,  as  was  before  taken  notice  of : 
Thefe  cafes  are  in  the  tranflation  irom  the  Arabic,  and  are  no^ 
put  into  the  text 

PROP.    XXXVII.      B.  in. 

At  the  end  of  this,  the  words,  **  in  the  fame  manner  it  may 
**  be  demonflrated,  if  the  centre  be  in  AC,"  are  left  out  as  the 
addition  of  fome  ignorant  editor.  1 

DEFINITIONS    of    BOOK    IV. 

Book  IV. 

WHEN  a  point  is  in  a  (Iraight,  or  any  other  line,  this 
point  is  by  the  Greek  geometers  faid  *wt%TBmt,  to  be 
upon,  or  in  that  line,  and  when  a  ftraight  line  or  circle  meets 
a  circle  any  w^y,  the  one  is  faid  Mnrtr^tti  to  meet  the  other :  But 
when  a  ftraight  line  or  cirrle  meets  a  circle  fo  as  not  to  cut  it, 
U  IS  faid  tfturrtf^tih  to  touch  the  circle  ^  and  thefe  two  terms 
are  never  promifcuoufly  ufed  by  them  :  Therefore,  in  the  5th  de- 
finition of  fi.  4*  the  compound  t^kirrnrtu  muft  be  read,  inftead 
of  the  fimple  itirmrun  And  in  the  ift,  2d,  3d,  and  6th  defi- 
nitions  in  Commandine's  tranflation,  **  tangit,"  muft  be  read 
inftead  of  *'  contingit  :**  And  in  the  2d  and  ^d  definitions  of 
Book  3.  the  fame  change  muft  be  made  :  But  in  the  Greek  text 
of  propofitions  1  tth,  12th,  13th,  i8th,  19th,  Book  3.  the  com« 
pound  verb  is  to  be  put  for  the  fimple. 

PROP.     IV.      B.  IV. 

In  this,  as  alfo  in  the  8th  and  13th  propofitions  of  this  book, 
it  is  demonftrated  indireftly,  that  the  circle  touches  a  ftraight 
line  ;  whereas  in  the  17th,  33d,  and  37th  propofitions  of  book 
}.  the  fame  thing  is  dire^y  demonftrated  :  And  this  way  we 
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?^^\  have  cbofcn  to  ufe  10  the  pcopofitiont  of  this  book,  as  it  is 
'  fliorter. 

PROP.     V.      B.  IV. 

The  demonftration  of  this  has  been  fpoiled  hj  fome  anftjlfol 
band  :  For  he  does  not  demonftrate,  as  is  neceflarj*  th»t  the  two 
ftraight  lines  which  hikCt  the  fides  of  the  triangle  at  right  angles, 
nauft  meet  one  another ;  and»  without  any  reafon,  be  dirides 
the  propofition  into  three  cafes ;  whereas,  one  and  the  fame  con- 
ftrnaion  and  demonftration  fcrves  for  them  all,  as  Campanas 
has  obferved ;  which  ufelefs  repetitions  are  now  left  out :  The 
Greek  text  alfo  in  the  Corollary  is  manifeftly  vitiated,  where 
mention  is  made  of  a  given  angle,  though  there  neither  is,  nor 
can  be  any  thing  in  the  propofition  relating  to  a  given  angle. 

PROP.    XV.    and  XVI.    B.  IV. 

In  the  corollary  of  the  firft  of  thefe,  the  words  equilateral 
...d  equiangular  are  wanting  in  the  Greek :  And  in  prop.  16. 
inftead  of  the  circle  ABCD,  ought  to  be  read  the  circumference 
ABCD  :  Where  mention  is  made  of  its  containing  fifteen  equal 
parts. 


D  E  F.     IIL     B.  V. 

Book  V.  "Ik  >r  ANT  of  the  modern  mathematicians  rejefl  this  definition  : 
}\X,  The  very  learned  Dr  Barrow  has  explained  it  at  large  at 
the  end  of  his  third  lefiure  of  the  year  1666,  in  which  alfo  he 
anfwcrs  the  objeftions  made  againft  it  as  well  as  the  fubjeft 
would  allow :  And  at  the  end  gives  his  opinion  upon  the  whole, 
as  follows : 

**  1  (hall  only  add,  that  the  author  had,   perhaps,   no  o« 
*'  ther  deCgn  in  making  this  definition,  than  (that  he  might 
more  fully  explain  and  embelliih  his  fubjeiEl}  to  give  a  gene- 
ral and  fummary  idea  of  ratio  to  beginners,  by  premifing 
this 'metaphyfical  definition,    to  the  more  accurate   defini* 
**  tions  of  ratios  that  are  the  fame  to  one  another,  or  one  of 
'*  which  IS  greater,  or  lefs  than  the  other :   I  call  it  a  meta- 
*'  phyfical,  for  it  is  not  properly  a  mathematical '  definition, 
*'  fince  nothing  in  mathematics  depends  on  it,  or  is  deduced, 
*^  nor,  as  I  judge,  can  be  deduced  from  it :  And  the  defint- 
*^  tioo  of  analogy,  which  follows,  viz.   Analogy  is  the  fimi* 
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^  limde  of  raik)6«  ii  of  At  fame  kini^  asd  ctB  ferve  for  no  .^^^  ▼• 

^'  pttrpofe  in  mathematical   but  only  ao  give  begionera  fome 

^*  generalj  tbo'  grcTa  and  coofufed  notion  ot  analogy :  Ekt  tbe 

<<  whole  of  the  do£trinc  of'  ratios,  and  the  whole  of  naathema* 

**  tic8»  depend  upon  the  accurate  mathematical  definitions  which 

**  follow  this  :    To  thefe  we  ought  principally  to  attend^  as  the 

*<  do&rine  of  ratios  is  more  perfeSly  explained  by  them  ;  this 

*<  third,  and  others  like  itj  may  be  entirely  fpared  without  ^ny 

^*  lofs  to  geometry  ;  as  we  fee  in  the  7th  book  of  (he  efement^, 

**  where  the  proportion  of  numbers  to  one  anpther  is  dcfinedy 

*'  and  treated  of,  yet  wtthont  giving  any  definition  of  the  ratip 

'^  of  numbers  ;  tho'  fuch  a  definition  was  as  neceflary  and  ufe- 

^^  ful  to  be  given  in  that  book,  as  in  this:    But  indeed  there  i$ 

**  fcarce  any  need  of  it  in  either  of  them  :    Though  I  think  that 

^*  a  thing  of  fo  general  and  abftraAed  a  nature,  and  thereby  the 

'*  more  difficult  to  be  conceived  and  explained,  cannot  be  more 

<*  commodioufly  defined  than  as  the  author  has  done  :    Upon 

*'  which  account  I  thought  fit  to  explain  it  at  large,  and  defend 

<*  it  againft  the  captious  objections  of  thofe  who  attack  it."  To 

this  citation  from  Dr  Barrow  i  have  nothing  to  add,  except  that 

I  fully  believe  the  3d  and  8th  definitions  are  not  Euclidis,  but 

added*  by  fome  unflcilful  editor* 

D  E  F.    XL      B.    V. 

It  was  neceflary  to  add  the  word  "  continual"  before  *'  pro- 
*'  portionals**  in  this  definition  \  and  thu&it  is  cited  in  the  33d 
prop,  of  book  ii. 

After  this  definition  ought  to  have  followed  the  definition  of 
compound  ratio,  as  this  was  the  proper  place  for  it ;  duplicate 
and  triplicate  ratio  being  fpecies  of  compound  ratio.  But  Tbeon 
has  made  it  the  5th  def.  of  B.  6.  where  he  gives  an  ahfprd  an^ 
entirely  ufelefs  definition  of  compound  ratio :  For  this  reafon  we 
have  plaqed  another  definition  of  it  betwixt  the  nth  and  12th  of 
this  book,  which,  no  doubt,  Euclid  gave  ;  for  he  cites  it  ex- 
prefsly  in  prop.  23  B.  6.  and  which  Clavius,  Herigon,  and 
Bariow,  have  likewife  given,  but  they  retain  alfo  Tbeon's,  which 
they  ought  to  have  left  out  of  tbe  elements* 

DEF.    XUI.    B.  V. 

This,  and  the  reft  of  tbe  definitions  following,  contain  the  e;(- 
plication  of  fome  terms  which  are  ufed  in  the  5th  and  following 
books  }  which,  except  a  few,  are  eafily  enough  underftood  from 
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Book  ▼•  the  propoficiont  of  this  book  wbere  they  are  firft  mentioned  : 
They  feem  to  have  been  added  by  Tbeon,  or  fome  other.  How^- 
ever  it  be,  they  are  explained  fbmc^ing  more  diftin£kly  for  the 
£ike  of  learners. 

PROP.    IV.      B.  V. 

In  the  conftru£}:ion  preceding  the  demonftration  of  this, 
the  words  «  ifvxu  ^t^J  whateveti  are  twice  wanting  in  the 
Grecki  aa  alfo  in  the  Latin  tranflationa  ^  and  are  now  added,  as 
beine  wholly  neceflary. 

Ibid,  in  the  demonftration;  in  the  Greeks  and  in  the  Latin 
tranflation  of  Coramandine,  and  in  that  of  Mr  Henry  Briggs, 
which  was  publiOied  at  London  in  1620,  together  with  the 
Greek  text  of  the  firft  fix  books,  which  tranflation  in  this  place 
is  followed  by  Or  Gregory  in  his  edition  ojE  Euclid,  tl^ere  is  this 
fentence  followine>  viz.  ^  and  of  A  and  C  have  been  taken  e- 
*'  qoimultiples  £•  L ;  and  of  B  and  D,  any  equimultiples 
'<  whatever  (tl  trvx*)  M»  N  ;"  which  is  not  truci  the  words 
^<  any  whatever,"  ought  to  be  left  out :  And  it  is  ftrange  that 
neither  Mr  Briggs,  who  dtd  right  to  leave  out  thefe  words  in 
one  place  of  prop.  13.  of  this  book,  nor  Dr  Gregory,  who  chan- 
ged them  into  the  word  <*  fomc"  in  three  places*  and  left  them 
out  in  a  fourth  of  that  fame  prop.  13.  did  not  alfo  leave  them 
out  in  this  place  of  prop.  4.  and  in  the  fecond  of  the  two  places 
where  they  occur  in  prop.  17.  of  this  book,  in  neither  of  which 
they  can  ftand  confiftent  with  truth  :  And  in  none  of  all  thefe 
places,  even  in  tbofe  which  they  correAed  in  their  Latin  tranf- 
lation, have  they  cancelled  the  words  «  irv^i  in  the  Greek  text, 
as  they  ought  to  have  done. 

The  fame  words  i  irv^i  are  found  in  four  places  of  prop.  ii. 
of  this  books  in  the  firft  and  laft  of  which  they  are  neceiTa- 
ryy  but  in  the  fecond  and  third,  though  they  are  true,  they  are 
quite  fuperfluous  ;  as  they  likewife  are  in  tne  fecond  of  the  two 
'places  in  which  they  are  found  in  the  12th  prop,  and  in  the  like 
plapes  of  prop.  29.  23.  of  this  book}  but  are  wanting  in  the  laft 
place  of  prop,  aj,  as  alfo  in  prop.  25.  Bogk  1 1. 

C  O  R,    IV.      PROP.    B.  V, 

This  corollary  has  been  unfldlfully  annexed  to  this  propo* 
iition,  and  has  been  made  inftead  of  the  legitimate  demon- 
ilration,  which,  without  doubt,  Theon,  or  fome  other  editor, 
i)S|8  taken  awa^i  not  from  thisj  but  from  its  proper  place  in 
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this  book  :  The  author  of  it  defigned  to  dcmonftrate,  that  if  four 
magnitudes  E,  Gj  F,  H  be  proportion als,  thej  are  alfo  propor* 
tionaU  ioTetfely  ;  that  is^  G  is  to  £,  as  H  to  F  ;  which  is  true ; 
but  the  dcmonftration  of  it  does  not  in  the  ]eaft  depend  upon 
this  4th  prop,  or  its  demonftration  :    For,  when  he  fays,  **  be^ 
^^  caufe  it  is  demonilrated  that  if  K  be  greater  than  M»  L  is 
*'  greater  than  N,''  &c     This  indeed  is  (hewn  in  the  demon- 
ftration of  the  4th  prop,  but  not  from  this,  that  E»  G>  F,  H  are 
proportionals ;  for  this  laft  is  the  conclufion  of  the  propofition. 
Wherefore  thefe  wordsi  *<  bccaufe  it  is  demonftrated,''  &c.  are 
wholly  foreign  to  his  defign :     And  he  (hould  have  proved,  that 
if  K  be  greater  than  M,  L  is  greater  than  N^  from  this,  that ' 
£,  G,  F,  li  are  proportionals,  and  from  the  5th  def.  of  this 
book,  which  he  has  not  j  but  is  done  in  propoficion  B,  which  we 
have  given  in  its  proper  place,  inilead  of  this  corollary ;  and 
another  corollary  is  placed  after  the  4th  prop*  which  is  often  of 
ufe  ;  and  is  neceflary  to  the  demonftration  of  prop.  18^  of  this 
book. 
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PROP.    V.    B-  V. 

« 
In  the  conftru£lion  which  precedes  the  demonftration  of 
this  propofition,  it  is  required  that  £B  may  be  the  fame  mul- 
tiple of  CG,.  that  AE  is  of  CF ;  that  is,  that  £B  be  divided 
into  as  many  equal  parts,  as  there  are  parts  in  AE  equal  to 
CF  :  From  which  it  is  evident,  that  this  conftruAion  is  not 
Euclid's  }  for  he  does  not  ihow  the  way  of  dividing  ftraight 
lines,  and  far  lefs  other  magnitudes,  into  any  number  of  equal 
parts,  until  the  9th  propofition  of  B  6.  ;  and  he  never  requires 
any  thing  to  be  done  in  the  conftrudiion,  of  which  he  had  not 
before  given  the  method  of  doing  :  For  this  rea-  /w 
fon,  we  have  changed  the  conftrudtion  to  one»  I 
which,  without  doubt,  is  Euclid's,  in  which  no* 
thing  is  required  but  to  add  a  magnitude  to  itfelf  a  C ' 
certain  number  of  times  ;  and  this  is  to  be  found 
in  the  tranflation  from  the  Arabic,  though  the  e» 
nunctation  of  the  propofition  and  the  demonftra* 
tioQ  are  there  very  much  fpoiled.  Jacobus  Peleta-  Q 
rius,  who  was  the  -firft,  as  far  as  I  know,  who  took 
notice  of  this  error,  gives  aifo  the  right  conftru&ion 
in  his  edition  of  Euclid,  after  he  had  given  the  other  which  he 
blames  :  He  fays,  he  would  not  leave  it  out,  becaufe  it  was  fine, 
and  might  (harpen  one's  genius  to  invent  others  like  it  j  whereas 
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9imk  V.  there  is  not  tlie  leaft  differcscc  between  the  two  denonftrationi, 
rxcept  a  fifa^le  word  in  the  conftruAion»  which  very  probably 
has  oeen.owing  to  an  unfkilful  Ubrarian*  Clavios  likewife  gires 
both  the  ways  \  but  neither  he  nor  l^eletarius  takes  notice  of  the 
reafon  why  the  one  is  preferable  to  the  other. 

PROP.      VI.     B.  V. 

There  are  two  cafes  of  this  propofition,  of  which  only  the  firft 
and  fimplcft  is  demonftrated  in  the  Greek  :  And  it  is  probable 
Theon  thought  it  was  fufficient  to  give  this  one,  fince  be  was  to 
make  ufe  of  neither  of  them  in  his  mutilated  edition  of  the  5th 
book  (  and  he  might  as  well  have  left  out  the  other,  as  al(b  the 
5th  propofition,  for  the  fame  reafon  :  The  demonftration  of  the 
other  cafe  is  now  added,  becaufe  both  of  them,  as  alfo  the  5th 
propofitjon,  are  neceflary  to  the  demonftration  of  the  1 8th  pro* 
pofition  of  this  book.  The  tranflation  from  the  Arabic  gives 
poth  cafes  briefly. 

PROP.    A.    B.  V. 

This  propofition  is  frequently  ufed  by  geometers,  and  it  is 
neceflary  in  the  25th  prop,  of  this  book,  31ft  of  the  6tb,  and 
34tb  of  the  nth,  and  15th  of  the  12th  book  :  It  feems  to  have 
been  uken  out  of  the  elements  by  Theon,  becaufe  it  appeared 
evident  enough  to  him,  and  others,  who  fubftitute  the  confufed 
and  indiftin£k  idea  the  vuigsr  have  of  proportionals,  in  place 
of  that  accurate  idea  which  is  to  be  got  from  the  5th  ddF.  of 
this  book«  Nor  can  there  be  any  doubt  that  Eudoxus  or  Eu- 
clid gave  it  a  place  in  the  elements,  when  we  fee  the  7th  and 
9th  of  the  fame  book  demonftrated^  tho*  they  are  quite  as  eafy 
and  evident  as  tbis»  Alphonfus  Borellns  takes  occafion  from 
this  propoGtion  to  cenfure  the  5th  definition  of  this  book  very 
feverelyi  but  moft  onjuftly  :  in  p.  126.  of  his  Euclid  reftored, 
printed  at  Pifa  in  1658,  he  fays,  *'  Nor  can  even  this  leaft  dc- 
**  gree  of  knowledge  be  obtained  from  the  forefaid  property," 
viz-  that  which  is  contained  in  5th  def.  5.  *<  That,  if  four 
^*  magnitudes  be  pjroportionals,  the  third  muft  neceflarily  be 
*<  greater  than  the  fburth,  when  the  (irft  is  greater  than  the 
*<  fecond  ;  as  Clavius  acknowledges  in  the  lOth  prop,  of  the 
^<  5th  book  of  the  elements.*'  But  though  Chvilis  makes  no 
fttch  acknowledgment  exprefsly,  he  has  given  Borellus  a  han- 
dle to  fay  thi$  of  him ;  becauie  when  Clavius,  in  the  above  ci* 
led  place,  cenfures  Commandine,  and  that  very  juftly,  for  de- 
monftrating  this  propofition  by  help  of  the  i6th  of  the  5th  ; 
yet  he  himfelf  gives  nO  demonftration  of  it|  but  thinks  it  plain 
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from  tbe  iiattire  of  proportionals^  as  bt  writes  in  the  rti«l  6f  the  ^*^J^". 
1 4th  and  i6th  prop.  B.  5.  of  his  editton,  and  is  followed  by  He-  '  "^  ' 
rigon  in  SchoK  i.  prop*  14*  B«  ^ •  as  if  there  was  any  nature  of 
proportionals  antecedent  to  «hat  which  is  to  be  derived  and  un* 
derftood  from  the  definition  of  them  :  And  indeed,  tboagh  it 
is  very  eafy  to  give  a  right  demonftratioit  oif  it,  no  body,  as  far 
at  I  know,  has  given  one,  except  the  learned  Dr  Barrow,  who« 
in  anfwer  to  Boreltus's  objeAioa,  demonftrates  it  indiredly,  but 
very  briefly  and  clearly,  from  the  5th  definition,  in  the  3224 
page  of  his  Left.  Mathem.  from  which  definition  it  may  al(<>  be 
eafily  demonftrated  diredly :  On  which  tfcooont  we  have  placed 
it  ncitto  the  propofitions  concerning  equimultiplesii 

P  R  O  P.    B.    B  O  O  K    V, 

This  alfo  is  eafily  deduced  from  the  5th  def.  B.  $.  and  there^ 
fore  is  placed  next  to  the  othcf ;  for  it  was  very  ignorantly  made 
a  corolUry  from  the  4rh  prop*  of  this  book.  See  the  note  on 
that  corollary. 

P  R  OP.    C.    B.  V. 

This  is  frequently  made  utt  of  by  geometers,  and  is  neceflary 
to  the  5th  and  dth  propofitions  of  the  10th  book.  Clavius,  in 
his  notes  fubjoined  to  the  8th  def.  of  book  5.  demonftrates  it 
only  in  numbers,  by  help  of  fome  of  the  propofitions  of  the  7th 
book,  in  order  to  demonftrate  the  property  contained  in  the  5th 
definition  of  the  5th  book,  when  appHed  to  numbers,  from  the 

Eroperty  of  proportionals  contained  in  the  20th  def.  of  the  7th 
ook :  And  mod  of  the  commentators  judge  it  difficult  to  prove 
that  four  magnitudes  which  are  proportionals  according  to  the 
20th  def.  of  7th  book,  are  alfo  proportionals  according  to  the 
5th  def.  of  5th  book.     But  this  is  eafily  made  out,  as  follbws. 

Firft,    if   A,   B,   C,   D  be  four 
magnitudes,   fuch  that    A    is    the 
lame  multiple,  or  the  fame  part  of   li 
B,  which  C  is  of  D;  A,  B,   C,  D  J) 

are  proponionals  :  This  is  demon-' 
ftrated  in  propofition  C.     . 

Secondly^  If  AB  contain  the  lame  1^ , 

parts  of  CD  thac  £F  does  of  GH  ; 
in  this  cafe  likewife  AB  is  to  GD,  as 
£F  to  6H. 
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L)^  CK  te  a  J)art  of  CD,  and  GL  the  fame  part  of  GK 
and  let  AB  be  the  ftme  multiple  of 
CK,  that  £F  is  of  GL  :  Therefore, 
by  prop.  C.  of  jth  book,  AB  ts  to 
CK,  as  £F  to  GL :  And  CD,  GH 
are  eqoimultipJes  of  CK,  GL  the 
fecond  and  fourth  ;  wherefore,  by 
Cor.  prop  4.  Book  5.  AB  is  to  CD, 
as  £F  to  GH. 

And  if  jfour  magnitudes  be  pro-  A  CJ  1^  fr  W 
portJonals  according  to  the  5th  def.  ^  ^  *-  ^  rti 
of  Book  5*  they  are  ajfo  proportionals  according  to  the  2odi 
def  of  Book  7. 

Firft,  If  A  be  to  B,  as  C  to  D  }  then  if  A  be  any  moltipk 
or  part  of  B,  C  is  the  fame  multiple  or  part  of  D,  by  prop.  D. 
of  B.  5. 

Next,  If  A  B  be  to  CD,  as  £F  to  GH ;  then  if  AB  contains 
any  parts  of  CD,  £F  contains  the  fame  parts  of  GH  :  For  let 
CK  be  a  part  of  CD,  »nd  GL  the  fame  part  of  GH,  and  let 
AB  be  a  multiple  of  CK ;  £F  is  the  fame  multiple  of  GL: 
Take  M  the  fame  multiple  of  GL  that  AB  is  of  CK  ;  there- 
fore by  prop  C.  of  B.  5.  AB  is  to  CK,  as  M  to  GL  ;  and  CD, 
GH  are  equimultiples  of  CK,  GL ;  wherefore  by  Cor.  prap. 
4.  B.  J.  AB  is  to  CD,  as  M  to  GH  :  And,  by  the  hypothecs, 
AB  is  to  CD,  as  £F  to  GH  ;  therefore  M  is  equal  to  £F  If 
prop.  9.  Book  5.  and  confequently  £F  is  the  fame  multiple  of 
GL  that  AB  is  of  CK. 

PROP.    D,    B.  V. 

This  is  not  unfrcquently  ufed  in  the  demonftration  of  other 
propoGtions»  and  is  neceflary  in  that  of  prop.  9.  B.  6-  It  fecoQS 
rheon  has  left  it  out  for  the  reafon  mentioned  in  the  notes  ac 
prop.  A. 

PROP.    vin.   B.  V. 

In  the  demonftration  of  this,  as  it  is  now  in  the  Greek, 
there  are  two  cafes,  (fee  the  demonftration  in  Hervagius,  or 
Dr  Gregory's  edition),  of  which  the  fit  ft  is  that  in  which  AE 
n  Icfs  than  EB ;  and  in  this,  it  neceffarily  follows  that  He 
the  multiple  of  £B  is  greater  than  ZH  the  fame  multiple  of 
4^£,  which  lart  multiple,  by  the  conftruftion,  is  greater  than 
4 ;  whence  alfo  He  muft  be  greater  thaii  A :  But,  in  the  fecond 
4jifc,  viz,  that  in  which  £B  is  Icfs  than  A£,  tho*  ZH  be  greater 
than  A,  yet  He  may  be  lefs  than  the  fame  A ;  fo  that  there 
:  cAnot  be  taken  a '  multiple  of  A  which  is  the  firft  that  is 
^  greater 
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greater  than  K,  or  He,  bccaufc  A  itfclf  is  greater  than  it :  Up-  ^^J^JJ: 

on  this  account,  the  author  of  this  demonftration  found  it  no*  v^'^rv^ 

ceflary  to  change  one  part  of  the  conftrud^ion  that  was  made 

ufc  of  in  the  firft  cafe:  Bat  he  has,  without  any  neceffity, 

changed  alfo  another  part  of  it,  viz.  when  he  orders  to  take 

N  that  multiple  of  A  which 

is  the  firft  that  is  greater  than 

ZH  i  for  be  might  have  taken 

that  multiple  of  ▲  which  is  ihe 

firft  that  is  greater  than  H0, 

or  K,  as  was  done  in  the  firft 

cafe  :  He  likewife  brings   in 

this  K  into  the  demonftration  '  £  JJ. ; 

of  both  cafes,  without  any  rea-  £«  • 

fon ;  for  it  ferves  to  no  pur- 

pofe  but  to  lengthen  the  de* 

monftration.    There  is  alfo  a 


H-    A 


e  B  A  e  B  A 

third  cafe,  which  is  not  mentioned  in  this  demonftration,  viz^ 
that  in  which  AE  in  the  firft,  or  £B  in  the  fecond  of  the  two 
other  cafes,  is  greater  than  D ;  and  in  this  any  eqoimultiples» 
as  the  doubles,  of  AE,  KB  are  to  be  taken,  as  is  done  in  this 
edition,  where  all  the  cafes  are  at  once  demonftrated :  And  from 
this  it  is  plain  that  Theon,  or  fpme  other  unflulful  editor^  has  vi- 
tiated this  propofition. 

PROP.    IX.    B.  V, 

* 

Of  this  there  is  given  a  more  explicit  demonftration  than  that 
which  is  now  in  the  elements. 


PROP.    X.    B.  V. 

It  was  neceflarf  to  give  another  demonftration  of  this  pro* 
poGtion,  becaufe  that  which  is  in  the  Greek  and  Latin,  or  o- 
ther  editions,  is  not  legitimate  :  For  the  vtoxAsgrtaterftbeJame 
or  eqiuil^  kjff^^f  hzwt  a  quite  different  meaning  when  applied 
to  magnitudes  and  ratios,  as  is  plain  from  the  5th  and  7th  de« 
finiiions  of  Book  5.  By  the  help  of  thefe  let  us  examine  the 
demonftration  of  the  loth  prop. 'which  proceeds  thus:  **  LetA 
*<  have  to  C  a  greater  ratio,  than  B  to  C  :  I  fay  that  A  is  greater 
**  than  B.  For  if  it  is  not  greater,  it  is  either  eqnaly  or  lefs. 
'<  But  A  cannot  be  equal  to  B,  becaufe  then  each  of  tbena 
'^  would  have  the  fame  ratio  to  C;  but  they  have  not.  There* 
'*  fore  A  is  not  equal  to  B."  The  force  of  which  reafoning  is 
this,  if  A  had  to  C,  the  &me  ratio  that  B  has  to  C»  then  if 

any  equimultiples  whatever  of  A  and  B  be  takeo^  ^^^  ^7 

multiple 


^1#  K    O    T    ft    S. 

f^^\  wwTtipIe  wbatcter  of  C ;  if  the  multiple  of  A  be  g^eaifer  than 
the  multiple  of  C,  then,  by  the  cth  def.  of  Book  5.  the  oraltipk 
of  B  is  alio  greater  than  tnat  of  C  ;  Bat,  from  the  bypoehefis 
that  A  has^  a  greater  ratio  to  C,  than  B  has  to  C,  tbm  muft, 
by  the  7th  def.  of  Book  g.  be  certain  equimultipfes  of  A  and  B| 
and  fome  multiple  of  C  fuch,  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C»  but  the  multiple  df  B  is  not  greater 
than  the  fame  multiple  of  C  :  And  this  propoGtton  dirtSih 
contradifls  the  preceding  $  wherefore  A  is  not  eqfual  to  B. 
The  demonftration  of  the  loth  prop,  goes  on  thus :  ^*  But  net« 
'*  ther'is  A  lefs  than  B  $  becaufe  then  A  would  have  a  lefs  ra- 
**  tio  to  C,  than  B  has  to  it :  But  it  has  not  a  lefe  ratio,  there- 
•*  fore  A  is  not  lefs  than  B,"  &c.  Here  it  is  faid,  that  "  A 
**  would  have  a  lefs  ratio  to  C,  than  B  has  to  C,"  or,  which 
isr  the  fame  thing,  that  B  would  have  a  greater  ratio  to  C, 
tban  A  to  C  f  that  is,  by  7th  def.  Book  5.  there  mull  be  foroc 
equimultiples  of  B  and  A,  and  fome  multiple  of  C  fuch,  that 
the  multiple  of  B  is  greater  than  the  multiple  of  C,  but  the 
ftinlttple  of  A  is  not  greater  than  it :  And  it  ought  to  have 
been  proved  that  this  can  never  happen  if  the  ratto  of  A  to 
C  be  greater  than  the  ratio  of  B  to  C  ;  that  is,  it  (hould  have 
been  proved,  that,  in  thisr  cafe,  the  multiple  of  A  is  always  great- 
er than  the  multiple  of  C,  whenever  the  multiple  of  B  is 
greater  than  the  multiple  of  C  ;  for,  when  this  is  demonftratcd, 
it  will  be  evident  that  B  cannot  have  a  greater  ratio  to  C,  than 
A  has  to  C>  or,  which  is  the  fame  thing,  that  A  cannot  have  a 
lefs  ratio  to  C,  than  B  has  to  C  :  But  this  is  not  at  all  proved 
fn  the  loth  propofition  ;  but  if  the  f  orb  were  once  demonftrated, 
it  would  immediately  follow  from  it,  but  cannot  without  it 
be  eafily  demonftrated,  as  he  that  tiies  to  do  it  will  find.  Where- 
fore the  loth  propoQtion  is  not  fufficiently  demonftrated.  And 
it  feems  that  he  who  has  given  the  demonftration  of  the  loth 
propo£tion  aff  we  now  have  it,  inftedd  of  that  which  Eudoxus 
or  Euclid  had  givHn,  has  been  deceived  in  applying  what  is 
maf»ifefty  ^hen  underftood  of  magnitudes,  unto  ratios,  viz.  that 
a  magnitude  earniot  be  both  greater  and  lefs  than  another. 
That  thofe  things  which  are  equal  to  the  fame  are  equal  to 
one  anoiheri  is  a  moft  evident  axiom  when  underftood  of 
inagnittrd^s  \  yet  SucUd  does  nOt  make  ufe  of  it  to  infer  that 
thafe'  tm^  wbfcb  are  the  feme  to  the  fame  ratio,  arc  the  fame 
to  ont  another;  bat  explicfitly  deiiiotiftrates  this  in  prop.  11. 
^(  Biook  5«  The  demonftration  we  have  given  of  the  loth  prop,  is 

no 
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no  doobt  the  fame  with  that  of  Eudoxus  or  Euclid,  as  it  is  im-  fi<»\  ^: 
mediately  and  direAly  derived  from  the  definition  of  a  greater 
ratioi  viz.  the  7.  of  the  5. 

The  above  mentioned  propoGtion»  viz*  If  A  have  to  G  a 
greater  ratio  than  B  to  C,  and  if  of  A  and 
B  there  be  taken  certain  equimultiples,  and 
feme  multiple  of  C ;  then  if  the  multiple 
of  B  be  greater  than  the  multiple  of  C,  the 
multiple  of  A  is  alfo  greater  than  the  fame^ 
is  thus  demon ftrated. 

Let  D,  £  be  equimultiples  of  A,  B,  and 
F  a  multiple  of  C,  fuch,  that  £  the  multiple 
of  B  is  greater  than  F ;  D  the  multiple  of 
A  is  alfo  greater  than  F» 

Becaufe  A  has  a  greater  ratio  to  C,  than 
B  to  C,  A  is  greater  than  B,  by  the  10th 
prop.  B.  5.  therefore  D  the  multiple  of 
A  is  greater  than  E  the  fame  multiple  of 
B  :  And  E  is  greater  than  F  ;  much  more 
therefore  D  is  greater  than  F. 
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PROP.    XIH.    B.  V. 

In  Commandine's,  Briggs\  and  Gregory's  tranflations,  at  the 
beginning  of  this  demonftration,  it  is  faid,  ^'  And  the  multi- 
**  pie  of  C  is  greater  than  the  multiple  of  D  \  but  the  multi- 
^  pie  of  £  is  not  greater  than  the  multiple  of  Fj"  which 
words  are  a  literal  tranflation  from  the  Greek:  But  the  fenfe 
evidently  requires  that  it  be  read,  *'  fo  that  the  multiple  of  C 
**  be  greater  than  the  multiple  of  D ;  but  the  multiple  of  E  be 
**  not  greater  than  tb»  multiple  of  F."  And  thus  this  place  was 
rellored  to  the  true  reading  in  the  fird  editions  of  Commau* 
dine's  Euclid*  printed  in  8vo  at  Oxford  }  but  in  the  later  edi« 
tJons,  at  leaft  in  that  of  1 747,  the  error  of  the  Greek  text  was 
kept  in. 

There  is  a  corollary  added  to  Prop..  13.  as  it  is  neceflary  to 
the'  aotfa  and  21ft  Prop,  of  this  book^  and  is  as  ufeful  as  the 
propofitioa. 

PROP,    XIV.    B.  V. 

The  two  cafes  of  this>  which  are  not  in  the  Greeks  are  add* 
ed  ;  the  demondration  of  them  not  being  eza£Uy  the  fame  with 
that  of  the  firft  cafc« 

X  PROP. 
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PROP.    XVH.    B.  V. 

«  0 

The  ordrr  of  the  words  in  a  claufe  of  this  is  changed  to  od« 
more  nfitural :  As  was  aIA>  done  in  prop.  1 1, 

PROP.   xvnL   B.  V, 

The  demonftration  of  tifis  is  none  of  Euclid's,  tior  Is  it  leg!* 
timate  ;  for  it  depends  upon  this  hypothefiS|  that  to  any  three 
inafrnicudcSy    two  of  which,  at  leaft»    are  of  the  fame   kind, 
there  may  be  a  fourth  proportional ;  which,  if  not  proved,  the 
demonftration  now  io  the  text  is  of  no  force :  But  this  \z  af- 
furtied  without  any  proof ;  nor  can  it,  as  far  as  I  am  able  to 
difcern,  be  demonftrated  by  the  propofitions  preceding  this  ; 
fo  far  is  it  from  deferving  to   be  reckoned  an  axiom,  as  Cla- 
vius,  after  other  commentators,  would  have  it,  at  the  end  of 
the  definitions  of  the  gth  book.     £uclid  does  not  demonftrate 
it,  nor  ducb  he  (hew  how  to  find  the  fourth  proportional,  be- 
fore the  1 2th  prop,  of  the  6th  book  :  And  he  never  aflumes  any 
thing  in  the  demonftration  of  a  propofition,  which  he  had  not 
before  demonftrated  ;  at  leaft,  he  ail'umes  nothing  the  exiftence 
of  which  is  not  evidently  poQible;  for- a  certain  conclufion  can 
never  be  deduced  by  the  means  of  an  uncenain  propofition  : 
Upon  this  account,  we  have  given  a  legitimate  dedionftration 
of  this  propofition  inftead  of  that  in  the  Greek  and  other  e- 
ditions,  which  very  probably  fheon,  at  leaft  fome  other,  has 
pat  in  the  place  of  Euclid's,  becaufe  he  thought'  it  too  prolix : 
And  as  the  17th  prop,  of  which  this  18th  is  theconverfir,  is  de- 
monftrated by  help  of  the  ift  and  2d  propofitions  of  this  book, 
fo,  in  the  demonftration  now  given  ot  the  18th,  the  5th  prop. 
&nd  both  cafes  of  the  6th  are  neceflary,  and  thcfe  two  propo- 
fitions are  the  conyerfes  of  the  xft  and  ad.    Now  the  5th  and 
l^th  do  not  enter  into  the  demonftration  of  any  propofition  in 
this  book  as  we  now  have  it :  Nor  can  they  be  of  ufe  in  anf 
propoHtton  of  the  Elements,  except  in  this  '18th,  and  this  is  a 
manifeft  proof,  that  Euclid  made  ufe  of  them  in  his  demon* 
ftration  of  it,  and  that  the  demonftration  now  given,  which  is 
ezafkly  the  converfe  of  that  of  the  f  7th,  as  it  ought  to  be,  difr 
fers  nothing  from  that  of  Eudozus  or  Euclid  :    For  the  jtb  and 
6th  have  undoubtedly  been  put  into  the  ;th  book  for  the  fake  of 
fome  propofitions  in  it,  as  ail  the  other  propofitions  about  equi- 
multiples have  been. 

Hieronymus  baccherius*  in  his  book  named  Eucltdea  ab  om- 
111  naeyo  yindicatus,  printed  at  Milan  anp»  I733»  in4to,  ac- 
knowledge^ 
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knowledges  tbU  blemilh  in  the  demonftratron  of  tlie  i8ih,  «nd,^^^\ 
that  he  may  remove  it,  and  render  the  demonftration  we  now 
have  of  it  legitimatei  he  endeavours  to  demondrate  the  follow- 
ing propo6tion»  which  is  in  page  1 15*  of  his  book,  viz. 

*^  Let  At  B,  Cy  D  be  four  magnitudes,  of  which  the  two 
'<  firft  are  of  the  one  kind,  and  aifo  the  two  others  either  of  the 
'*  fame  kind  with  the  two  firft,  or  of  fome  other  the  fame 
^*  kind  with  one  another.  I  fay  the  ratio  of  the  third  C  to  the 
'^  fourth  D,  is  either  equal  to,  or  greater,  or  lefs  than  the  ratio 
*«  of  the  firft  A  to  the  fecond  B." 

And  after  two  propofitions  premifed  as  Lemmas,  he  proceeds 
thus. 

'*  Either  among  all  the  poffible  equimultiples  of  the  firft 
^*  A,  and  of  the  third  €»  and,  at  the  fame  tirne^  among  all 
*<  the  poflible  equimultiples  of  tjie  fecond  B,  and  of  the 
^*  fourth  D,  there  can  be  found  fome  one  multiple  £F  of  the 
**  firft  A,  and  one  II(I  of  the  fecond  B,  that  are  equal  to  one 
'*  another  I  and  alfo  (in  the  fame  cafe)  fome  one  multiple 
<<  GH  of  the  third  C  equal  to  LM  the  multiple  of  the  fourth 
*'  D,  or  fuch  equality  is  no  where  to  be  found.    If  the  firft 

*«  cafe     happen,    a _  ^ 

^«  [!•  e.  if  fuch  ^ E F 

**  equality  is  to   n  «r 

«  be  found]  it  is   D I K. 

*•  manifeft  from   -^  ^^  XJ 

**  what     is    be-  C G  H 

**  fore     demon- 

«'  ftrated,     that  J)- L     ,  JfM 

**  A  is  to  B,  as 

**  C  to  D }  but  if  fiich  fimultaneous  equality  be  not  to  be 
<*  found  upon  both  fides,  it  will  be  found  either  upon  one 
"  fide,  as  upon  the  fide  of  A  [and  B  ;]  or  it  will  be  found 
**  upon  neither  fide ;  if  the  firft  happen ;  therefore  (from 
*<  Euclid's  definition  of  greater  and  lefler  ratio  foregoing) 
^  A  has  to  B,  a  greater  or  lefs' ratio  than  C  to  D ;  accor- 
'*  ding  as  GH  the  mahiple  of  the  third  C  is  lefs,  or  greater 
*'-than  LM  the  multiple  of  the  fourth  D  :  But  if  the  fecond 
*<  cafe  happen }  therefore  upon  the  one  fide,  as  upon  the  fide 
*^  of  A  the  firft  and  B  the  fecoiul,  it  may  happen  that  the 
•<  multiple  £F,  [viz.  of  the  firft]  may  be  lefs  than  IK  the 
'<  multiple  of  the  fecond,  while,  on  the  contrary,  upon  the  o« 
<*  ther  fide,  [viz.  oi  C  and  D]  the  multiple  GH  [of  the  third 
*'  C]  is  greater  than  the  other  multiple  LM  [of  the  fourth 
«<  D  :]  And  then  (from  the  fame  definition  of  Euclid)  the  ra- 
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Book  V.  it  i\q  of  the  firft  A  to  the  fccond  B»  is  lefs  than  the  ratio  of  the 
^^'^'^^    **  third  C  to  the  fourth  D ;  or  on  the  contrary, 

*^  Therefore  the  axiom,  [i.  e.  the  propofition  before  Tet  down]* 
*^  remains  demonftrated,    &c. 

Not  in  the  leafl  $  but  it  remains  ftill  undemonftrated  :  For 
what  he  fays  may  happeni  roay»  in  innumerable  cafes,  never 
happen ;  ana  therefore  his  demonilration  does  not  bold  :  For 
ezample»  if  A  be  the  fidci  and  h  the  diameter  of  a  fquare; 
and  C  the  Hde,  and  t)  the  di;tmeter  of  another  fquarc :  there 
can  in  no  cafe  be  ahy  multiple  of  A  equal  to  any  of  B  ;  nor 
any  one  of  C  equal  to  one  of  D,  as  is  welt  known  ;  and 
yet  it  can  ntver  happen  that  when  any  multiple  of  A  is  greater 
than  a  multiple  of  B,  the  multiple  of  (J  can  be  lefs  than  the  moU 
tiple  of  D,  nor  when  the  multiple  of  A  is  lefs  than  that  of  £, 
the  multiple  of  C  can  be  greater. than  that  of  I),  viz.  taking 
equimultiples  of  A  and  C,  and  equimultiples  of  B  and  D  :  For 
A|  B»  C}  D  are  proportionals  ;  and  fo  if  the  multiple  of  A  be 
greater,  &c,  than  that  of  B,  fo  mud  that  of  C  be  greater,  &c. 
than  that  of  D ;  by  ^th  Dcf.  b.  9. 

The  fame  obje&ion  holds  good  againtt  the  demonilration 
which  fome  give  of  the  lit  prop,  of  the  6th  book,  which  we  have 
made  againft  this  of  the  i8th  prop,  becaufe  it  depends  upon  the 
fame  infufficient  foundation  with  the  other. 

PROP.    XIX.    B.  V. 

A  corollary  is  added  to  this,  which  is  as  frequently  ufed  as 
the  propofition  itfeif.  The  corollary  which  is  fubjoined  to  it 
ih  the  Greek,  plainly  (hews  that  the  5th  book  has  been  vitiated 
by  editors  who  were  not  geometers:  For  the  converfion  of 
ratios  does  not  depend  upon  this  19th,  and  the  demonftracton 
which  feveral  of  the  commentators  on  Euclid  give  of  conver- 
Jjon,  is  not  legitimate,  as  Clavios  has  rij^htly  obftrved,  who 
has  given  a  good  demonftratron  of  it  which  we  have  put  in  pro« 
poGtion  £  I  but  he  makes  it  a  corollary  irom  the  19th,  and  be- 
gins it  with  the  words,  **  Hence  it  eaCly  follows,"  though  it 
does  not  at  all  follow  from  it* 

• 

PROP.    XX.  XXL  XKII   XXIU.  XXIV.    B.  V. 

The  demonilratlons  of  the  2otb  and  21  ft  propofitions  are 
fliorter  than  thofe  Euclid  gives  of  eafier  propofitions^  cither 
in  the  preceding,  or  following  books :  Wherefore  it  was  pro- 
per to  make  them  more  explicit,  and  the  aad  and  23d  propo* 
^Qtiions  are«  as  they  ought  to  b^j  extended  to  any  number  of 

magnitudes : 
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tnagnitudei :  And^  in  like  manner,  m^j  the  24th  be»  as  Is  ukcn  Book  v. 
notice  of  in  a  corollary  ;  and  another  corollary  is  added,  as  ufe-  v>^v>^ 
ful  as  the  propofitloni  and  the  words,  '^  any  whateveir'*  ar^  fup- 
plied  near  the  end  of  prop.  23.  which  are  wanting  in  the  Greek 
text,  and  the  tranflations  from  it. 

In  a  paper  writ  bj  Philippus  Naadaeas,  and  publifhed  after 
his  death,  in  the  hiftory  of  the  Royal  Academy  of  Sciences  of 
Berlin,  anno  17451  page  50.  the  23d  prop,  of  the  5th  book  is 
cenfarpd  as  being  obfcurely  enunciated,  ,an^,  becaufe  of  this, 
prolialy  demonftrated  1  The  eimnciatipq  there  given  is  not  Eu- 
clid's, nut  T^cquet's,  as  h^  acknowledges,  lyhicb,  though  not  fo 
well  ezprefled,  is,  upon  (be  matter|'(he  f^pne  with  that  which  is 
now  in  the  Elements.  Nor  is  ch^rie  finy  thing  obfcure  in  itt 
though  the  autbpr  of  the  paper  has  fel  down  the  proportionals 
in  a  difadvantagrous  order,  by  whicph  it  appears  to  be  obfcure  : 
But,  no  doubt,  Euclid  enunciated  this  23d,  as  well  as  the  22dy 
fo  as  to  extend  it  to  any  number  of  n^agnitudes,  which,  taken 
two^nd  two,  are  proportionals,  and  not  of  (iz  only  ;  and  to  this 
general  cafe  the  enunciation  which  N^udaeus  giT^s^  cannot  be 
well  applied. 

The  demonftration  wbiehis  given  of  this  23d,  in  that  jpaper^ 
is  quite  wrong  1  becaufe,  if  the  proportional  magnitudes  be 
plane  or  foHd  figures,  there  can  no  redangle  (which  he  impro- 
perly calls  a  produSf)  be  conceited  to  be  made  by  any  two  of 
tj^em  :  And  if  it  fliould  be  faid,  that  in  this  cafe  Araight  lines 
are  te  be  taken  which  are  proportional  to  the  figures,  the  de« 
Dionftration  would  this  way  become  much  longer  than  Euclid's  : 
But,  even  though  his  demonftration  had  been  right,  who  doea 
not  fee  that  it  tould  not  be  nhad«  ufe  of  in  the  5  th  book  ? 

PROP.    F,  O,  H,  K.    B.  V. 

Thefe  propoGtions  are  annexed  to  the  5th  book,  becaufe  they 
are  frequently  made  ufe  of  by  both  antient  and  modern  geome- 
ters :  And  in  many  cafes  compound  ratios  cannot  be  brought 
ii^to  demonftration,  without  making  ufe  of  them. 

Whoever  disfires  to  fer  the  do^irioe  of  ratios  delivered  in  this 
^th  bopk  fiilidiy  flefendcd,  and  the  arguments  brought  againft 
It  by  And.  Tacquec,  Alph.  Boiellul,  and  others,  fully  refuted, 
may  read  Pr  Barrov's  niacbfioiaiical  lef^ures,  vis.  the  7th  and 
8tb  of  the  year  r06^« 

The  fth  book  being  thus  corre^rd,  I  moft  readily  agree  to 
what  the  learnc4  Df  j^arpov  fays  %  ''  That  there  is  nothing 
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^^^^\  **  !n  ^^^  whole  body  of  the  elements  of  a  more  fnbtile  invcnt!oh| 
''  nothing  more  folidly  eftabliflied,  and  more  accurately  bandied, 
<*  than  the  doArine  of  proportionals."  And  there  is  (bme 
ground  to  hope,  that  geometers  will  think  that  this  could  not 
have  been  faid  with  as  good  reafon^  fince  Theon's  time  till  the 
preftnt*- 

D  E  F.  IL   and   V.  of  B.  VL 

• 

Booker.  frr%  H  E  2d  definition  does  not  fecm  to  be  Euclid's,  b«t  fomc 
1  unlkilfui  editor's :  For  there  is  no  mention  made  by  Eu- 
clid, lior,  as  far  as  I  know,  by  any  other  geometer,  of  recipro- 
cal figures  :  It  is  obfcurely  exprefied,  which  made  it  proper  to 
render  it  more  diflinft :  It  would  be  better  to  put  the  follow- 
ing definition  in  place  of  it^  viz. 

D  E  F.    IL 

Two  magnitudes  are  faid  to  be  reciprocally  proportional  to 
two  others,  when  one  of  the  firft  is  to  one  of  the  other  inagni- 
tiides,  as  the  remaining  one  of  the  laft  two  is  to  the  remaining 
one  of  the  firft. 

But  the  5th  definition,  which,  fince  Theon's  time,  has  been 
kept  in  the  elements*  to  the  great  detriment  of  learners*  is  now 
juftly  thrown  out  of  them,  for  the  reafon  given  in  the  notes  on 
the  23d  prop,  of  this  book. 

P  R  O  P.  L  and  H.  B.  VL 

To  the  firft  of  thefe  a  cdrdllar]r  is  added,  which  is  often  u£;d  : 
And  the  enunciation  of  the  fecond  is  made  more  generaL 

PROP.    IIL    B.    VL 

A  fecond  cafe  of  this,  as  ufeful  as  the  firft,  ts  given  in  prop. 
A;  via  the  cafe  in  which  the  eiterior  angle  of  a  triangle  is  bi- 
fe^ed  bv  a  ftraight  line :  The  demonftration  of  it  is  very  like  to 
that  of  the  firft  cafe,  and  upon  this  account  may,  piobablyt  have 
been  left  out,  as  alio  the  enunciation,  by  fome  unikilful  editor  i 
At  leaft,  it  is  certain,  that  Pappus  makes  ufe  of  this  cafe,  as  an 
elementary  propofition,  without  a  demonftration  of  it^  inprop*^ 
39.  of  his  7th  book  of  Mathematical  CoUeAions. 

PROP. 
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t  R  o  P.    vn.   B.  VL  ^J': 

Tb  this  a  cafe  is  added  which  occurs  not  unfreqttcntlj  in  de« 
ttonfirations. 

PROP.    VIII.    B.  VL 

It  feems  plain  chat  Tome  editor  has  changed  the  denoonftraR 
tioA  that  Euclid  gare  of  this  propofition  :  For»  after  he  h^s  dew 
monftratedithat  the  triangles  are  eqaiangular  to  one  another,  he 
particularly  (hew's  that  their  Gdes  about  the  equal  angles  are  pro- 
portionals»  as  if  this  had  not  been  done  in  the'demonftration  of 
the  4th  prop,  of  this  book  :  This  fupet'fluous  part  is  not  found 
in  the  tranflation  from  the  Arabic,  and  is  now  left  out. 

PROP.    IX.    B.  VI. 

This  it  demonSrated  In  a  particular  cafe,  y\z,  that  in  which 
the  third  part  of  a  ftraight  line  is  required  to  be  cut  off ;  which 
is  not  at  all  like  Euclid^s  manner  :  Befides,  the  author  of  the 
demonllration,  from  four  magnitudes  being  proportionals,  con- 
cludes that  the  third  of  them  is  the  fame  multiple  of  the  fourth, 
which  the  firft  is  of  the  fecond  (  now,  this  is  no  where  demon- 
ftrated  in  the  5th  book,  as  we  now  have  it :  But  the  editor  al^ 
fumes  it  from  the  confufed  notion  which  the  vulgar  have  of  pro* 
portionals  :  On  this  account,  it  was  neceffary  to  give  a  general 
and  legitimate  demonftration  of  this  prorofition. 

* 

PROP.   xvm.  B.  VI. 

I 

The  demonftration  of  this  feems  to  be  vitiated  :  For  the  pro- 
pofition is  demonftrated  only  in  the  cafe  of  quadrilateral 
figures,  without  mentioning  how  it  may  be  extended  to  figures 
offive  or  more  fides  :  Befides,  from  two  triangles  being  equi* 
angular,  it  is  inferred,  that  a  fide  of  the  one  is  tO  the  homolo- 
gous fide  of  the  other,  as  another  fide  of  the  firft  is  to  the 
fide  homologous  to  it  of  the  other,  without  permutation  of  the 
proportionals  ;  which  is  contrary  to  £uclid*s  manner,  as  is 
clear  from  the  next  propofition  :  Ami  the  fame  fault  occurs 
again  in  the  conclufion,  whert  the  fides  about  the  equal  angles 
are  not  (hewn  to  be  proportionals,  by  reafon  of  again  neglcA* 
ing  permutation.  .  On  thefe  accounts,  a  demonftration  ia  gt- 
VM  in  Euclid's  roanneo  like  to  that  be  makes  ufe  of  in  the 

X  4  20th 


32t  N    O   T   B    S. 

Book  VI.  )oth  Prop,  of  this  book;  and  it  i$  extended  to  fife  fided  figore*^ 
'  ^^'^^  '  by  which  it  may  be  feen  how  to  extend  it  to  figures  of  ainy  num^ 

ber  of  fides. 

» 

PROP.    XXIU.     B.  VL 

Nothing  is  ufaally  reckoned'  more  difficult  in  the  elements 
of  geometry  by  If^rnerSi  than  the  dodrine  of  compound  ra- 
tio, which  Theon.has  rendered  mbfurd  and  ungeometrical.  by 
fubftituting  the  5  th  definition  of  the  6th  book  in  place  of  the 
right. definition^  which  without  doubt  Eudoxus  or  Euclid  gave, 
in  its  proper  place,  after  the  definition  of  triplicate  ratio, 
&c.  in  the  5th  book.  Thcon's  definition  is  this;  a  ratio 
is  faid  to  be  compounded  of  ratios  •r«»  4i  r«v  x^ytf*  w^xmr^rtt 
f^*  f»«T««  «^AA«9>«ri«rliini4  ir«Mfri  ttm :  Which  Command ine 
thus  tranflales  <<  quando  rationum  quantitates  inter  fe  mold- 
**  plicatae  aliquam  efficiunt  rationem  ^  that  is,  when  the 
quantities  of  the  ratios  being  multiplied  by  one  another  make  a 
certain  ratio.  Dr  WaUis  tranflates  the  word  1r^Xm^r^r99  «  ra* 
*<  tionum  exponentes,**  the  exponents  of  the  ratios  :  And  Dr 
Gregory  renders  the  hft  words  of  the  definition  by  ^^  illiut  ta- 
*<  cit  quantitatem,*'  makes  the  quantity  of  that  ratio :  But  in 
whatever  fcnfc  the  •*  quantities,*  or  ••  exponents  of  the  ra- 
**  tics/  and  their  **  multiplication"  be  taken,  the  definition 
will  be  ungeometrical  and  ulelefs  :  For  there  can  be  no  multi- 
plication but  by  a  number :  Now  the  quantity  or  exponent  of 
a  ratio  (according  as  Eutoclus  in  his  Commem.  on  prop.  4. 
book  2.  of  Arch,  de  Sph.  et  Cyl.  and  the  moderns  explain  that 
term)  is  the  number  which  multiplied  into  the  confet}uent  term 
of  a  ratio  produces  the  antecedent,  or,  which  is  the  fame  thing, 
the  number  which  arifes  by  dividing  the  antecedent  by  the  con- 
fequent ;  but  there  are  many  ratios  fuch,  that  no  number  can 
arife  from  the  divifion  of  the  antecedent  by  the  confeqnent ; 
ex.  gr.  the  ratio  which  the  diameter  of  a  fquare  has  to  the  fide 
efhi  and  the  ratio  which  the  circumference  of  a  circle  has 
to  its  diameteri  and  fuch  like.  Befides,  that  there  is  not  the 
leaft  mention  made  of  this  definition  in  the  writings  of  Eu- 
clid, Archimedes,  Apollonius,  or  other  amients,  tho' they  fre^ 
<)uentlY  make  ufe  of  compound  ratio  :  And  in  this  ajd  prop,  of 
the  6th  book,  where  compound  ratio  is  firft  mentioned,  there 
is  not  one  word  which  can  relate  to  this  definiuon,  thongh 
here,  if  Jn  any  place,  it  was  neceffary  to  be  brought  in  ;  but  the 
right  definition  is  exprefsly  cited  in  thefe  words  :  <<  Bnt  the 
'*  ratio  of  K  to  M  is  compounded  of  the  ratio  of  K  to  1% 
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<«  and  Qf  the  ratio  of  h  to  M."    This  definition  tbcfcforc  of  Qopk.vu 

Theon  19  quite  ufelefs  gnd  abfurd :  For  that  theoo  brQVjprbt  it 

into  the  ekmenta  ^an  fearer  be  doubted  1  «i8  it  is  to  be  K>und 

in  hia  commentary  upon  Ptoloniy'9  Miy«A«  2o»ric$iV,  page  62* 

livhere  he  a)fo  ^tvcs  a  childiih  cxpli<:ation  of  it^  aa  agreeing 

only  to  fuch  ratios  as  can  be  expreflcd  by  numbers  i  and  from 

this  place  the  definition  and  explication  have  been  exa£Uy  co* 

pied  and  prefixed  to  the  definitions  of  the  .6th  book,  as  ap* 

pear$  from  Hcrvagius's  edition :  But  Zaipbertus  and  CommaQ* 

dine,  ia  their  Latin  tranflationsj  fubjoin  the  fame  to  tbcfe  de-; 

finitions.    Neither  Cam  nanus,   nor,  as  it  feems,  the  Arabic 

manufcripts,  from  wbicn  he  made  his  tranflation.  have  this 

definition.    Clavius,  in  his  obfervations  u|pK>a  it,  rightly  judges 

that  the  definition  of  compound  ratio  might  have  been  mad< 

after  the  fame  manner  in  ivhich  the  dcnpitions  of  duplicate 

and  triplicate  ratio  are  §ivcn,  viz,  *«  That  gs  in  fcveral  roagni- 

"  tudes  that  are  contipual  proportionals,  ^Euclid  named  the 

«  ratio  of  the  firft  to  the  third,  the  duplicate  ratio  of  the 

«  firft  to  the  fecond ;  and  the  ratio  of  the  firft  to  the  fourth^ 

•<  the  triplicate  ratio  of  the  fir(t  to  the  fecond  that  is,  the 

**  ratio  compounded  of  two  or  three  intermediate  ratios  that 

^*  are  eooal  to  one  another,  and  fo  on  s  fo,  in  like  manner,  if 

««  there  dc  feveral  magnitudes  of  the  fame  kind,  followinz  one 

•<  anotherp  which  are  not  continual  proportionals,  the  nrft  ia 

*<  faid  to  have  to  the  lad  the  ratio  compounded  of  all  the  in* 

<<  termediate  ratios,— -*-only  for  this  reafon,  that  thefe  inter* 

**  mediate  ratioa  are  interpofed  betwixt  the  two  e;itremes,  vi?* 

«*  the  firil  and  laft  magnitudes ;  even  as,  in  the  10th  deSnitioia 

.*(  of  the  5th  book^  the  ratio  of  the  firft  to  the  third  was  called 

**  the  duplicate  ratio*  merely  upon  account  of  two  ratios  be* 

*<  ing  interpoled  betwi;it  the  extremes^  that  are  equal  to  one 

•<  another :  So  that  there  is  no  difference  betwixt  this  com- 

'<  pounding  of  ratios,   and  the  duplication  or  triplication  of 

<<  them  which  are  defined  in  the  5th  book,  but  that  in  the  du- 

**  plication,  uiplication,  &c.  of  ratios,  all  the  interpofed  ration 

<<  are  equal  to  one  another ',  whereas,  in  the  compounding  of 

**  ratios,  it  is  not  neceiTary  that  the  intermediate  ratios  (bould 

*<  be  equal  to  one  another.*'     Alfo  Mr  Edmund  Scarburgb^ 

in  his  £ogli(h  tranilatiou  of  the   firft   fix  books,   page  2^Sf 

266.  exprefsly  affirms,  that  the  5th  definition  of  the  iSth  book,  ia 

fuppofititiottsii  and  that  the  true  definition  of  compound  ratio 

ia 
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Book  vr.  i^  contained  in  the  i oth  definition  ctf  the  5th  booky  yivt.  tlitf 
'  definition  of  duplicate  ratio*  or  to  be  underftood  from  it|  vo 
wit,  in  the  fame  manner  as  Clavios  has  explained  it  in  tbe  pre- 
ceding citation.  Tet  thefe,  and  the  reft  of  the  moderns,  60 
notwitbftanding  retain  this  5th  def.  of  the  6th  book,  and  illu- 
ftrate  and  explain  it  by  long  commentaries,  when  they  onght  ra- 
ther to  have  taken  it  quite  away  from  the  elements* 

For,  by  comparing  de£  5.  book  6.  with  prop.  5*  book  8. 
It  will  clearly  appear  that  this  definition  has  been  put  into  the 
elements  in  place  of  the  right  one  which  has  been  taken  out 
of  them :  Becaufe,  in  prop*  5.  book  8.  it  is  demonftrated  that 
the  plane  number  of  which  the  fides  are  C,  D  has  to  the  plane 
number  of  which  the  fides  are  £,  Z,  (fee  Hergavius's  or 
Gregory's  edition),  the  ratio  which  is  compounded  of  the  r»* 
tios  of  their  fides  ;  that  is,  of  the  ratios  of  C  to  £»  and  D  to 
Z :  And  by  def.  5.  book  6«  and  the  explication  given  of  it  by 
all  the  commentators,  the  ratio  which  is  compounded  of  tbe  ra- 
tios of  C  to  £,  and  D  to  Z,  is  the  ratio  of  the  produ£l  made 
by  the  multiplication  of  the  antecedents  C,  D  to  the  product 
of  the  confequents  E,  Z  ;  that  is,  the  ratio  of  the  plane  number 
of  which  the  fides  are  C,  D  to  the  plane  number  of  which 
the  fides  are  £,  Z.  Wherefore  the  propofition  which  is  the  5th 
def.  of  book  6.  is  the  very  fame  with  the  5th  prop,  of  book  8* 
and  therefore  it  ought  neceflarily  to  be  cancelled  in  one  of  thefe 
places;  becaufe  it  is  abfurd  that  the  fame  propofition  fliould 
ftandas  a  definition  in  one  pldcc  of  tbe  elements,  and  be  de* 
monftrated  in  another  place  of  them.  Now,  there  is  do  doubt 
that  prop.  5.  book  8.  ihould  have  a  place  in  the  elements,  as 
the  fame  thing  is  demonftrated  in  it  concerning  plane  num« 
bers,  which  is  demonftr^ited  in<prop.  23d  book  6.  of  equiangu- 
lar parallelograms  ;  wherefore  def.  5.  book  6.  ought  not  to  be 
in  the  elements.  And  from  this  it  is  evident  that  this  definition 
is  not  Euclid's,  but  Theon's,  or  fome  other  unfkilful  geometer *s. 

But  no  body,  as  far  as  I  know,  has  hitherto  (hown  the  true 
ufe  of  compound  ratio,  or  for  what  purpofe  it  has  been  in- 
troduced into  geometry ;  for  every  propofition  in  ,  which 
compound  ratio  is  made  ufe  of,  may  without  it  be  both  enun- 
ciated and  demonftrated.  Now  the  ufe  of  compound  ratio 
confifts  wholly  in  this,  that  by  means  of  it,  circumlocotiohs 
may  be  avoided,  and  thereby  propofitions  may  be  more  brief- 
ly either  enunciated  or  demonftrated,  or  both  may  be  done; 
for  inftance^  if  this  23d  propofition  of  the  fixth  book  were  to 
be  enunciated^  without  mentioning  compound  ritioi  it  might 

be 
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be  done  as  follows^    Tf  two  parallelograms  be  equiangular,  and  .^^^^^' 
If  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo  any  affumed 
ftraight  line  be  made  to  a  fecond  ftraight  line  ;  and  as  the  o- 
ther  fide  of  the  firft  to  the  other  fide  of  the  fecond,  fo  the  fe- 
cond ftraight  line  be  made  to  a  third.    The  firft  parallelogram 
is  to  the  fecond,  as  the  firft  ftraight  line  to  the  third.     And  the 
demonftration  would  be  exaAly  the  fame  as  we  now  have  it. 
Bat  the  antient  geometers,  when  they  obfervcd  this  enuncia- 
tion could  be  made  (horter,   by  giving  a  name  to  the  ratio 
wbicb  the  firft  ftraight  line  has  to  the  laft,  by  which  name  the 
intermediate  ratios  might  likewife  be  fignined,  of  the  firft  to 
the  fecond,  and  of  the  fecond  to  the  third,  and  fo  on,  if  there 
were  more  of  them,  they  called  this  ratio  of  the  firft  to  the 
laft,  the  ratio  compounded  of  the  ratios  of  the  firft  to  the  fe- 
cond, and  of  the  fecond  to  the  third  ftraight  line ;  that  is,  in 
the  prefcat  example,  of  the  ratios  which  are  the  fame  with 
the  ratios  of  the  fides,  and  by  this  they  ezprefled  the  propo- 
fition  more  briefly  thus  :  If  there  be  two  <lquiangular  paralle- 
lograms,   they  have  to  one  another  the  ratio  which   is  the 
fame  with  that  which  is  compounded  of  ratios  that  are  the( 
fame  with  the  ratios  of  the  fides.    Which  is  (horter  than  the 
preceding  enunciation,   but  has  precifeFy  the  fame  meaning. 
Or  yet  ihorter  thus :  Equiangular  parallelograms  have  to  one 
another  the. ratio  which  is  the  fame  with  that  which  is  com- 
pounded of  the  ratios  of  their  fides*    And  thefe  two  enuncia- 
tions, the  firft  efpecially,  agree  to  the  demonftration  which  is 
now  in  the  Greek.    The  propofition  may  be  more  briefly  dc- 
monftrated,  as  Candalla  does,  thus:  Let   ABCD,  CEFG  be 
two  equiangular  parallelograms,  and   complete  the  parallelo- 
gram CDHG;   then,   becaufe  there  are  three  parallelograms 
AC,  CH,  CF,  the  firft  AC   (by  the  definition  of  compound 
ratio)  haa  to  the  third  CF,  the  ratio 
which  is  compounded  of  the  ratio  of 
the  firft  AC  to  the  fecond  CH,  and  of 
the  ratio  of  CH  to  the  third  CF ;  but 
the  parallelogram  AC  is  to  the  pa* 
rallclogram  CH,  as  the  ftraight  line 
BC  to  CG;  and  the  parallelogram 
CU  is  to  CF,   as  the  ftraight  line 

CD  is  to  C£(  therefore  the  parallelogram  AC  has  to  CF  the 
ratio  which  is  compounded  of  ratios  that  are  the  fame  with  the 
ratios  of  the  fides.  And  to  this  demonftration  agrees  the  enun- 
ciation which  is  at  prefcnt  in  the  text,  viz.  Equiangular  paralle- 
lograms hare  to  one  another  the  ratio  which  is  compounded  of 

the 
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BMi  ▼!•  tilt  ratios  of  the  fidel :  For  the  tulgur  reacllng,  ^  which  b  com* 
*^  pounded  of  their  fidei,**  is  abfurd.  But;  in  this  edition,  we 
have  l^ept  the  demonftmtion  which  is  in  the  Greek  text,  though 
not  fo  (bort  as  C^ndalla*8 ;  becaofe  the  way  of  finding  the  ratio 
whi^h  is  cofnpoqnded  of  tiie  ratios  of  the  fides,  that  is,  of  find* 
ing  the  ratiQ  of  the  parallelograms,  is  (hewn  in  that,  but  not  in 
Candalla*!  dtmonftration ;  whereby  beginners  may  learn,  in  like 
cafesj  how  to  find  the  ratio  whieh  is  compounded  of  two  or 
more  given  ratios* 

Fcom  what  has  been  faid»  it  may  be  obferved,  that  in  any 
magnitudes  whatever  of  the  fame  kind  A,  B,  C,  D,  &o.  the 
ratio  compounded  of  the  ratios  of  the  firft  to  the  fecond,  of 
the  fecond  to  the  third,  and  fo  on  to  the  lait,  is  only  a  name 
or  exprefljon  by  which  the  ratio  which  the  firft  A  has  to  the 
laft  D  is  fignified,  and  by  which  at  the  fame  time  the  ratios  of 
alt  the  maguitudfis  A  to  B,  B  to  C,  C  to  D  from  the  firft  to 
the  laft,  to  one  another,  whether  they  be  the  fame^  or  be  not 
the  fame,  are  indicated ;  as  in  magnitudes  which  are  continual 
proportionals  A,  B,  C,  D,  &c.  the  duplicate  ratio  of  the  firft 
to  the  fecpnd  is  only  a  name,  or  expreffion  by  which  the  ratio 
of  the  firft  A  to  the  third  C  is  Ggnined,  and  by  which,  at  the 
fame  time,  is  fliown  that  there  are  two  ratios  of  the  magni* 
tudes  from  the  firft  to  the  hft,   via.  of  the  firft  A  to  the  fe- 
cond Bt  and  of  the  fecond  B  to  the  third  or  laft  C,  which  are 
the  fame  with  one  another ;  and  the  triplicate  ratio  of  the 
firft  to  the  fecond  is  a  name  or  esprelSon  by  which  the  ratio 
pf  the  firft  A  to  the  fourth  D  is  fignified,  and  by  which,  at  the 
fame  time,  is  fliown  that  there  are  three  ratios  of  the  magni* 
tildes  from  the  firft  to  the  laft,  vi?.   of  the  firft  A  to  the  fe« 
cond  B,  and  of  B  to  the  third  C,  and  of  C  to  the  fourth  or 
laftD»  which  are  all  the  fame  with  one  another;  and  fo  in 
the  cafe  of  any  other  multiplicate  radios.    And  that  this  is 
the  right  explication  of  the  meaning  of  thefe  ratfos  is  plain 
from  the  definitions  of  duplicate  and  triplicate  ratio  in  which 
Euclid  makes  ufe  of  the  word  AiytTAfi,  is  faid  to  be,  or  is  called  \ 
which  word,  he,  no  doubt,  made  ufe  of  alfo  in  the  definition 
of  compound  ratio,  which  Tbeon,  or  fome  other,  has  expun- 
ged from  the  elements ;  for  the  very  fame  word  is  ftill  retained 
in  the  wrong  definition  of  coihpound  ratio,  which  is  now  the 
^th  of  the  6th  book ;  But  in  the  citation  of  tbeie  definitions  it 
as  fomctimcs  retained,  as  in  the  demonflrfitioo  of  prop*  19. 

V    book 
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book  6.  **  the  &ft  ts  ftid  to  haT€«  t|»i7f  A?vtfiif»  to  ihe  third  the  9Mkm. 

^*  dttpUcatt  ritio»^*  &€•  which  U  wr<^ng  tranflaltd  hy  Cotamt^ 

dine  and  others  *^  hu^  inft«ad  of  '*  is  ftid  to  have  ;*'  and 

fomctimts  it  ta  Uk  oiifi  as  in  the  deoionftratidil  of  |>cop.  33* 

of  the  1  ith  Book,  in  which  wc  find  '<  the  firft  hasi  t^th  to  the 

^<  third  the  triplicatt  ratio  1"  but  without  doubt  ijgfi,  <<  has^^ 

in  this  place  fignifies  the  fame  as  i;b«<»  Afyir«i|  is  fald  to  have; 

Ho  Jikewife  in  prop*  23*  B.  6*  we  find  this  citation^  *<  but  the 

*<  ratio  of  K  to  M  is  compounded »  wi^$9rmh  of  the  ratio  of 

'*  K  to  L»  aod  the  ratio  of  L  to  M,"  which  is  a  fliorter  waj  of 

exprcfilng  the  fame  thing,  which,  according  lb  the  definitiouy 

ought  to  have  been  exprcfisd  hj  rtyicu^Bm  xUtvm^  is  faid  to  be 

cotn  pounded. 

From  thefe  remarks,  together  with  the  propoGtions  fubjoined 
to  the  5  th  book,  all  that  is  found  concerning  compound  ratio» 
either  in  the  antient  or  modern  geometers,  may  be  undciftood 
and  explained. 

t  R  O  t*-    XXIV.     B.  VI. 

It  feems  that  fome  unOtilful  editor  has  made  up  thil  demoii* 
ftration  as  we  now  have  it,  out  Of  two  others  1  one  of  which  may 
be  made  from  the  2d  prop,  and  the  other  from  the  4th  Of  this 
book :  For  after  he  has,  from  the  2d  of  this  book,  and  compo- 
fition  and  permutation,  demonftrated  that  the  fides  about  the 
angle  common  to  the  two  parallelograms  Sre  proportionals,  he 
might  have  immediately  concluded  that  the  fides  about  the  other 
equal  angles  were  proportionalsi  viz.  from  prop.  34.  B.  1.  and 
prop.  7«  Book  5*  This  he  does  not,  but  proceeds  to  (how  that 
the  triangles  and  parallelograms  are  equiangular }  and  in  a  te* 
dious  way,  by  help  of  prop.  4.  of  this  book,  and  the  22d  of 
Book  ;.  deduces  the  fame  conduGon :  From  which  it  is  plain 
that  this  ill  compofed  dcmonftration  is  not  Euclid's :  Thefe  fu- 
perfluous  things  are  now  left  out,  and  a  more  fimple  demonftra- 
tion  is  given  from  the  4th  prop,  of  this  book,  the  fame  which 
is  in  the  tranflation  from  the  Arabic^  by  help  of  the  Hd  prop, 
and  compofition ;  but  in  this  the  author  ntgleAs  pcrmutacioitt, 
and  does  not  (how  the  parallelograms  to  be  equiangular^  .aoJa 
proper  to  do  for  the  fake  of  beginners. 

PROP.    XXV.    B.  VL 

It  IS  very  evident  that  the  demonftration  which  Euclid  had 
given  of  this  prOpbfition  has  been  vitiated  by  fome  unlkilful 
hand  r  For,  after  this  editor  had  demonftrated  that  '*  as  the 
»  reOilineal  figure  ABC  i$  to  the  rcaUineal  KGH,  fo  is  the 

^  parallelogram 
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?^^'.  "  parallelogram  BE  to  the  parallelogram  EF  i^  nothing  more 
'  flieold  have  been  added  but  thist  '*  and  the  rediltneal  figure 
"  ABC  18  equal  to  the  parallelogram  BE  ;  therefore  the  reifb- 
^*  lineal  KGH  is  equal  to  the  parallelogram  EF,"*  riz-  from 
prop.  14.  book  5.  But  betwixt  thefe  two  fentences  he  haa  in* 
fcrtedthist  **  wherefore,  by  permutationy  at  the  rectilineal  fi« 
<<  gore  ABC  to  the  paralielogram  BE,  fo  is  the  reailinead  KGH 
**  to  the  parallelogram  £F  -^  by  whicbi  it  ia  plain,  he  thougbc 
it  waa  not  fo  evident  to  conclude  that  the  fccond  of  four  pro- 
portionals is  equal  to  the  fourth  from  the  equality  of  the  firft 
and  third,  which  is  a  thing  demonftrated  in  the  14th  prop,  of 
B.  5.  as  to  conclude  that  the  third  is  equal  to  the  fourth,  from 
the  equality  of  the  firft  and  fccond,  which  is  no  where  demon- 
ftrated in  tne  elements  as  we  now  have  them :  But  though  this 
propofition,  viz.  the  third  of  four  proportionals  is  equal  to  the 
fourth,  if  the  &rft  be  equal  to  the  fecond,  had  been  given  in 
the  elements  by  Euclid,  as  very  probably  it  was,  yet  he  would 
not  have  made  ufe  of  it  in  this  place  $  becaufe,  as  was  faid,  the 
concliiGon  could  have  been  immediately  deduced  without  this 
fuperfluotts  ftep  by  permutation  :  This  we  have  (hown  at  the 
greater  length,  both  becaufe  it  affords  a  certain  proof  of  the 
vitiation  of  the  text  of  Euclid ;  for  the  very  fame  blonder  is 
found  twice  in  the  Greek  text  of  prop*  23.  book  ii.  and  twice 
in  prop.  2.  b.  12.  and  in  the  $•  ii.  12.  and  i8tb  of  that  book; 
in  which  places  of  book  1 2*  except  the  laft  of  them,  it  is  rightly^ 
left  out  in  the  Oxford  edition  of  Commandine's  tranflation  : 
And  alfo  that  geometers  may  beware  of  making  ufe  of  permu- 
tation in  the  like  cafes  ;  for  the  moderns  not  uufrequently  com- 
mit this  miilake,  and  afXK}ng  others  Commandine  himfcif  in  hrs 
commentary  on  propw  5.  book  3.  p.  6.  b.  of  Pappus  Alexandri* 
nus,  and  in  other  places :  The  vulgar  notion  of  proportionals 
has,  it  feems,  preoccupied  many  fo  much,  that  they  do  not  fuf« 
ficiently  underftand  the  true  nature  of  them* 

Befides,  though  the  rcftilineal  figure  ABC,  to  which  another 
is  to  be  made  fimilar,  may  be  of  any  kind  whatever ;  yet  in  the 
dcmonftratton  the  Greek  text  has  *<  triangle'*  inftead  of  rediJi- 
*<  neal  figure,**  which  error  is  corre^ed  in  the  above-named 
Oxford  edition. 

PROP.    XXVn.     B.  VI. 

The  fccond  cafe  of  this  has  *«A>«f,  otherwife,  prefixed  to 
it,  as  if  it  was  a  difTerent  demonftration,  which  probably  has 
been  done  by  fome  unfkilful  Librarian.    Dr  Gre^orjr  ba^  fig\ii' 
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ly  left  it  out:  The  febeme  of  thif  fecond  cafe  oogltt  to  be  .^^ 
marked  with  the  fame  letters  of  the  alphabet  which  are  ia  the  '  ^  ' 
febeme  of  the  firft,  as  is  now  done. 

PROP.    XXVin.  and  xilZ.     B.  VI. 

Thefe  two  problems,  to  the  firft  of  which  the  27th  prop,  is 
neceflary,  are  the  moft  general  and  ufefiil  of  all  in  the  elements» 
and  are  mott  frequently  made  nfe  of  by  the  antient  geometers 
in  the  folution  of  other  problems ;  and  therefore  are  Tery  ignp* 
rantly  left  oat  by  Tacquet  and  Dechales  in  their  editions  of  the 
elements,  who  pretend  that  thej  are  fcarce  of  any  ufe :  The  ca* 
fes  of  thefe  problems,  wherein  it  is  required  to  apply  a  re£lan« 
gle  which  (hall  be  equal  to  a  given  fquare,  to  a  given  ftraight 
line,  either  deficient  or  exceeding  by  a  fquare  1  as  alfo  to  apply 
a  re£langle  which  fliall  be  equal  to  another  giren,  to  a  given 
ftraight  line,  deficient  or  exceeding  by  a  fquare,  are  very  often 
made  ufe  of  by  geometers :  And,  on  this  account,  it  is  tnought 
proper,  for  the  fake  of  beginners,  to  give  their  conftru£kions« 
as  follows* 

I.  To  apply  a  re&angle  which  fliall  be  equal  to  a  given  fquare^ 
to  a  given  ftraight  line,  deficient  by  a.  fquare  :  But  the  given 
fquare  muft  not  be  greater  than  that  upon  the  half  of  the  given 
line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon 
the  given  ftraight  line  C  be  that  to  which  the  redangie  to  be 
applied  muft  be  equal,  and  this  fquare,  by  the  determination,  is 
not  greater  than  that  upon  half  of  the  ftraight  line  AB. 

BifeA  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to 
the  fquare  upon  C,  the  thing  required  is  done :  But  if  it  be  not 
equal  to  it,   AD  muft  be- 

greater  than  C,  acccording    «  ||    |Q 

to  the  determination :  Draw  ^ 
D£  at  right  angles  to  AB, 
and  make  it  equal  to  C  } 
produce  £D  to  F,  fo  that 
£P  be  equal  to  AD  or  DB, 
and  from  the  centre  £,  at 
the  diftance  EF,  defcribe  a 
circle  meeting  AB  in  G9 

and  upon  GB  defcribe  the  fquare  GBKH,  and  complete  the 
redangle  AGHL ;  alfojoin  EG :  And  becaufe  AB  is  bifecked 
\n  P,  the  redangle  AG^  GB  together  with  the  fquare  of  DG 
IS  equal  *  to  (the  fquare  of  DB,  that  is^  of  £F  or  EG^  that  is^  •  s* 

to) 


tifi 
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k'*^  ^  J  ^)  ^  fiiuarti  of  ED»  DG  i  Take  avay  the  (qnn  6[  SC 
^^VX/  ftom.  each  of  thefe  ^uab ;  therefore  the  remamiDg  rc£tang:k 
AG,  GB  18  equal  to  the  fquare  o£  £D»  that  iB|  of  C  :  Bat  ±. 
re^angle  AG,  GB  ia  the  redlangle  AH,  becanfe  GH  is  eq&n 
to  GB ;  therefore  the  reAanglc  AH  h  equal  to  the  giTen  fquar: 
upon  the  ftraight  line  C.  Wherefore  the  re^langle  AH,  eqiul 
to  the  given  fquare  upon  C|  has  been  applied  to  the  gives 
ftraight  Tine  AB,  deficient  by  the  {quare  GK.  Which  was  tr 
be  done. 

2*  To  apply  a>  re£langle  which  {hall  be  equal   to  a  girc 
iquare,  to  a  given  ftraight  line,  exceeding  by  a  fquare* 
•    Let  AB  be  the  given  ftraisht  line,  and  let  the  fqoare  opon 
the  given  ftraight  line  C  be  that  to  which  the  re^langle  to  be 
applied  muft  be  equal. 

J3if(i&  AB  in  I>,  and  draw  BE  at  right  angles  to  it»  fo  thit 
BE  be  equal  to  C  $  and  having  joined  D£,  from  the  centre  D 
at  the  diftance  1)£  defcribe  a  circle  meeting  AB  produced  ic 
G I  upon  BG  defcribe  the  fquare 
BGHKf  and  complete  the  rcGt* 
angle  AGHL*  And  becaufe  AB 
is  bifv&cd  in  D,  and  produced 
CO  G,  the  reaangle  AG,  GB 
together  with  the  Iquare  of  DB 
•  6.  a.       ia  equal  *  to  (the  fquare  of  DG, 

or  DE^  that  is,  to)  the  (qvares  

of  EB,  BD.    From  each  of  thcfe  Q 

equals  take  the  fquare  of  DB ;  ^ 

therefore  the  remaining  reaangle  AC,  GB  is  equal  to  the 
iquare  of  BE,  that  is,  to  the  fquare  upon  C*  But  the  re£langle 
^G»  GB  is  the  re£bngle  AH,  becaufe  GH  is  equal  to  Gfi: 
Therefore  the  re£langle  AH  is  equal  to  the  fqoare  upon  C. 
Wherefore  the  re£langle  AH,  equal  to  the  given  fquare  upon 
C,  has  been  applied  to  the  given  ftraight  line  AB,  exceeding 
by  the  fquare  GiC.    Which  was  to  be  done. 

3.  To  apply  a  reftangle  to  a  given  ftraight  line  which  ftiall  be 
equnl  to  a  givai  re&angle,  and  be  deficient  by  a  fquare.  But 
the  given  r^angle  muft  not  be  gpeaXcK  than  the  fquare  upon 
the  half  of  the  given  ftraight  line* 

Let  AB  be  the  given  ftraight  line,  and  let  the  given  rectangle 

be  that  which  is  contained  by  the  ftraight  lines  w,  D  which  is 

fiot  giMler  .than  the  fijuare  upon  the  half  of  AB  \  it  is  required 

.  to  apply  to  AB  a  rectangle  equal  to  the  reAapgle  Ct  D>  defi- 

.  ticnc  by  a  fiiuare. 

/     ^  Draw 
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Drav  AE,  BF  aC  right  angles  to  AB,  upon  the  fame  fide  of  it^   ^^ok  ru 
and  make  AE  equal  to  C,  and  BF  to  D :  Join  EF  and  bife£k  it   ^^-^^^"^ 
in  G ;  and  from  the  centre  G,  at  the  diftance  GE,  defcribe  a 
circk  meeting  AE  again  in  H  ;  join  HF  and  draw  GK  parallel 
to  it,  and  GL  parallel  to  AE  meeting  AB  in  L. 

Becaufe  the  angle  EHF  in  a  femicircle  is  equal  to  the  right 
angle  EAB,  AB  and  HP  are  pai^IIels,  and  AH  and  BF  are 

garallels ;  wherefore  AH  is  equal  to  BF,  and  the  re£langle 
Ay  AH  equal  to  the  re£bangle  EA,  BF|  that  is  to  the 
rc£bnzle  C,  D :  And  becaufe  EG^'GF  are  equal  to  one  another, 
and  AEy  LG,  BF  parallels  ;  therefore  AL  and  LB  are  equal  i 
alfo  EK  is  equal  to  KH  \  and  the  reAangle  C^  D  from  the  •  3.  |, 
determination,  is  not  greater  than  the  fquare  of  AL  the  half 
of  AB;  wherefore  the  re£tangle  EA,  AH  is  not  greater  than 
the  fquare  of  AL,  that  is  of  KG :  Add  to  each  the  fquare 
of  KE  ;  therefore  the  fquare  ^  of  AK  is  not  greater  than  the  b  6.  a. 
fquares  of  EK,  KG,  that  is» 


than  the  fquare*  of  EG  \  and 
confcquentty  the  ftraight  line 
AK  or  GL  is  not  greater 
than  GE.  Now,  if  GE  be 
equal  to  GL,  the  circle  EHF 
touches  AB  in  L,  and  there- 
fore the  (quare  of  AL  is  *  e- 
qual  to  the  rectangle  EA, 
AH,  that  is,  to  the  given  re£}» 
angle  C,  D  ;  and  that  which 
was  required  is  done  :  But  if 
£G,  GL  be  unequal,  EG 
muft   be   the   greater;    and 


c  ^6.  3* 


therefore  the  circle  EHF  cuts  the  ftraight  IJIke  AB ;  let  it  cut  it 
in  the  points  M,  N,  and  upon'  NB  defcribe  the  fquare  NBOP,  and 
complete  the  reAangle  ANPQj  Becaufe  ML  is  equal  to  ^  LN,  4  3,  3. 
and  it  has  been  proved  that  AL  is  equal  to  LB ;  therefore 
AM  is  equal  to  NB,  and  the  redangle  AN,  NB  equal  to  the 
re£bngle  NA,  AM,  that  is,  to  the  redangle  ^  £A,  AH  or  the  «  Cor.  36. 
rediangleC,  D:  But  the  re£langle  AN,  NB  is  the  re&angle    3* 
AP,  becaufe  FN  is  equal  to  NB  :  Therefore  the  reaangle  AP 
is  equal  to  the  redangle  C,  D;  and  the  re£kangle  AP  fqual  to 
the  given  re^angle  C,  D  has  been  applied  to  the  given  (Iraighc 
line  AB,  deficient  by  the  fquare  BP.    Which  was  to  be  done. 

y  4.  To 
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4.  To  apply  a  re&ingle  to  a  given  ftraight  line  that  ibtll  be 
equal  to  a  given  reAangle,  exceeding  bjr  a  fquare* 

Let  AB  be  the  given  ftraight  line,  and  the  reOanglc  C,  D 
the  given  re£langle|  it  is  required  to  apply  a  re£langle  to  AB 
equal  to  C,  D,  exceeding  by  a  fquare. 

Draw  AE^  BF  at  right  angles  to  AB,  on  the  contrary 
fides  of  it,  and  make  AE  equal  to  C,  and  BF  equal  to  D : 
Join  EF,  and  bifeft  it  in  G ;  and  from  the  centre  G.  at  the 
diflance  G£,  defcribe  a  circle  meeting  AE  again  in  H  ;  join 
HF,  and  dra^  GL  parallel  to 
AE ;  let  the  circle  meet  AB 
producecl  in  M,  N,  and  upon 
bN  defcribe  the  fquare 
MBOP,  and  complete  the 
redangle  ANPQ^;  becaufe  the 
angle  EHF  in  a  femtcircle  is 
equal  to  the  right  angle  EAB. 
AB  and  HF  are  parallels,  and 
therefore  AH  and  BF  are  e- 
qual,  and  the  re^ngle  £A, 
AH  equal  to  the  re£bangle 
EA,  BF,  that  is,  to  the  re&angle  C,  D  :  And  becaufe  ML  is 
equal  to  LN,  and  AL  to  LB,  therefore  MA  is  equal  to  BN,  and 
the  re£langle  AN,  NB  to  MA,  AN,  that  is,  *  to  the  re£lang]e 
£  A,  AH,  or  the  ref^angle  C,  D :  Therefore  the  redlangle  AN, 
NB,  that  is,  AP,  is  equal  to  the  ie£langle  C,  D ;  and  to  the  gi- 
ven ftraight  line  AB  the  re£iang1e  AP  has  been  applied  equal  to 
the  given  re^angle  C,  D,  exceeding  by  the  fquare  BP.  Which 
was  to  be  done. 

Willebrordus  Snellius  was  the  firft,\  as  far  as  I  know*  who 
gave  thefe  conftru6iioo8  of  the  3d  and  4ch  problems  in  has  Ap* 
pollonius  Batavus  :  And  afterwards  the  learned  Dr  Halley  gave 
them  in  the  Scholium  of  the  i8tb  prop,  of  the  8ch  hookof  A- 
poHonius's  conies  reftored  by  him. 

The  3d  problem  is  otherwife  enunciated  thus :  To  cut  a 
given  ftraight  line  AB  in  the  point  N,  fo  as  to  make  the  re£i^ 
angle  AN,  NB  equal  to  a  given  fpace :  Or,  which  is  the 
fame  thing,  having  given  AB  the  fum  of  the  fides  of  a  rcSt" 
angle,  and  the  magnitude  of  it  being  likewife  given,  to  find  its 
fides. 

And  the  4th  problem  is  the  fame  with  this,  To  find  a  point 

N  in 
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N  in  the  given  ftraight  line  AB  produced,  fo  as  to  make  the  ^^^  ^^ 
rcAangle  AN,  NB  eqaal  to  a   given  fpace :  Or,   which  i»  the   '  '"^'^  * 
fame  thing,  having  given  AB  the  difference  of  the  fides  of  a 
redlangle,  and  the  magnitude  of  it,  to  find  the  fides, 

PROP-    XXXI.    B-  VI. 

In  the  demonilration  of  this,  the  inverfion  of  proportionals  is 
twice  negleded,  and  is  now  added,  that  the  coacluGon  may  be 
legitimately  made  by  help  of  the  a4th  prop,  of  b.  5.  as  Clavius 
had  done. 

PROP.    XXXIl.      B.  VI. 

The  enunciation  of  the  preceding  a6th  prop,  is  not  genef at  e- 
nougb  ;  becaufe  not  only  two  fimilar  parallelograms  that  have 
an  angle  common  to  both,  are  about  the  fame  diameter  ;  but 
likewife  two  fimilar  parallelograms  that  have  vertically  oppofite 
angles,  have  their  diameters  in  the  fame  ftraight  line :  But  there 
fecms  to  have  been  another^  and  that  a  dire£l  deraonftration  of 
thefe  cafe9,  to  which  this  32d  propofition  was  needful :  .And  the 
32d  may  be  otherwife  and  fomething  more  briefly  dcmonftrated 
as  follows. 

PROP.    XXXIL    B.  VI. 

If  two  triangles  which  have  two  fides  of  the  one,  &c. 

Let  GAFy  HFC  be  two  triangles  which  have  two  fides  AG^ 
GFy  proportional  to  the  two  fides  FH,  HC^  viz*  AG  to  GF,  as 
FH  to  HC  ;  and  let  AG  be  paraU 
lei  to  FH,  and  GF  to  HC  ^  AF  A 
and  FC  are  in  a  ftraight  line. 

Draw  CK  parallel  •  to  FH,  and   p 
let  it  meet  GF  produced  in  K  : 
Becaufe  AG«  KC  are  each  of  them 
parallel  to  FH,  they  are   parallel  ^ 

to  one  another,  and  therefore  the  ]Q  ^  ^^ 

alternaie  angles  AGF,  FKC  are  c-  ^  V/ 

qual :  And  AG  is  to  GF,  as  (FH  to  HC,  that  is  «)  CK  to  KF  5  c  34.  i-' 
wherefore  the  trfangles  AGF,  CKF  are  equiangular^,  and  thcd  6.  6; 
angle  AFG  equal  to  the  angle  CFK :  But  GFK  is  a  ftraight  linQ» 
therefore  AF  and  I'C  are  in  a  ftraight  line  *.  e  14.  x. 

The  26th  prop,  is  demonftrated  from  the  gad,  as  follows. 

If  two  fimilar  and  fimilariy  placed  parallelograms  have  an  an- 
gle common  to  both,  or  vertically  oppofite  angles ;  their  diame- 
ters ate  in  the  fame  ftraight  line. 

Y  %  FirP^ 
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Book  vr.      FJcft,  Let  tbc  parallelogranDS  ABCD,  AEFG  hare  the  angle 
V>'^^'^^  BAD  common  to  both,  and  be  Gmilar,  and  fimilarly  placed ; 

ABCDy  AEFG  are  about  the  fame  diameter. 

Produce  EF,  OF,  to  H,  K,  and  join  FA,  FC :  Then  be- 

caufe  the   parallelograms    ABCD,    AEFG   are  fimilar,   DA 

18  to  AB,  as  GA  to  AE;  where-     . 
a  Cor.  19,  fore  the  remainder  DG  is  *  to  the  A 
5-  remainder  EB,  as  GA  to  AE  :  But 

DG  is  equal  to  FH,  EB  to  HC,   r" 

and  AE  to  GF  :  Therefore  as  FH  *^ 

to  HC,  fo  is  AG  to    GF;    and 

FH,  HC  are  parallel  to  AG,  GF5  ^ 

and  the  triangles  AGF,  FHC  arc  B ' ^ 

^'oiaed  at  one  angle,  ip  the  point  '^ 

1  \  wherefore  AF,  FC  arc  in  the  fame  ftraigbt  line  ^. 

Next,  Let  the  parallelograms  KFHC,  GFEA,  which  are  fimi- 
lar  and  fimilarlj  placed,  have  their  angles  KFH,  GFE  ▼ertically 
oppofite ;  their  diameters  AF,  FC  are  in  the  fame  ftraxght  line. 
Becaufe  AG,  GF  are  parallel  to  FH,  HC  •,  and  that  AG 
is  to  GF,  as  FH  to  HC  *,  therefore  AF,  FC  are  in  the  fame 
flraight  line  **• 

P  R  O  Pt    XXXIII.     B.  VI. 

The  words  *'  becaufe  they  are  at  the  centre,^'  are  left  put,  as 
the  addition  of  fome  onfkilful  hand- 
In  the  Greek,  as  alfo  in  the  Latin  tranHation,  the  words 
it,  ivyyjky  <'  any  whatever,"  are  left  out  in  the  dcmonftration  of 
both  pares  oi  the  propoGtion,  and  are  now  added  as  quite  neccf- 
fary  ;  and,  in  the  dcmonftration  of  the  fecond  part,  where  the 
triangle  BGC  is  proved  to  be  equal  to  CGKt  the  illative  par- 
ticle «V*  in  'he  Greek  text  ought  to  be  omitted. 

The  fecond  part  of  the  piopofition  is  an  addition  of  Theon's, 
as  he  tells  us  in  his  comincntary  on  Ftolomy*s  Mf>«A«  £v»T*|i(, 
p.  SO, 

PROP.    B.  C.  D.    B.  VL 

Thcfe  three  propofitions  are  added,  becaufe  they  are  frequent* 
ly  made  pfe  of  by  geometers, 

D  EF. 
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i)  E  F.    IX.    and  XI.    B.    XI. 

THE  fimilitude  of  plane  figures  18  defined  from  the  e- 
quality  of  their  angles,  and  the  proportionality  of  the 
fides  about  the  equal  angles ;  for  from  the  proportionality  of 
the  fides  only,  or  only  from  the  equality  of  the  angles,  the* 
fimilitude  of  the  figures  does  not  follow,  except  in  the  cafe 
'when  the  figures  are  triangles  :  The  fimilar  pofition  of  the  fides^ 
'Which  contain  the  figures,  to  one  another,  depending  partly 
upon  each  of  thefe  :  And,  for  the  fame  reafon,  thofe  are  fi- 
milar folid  figures  which  have  all  their  folid  angles  equal,  each 
to  each,  and  are  contained  by  the  fame  number  of  fimilar 
plane  figures  :  For  there  are  fome  folid  figures  contained  by  fi- 
milar plane  figures,  of  the  fame  number,  and  even  of  the 
fame  magnitude,  that  are  neither  fimilar  nor  equal,  as  (hall 
be  demonftiated  after  the  notes  on  the  loth  definition  :  Upon 
this  account  it  was  necefTary  to  amend  the  definition  of  fimi- 
lar folid  figures,  and  to  place  the  definition  of  a  folid  angle 
before  it :  And  from  this  and  the  loth  definition,  it  is  fuffi* 
ciently  plain  how  much  the  elements  have  been  fpoiled  by  uA«* 
flcilful  editors. 

D  E  F.    X.    B.  XL 

Since  the  meaning  of  the  word  *'  equal"  is  known  and 
eftabliflied  before  it  comes  to  be  ufed  in  this  definition ; 
therefore  the  propofitioA  'which  is  the  loth  definition  of  this 
book,  is  a  theorem,  the  truth  or  falfehood  of  which  ought  to 
be  demonftrated,  not  aflamed;  fo  that  Theon,  or  fome  o* 
ther  Editor,  has  ignorantly  turned  a  theorem  which  ought 
*  to  be  demonftrated  into  this  roth  definition :  That  figures  are 
fimilar,  ought  to  be  proved  from  the  definition'  of  fimilar 
figures  ;  that  they  are  equal  ought  to  be  demonftrated  from 
the  aiiom,  **  Magnitudes  that  wholly  coincide,  are  equal 
**  to  one  another}'*  or  from  propb  A.  of  book  5.  or  the  9th 
prop,  or  the  14th  of  the  fame  book,  from  one  of  which  the 
equality  of  all  kind  of'  figures  muft  ultimately  be  deduced. 
In  the  preceding  books,  Euclid  has  given  no  definition  of  e« 
qual  figures,  and  it  is  certain  he  did  not  give  this  :  For  what  is 
called  the  ift  def.  of  the  3d  book,  is  really  a  theorem  iti 
which  thtfc  circles  are  faid  to  be  equal,  that  have  the  ftraighc 
lines  from  their  centres  to  the  circumferences  equal,  which  is 
plain,  from  the  definition  of  a  circle  {   and  therefore  has  by 
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^•^^'*  fomc  editor  brfn  improperly  placed  among  the  definitions.  Thtf 
^  "^^  *  equality  of  fi/ures  ought  not  to  be  defined,  but  demonffaated  : 
Therefore,  thdugh  it  were  true,  that  folid  figures ^contaiaed  by 
the  fame  number  of  fimilar  and  equal  plane  figures  are  equal  to 
one  another,  yet  he  would  juftly  deferve  to  be  bdamed  who 
fhould  make  a  definition  of  this  propofition  which  ought  to  be 
demonftrated.  But  if  this  propofition  be  not  true,  muft  it  not 
be  confeffed,  that  geometers  hate,  for  ihefc  thirteen  hundred 
years,  been  miflAJcen  in  this  elementary  matter  ?  And  this  (bould 
teach  us  modcfty,  and  to  acknowledge  how  little,  through  the 
weaknefs  of  our  mrnds^  we  are  able  to  prevent  miftakcs  even  in 
the  principles  of  fciences  which  are  juftly  reckoned  amongft  the 
moft  certain  ;  for  that  the  propofition  is  not  uniyerfally  true, 
can  be  (hewn  by  many  examples  :  The  following  is  fuffictent. 

Let  there  be  any  plane  reAilineal  figure,  as  the  triangle 
ABC,  and  from  a  point  D  within  it  draw  *  the  ftraight  line 
D£  at  right  atigles  to  the  plane  ABC ;  in  DE  take  D£,  DF 
equal  to  one  another,  upon  the  oppofite  fides  of  the  plane, 
and  let  G  be  any  point  in  EF;  join  DA,  DB,  DC  •  EA 
EB,  EC ;  FA,  FB,  FC ;  GA,  GB,  GC  :  Bccanfe  the  ftraighl 
line  EDF  is  at  right  angles  to  the  plane  ABC,  it  makes  right 
angles  with  DA,  DB,  DC  which  it  meets  in  that  plane  5  and 
in  the  triangles  £DB,  FDB,  ED  and  DB  are  equal  to  FD  and 
DB,  each  to  each,  and  they  conuin  right  angles  j   therefore 

k  4^  r.  the  bafe  £B  is  equal  ^ 
to  the  bafe  FB)  in  the 
fame  manner  EA  is  e- 
qual  to  FA,  and  EC  to 
FC:  And  in  the  triangles' 
EBA,  FBA,  EB,  BA 
are  equal  to  FB,  BA, 
and  the  bafe  EA  is  e- 
qual  to  the  bafe  FA ; 
wherefore      the      angle 

e  S«  ^        EBA  is  equal  ^    to  the 
angle  FBAj  and  the  tri- 
angle   EBA  equal  ^    tOT> 
the   triangle  FBA,  and*^ 
the  other  angles  ciqual  to 

5.  ^^^  ^^^^^  angles ;  there- 
A  5  x!  dcf,  fore  thefc   triangles  arc 

6.  fimilar  i»:  In  the  fame  manner  the  triangle  EBC  is  fimilar  to 

the 
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khc  triangle  PBC,  and  the  triangle  EAC  to  mC ;  therefore  ^ J^'; 
there  are  two  folid  figures  each  of  which  is  cmtained  by  fix  '  ^^ 
triangles,  one  of  them  oy  three  triangleSi  the  common  verter 
of  which  is  the  point  G,  and  their  bafes  the  ftraight  lines  AB» 
BC,  CA;  and  by  three  other  triangles  the  common  yerteic 
of  which  is  the  point  E,  and  their  bafis  the  fame  lines  AB« 
BC,  CA  :  The  other  folid  is  contained  by  the  fame  three  tri- 
angles the  common  vertex  of  which  is  G,  and  their  bafes  AB» 
BCf  CA ;  and  by  three  other  triangles  of  which  the  common 
vertex  is  the  point  F,  and  their  bafes  the  fame  ftraight  lines 
AB,  BC,  CA :  Now  the  three  triangles  GAB,  GBC,  GCA 
are  common  to  both  folids,  and  the  three  others  EAB,  £BC» 
£CA  of  the  firft  folid  have  been  fbown  equal  and  fimilar  to  the 
three  others  FAB,  FBC,  FC A  of  the  other  folid,  each  to  each  } 
therefore  thefe  two  folids  are  contained  by  the  fame  number  of 
equal  and  fimilar  planes  :  Bat  that  they  are  not  equal  is  mani« 
feft,  becaufe  the  nrft  of  them  is  contained  in  the  other :  There- 
fore  it  is  not  univerfally  true  that  iblids  are  equal  which  are 
contained  by  the  fame  number  of  equal  and  fimilar  planes. 

Cor.  From  this  it  appears  that  two  unequal  folid  angles  may 
be  contained  by  the  fame  number  of  equal  plane  angles. 

For  the  folid  angle  at  B,  which  is  contained  by  the  four  plane 
angles  EBA,  EBC,  GBA,  GBC  is  not  equal  to  the  folid  angle 
at  the  fame  point  B  which  is  contained  by  the  four  plane  angles 
FBA,  PBC,  GBA,  GBC ;  for  this  laft  contains  the  other : 
And  each  of  them  is  contained  by  four  pUne  angles,  which  are 
crqual  to  one  another,  each  to  each,  or  are  the  felf  fame }  ats 
has  been  proved  :  And  indeed  there  may  be  innumerable  folid 
angles  all  unequal  to  one  another,  which  are  each  of  them  con- 
tained by  plane  angles  that  are  equal  to  one  another,  each  to 
each :  it  is  likewife  manifeft  that  the  before-mentioned  folids 
are  not  fimilar,  fince  their  folid  angles  are  not  all  equal* 

And  that  there  may  be  innumerable  (olid  angles  ail  unequal 
to  one  another,  which  are  each  of  them  contamed  by  the  fame 
plane  angles  difpofed  in  the  fame  order,  will  be  plain  from  the 
three  following  propoCttons. 

PROP.    I.      PROBLEM. 

Three  magnitudes^  A,  B,  C  being  given,  to  find  a  fourth 

fttch,  that  every  three  {hail  be  greater  than  the  remaining  one. 

Let  D  be  the  fourth  ^  therefore  D  mud  be  lefs  than  A,  B, 

Y  4  C 
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^ J":  C  to|retIter :  W  the  three  A,  B  C,  let  A  be  cttit  which  is  ooc  1 
'  lefs  than  eit^r  of  the  tifo  B  and  C  :  And  firft,  let  B  apd  C 
together  be  not  lefs  than  A :  therefore  B,  Cf  D  tagetber  are 
greater  than  A  ;  and  becaufe  A  is  not  lefs  than  B  ;  A,  C,  D 
together  are  greater  than  B :  In  the  like  manner  A,  B,  D  to- 
gether are  greater  than  C :  Wherefore  in  the  cafe  in  which  fi 
and  C  together  are  not  lefs  than  A,  any  magnitude  D  which  is 
}ef8  than  A,  B|  C  together  will  anfwer  the  problem. 

Bot  if  B  and  C  together  be  lefs  than  A  $  theni  becaafe  it  is 
required  that  B|  C,  D  together  be  greater  than  A,  from  each 
of  thefe  taking  away  B,  C,  the  rematniiig  one  D  aiuft  be 
greater  than  the  eicefs  of  A  abo?e  B  and  C  :  Take  therefore 
any  magnitude  D  which  is  lefs  than  A,  B,  C  together,  hot 
greater  than  the  ezcefs  of  A  above  B  and  C  :  Then  B,  C,  D 
together  are  greater  than  A  ;  and  becaufe  A  is  greater  than  ei- 
ther B  or  Cy  much  more  will  A  and  Dg  together  with  either  of 
the  two  Bj  C  be  greater  than  the  other :  And,,  by  the  con- 
ftru^ion,  A|  B,  C  are  together  greater  than  D. 

boR.  If  befides  it  be  required,  that  A  and  B  together  fliall 
•not  be  lefs  than  C  and  U  together  \  the  excefs  of  A  and  B  to* 
gether  above  C  muft  not  be  lefs  than  D,  that  is,  D  mnft  not  be 
greater  than  that  ezceis* 

PROP.    H.     PROBLEM. 

Four  magnitudes  A,  B,  C,  D  being  given,  of  which  A  and 
B  together  are  not  lefs  than  C  and  D  together,  and  fuch  that 
any  three  of  them  whatever  are  greater  than  the  fourth  ^  it  is 
Required  to  find  a  fifth  magnitude  £  fuch,  that  any  two  of  the 
three  A,  B,  £  fliall  be  greater  than  the  third,  and  alfo  thac  any 
two  of  the  three  C,  D»  £  (hall  be  greater  than  the  third.  Let 
A  be  not  lefs  thaki  B  :  And  C  not  lefs  than  IX 

Firft,  Let  the  excefs  of  C  above  D  be  not  lefs  than  the  excefs 
ef  A  above  B :  It  is  plain  that  a  magnitude  £  can  be  taken 
which  is  lefs  than  the  fum  of  C  and  D,  but  ereater  than  the 
excefs  of  C  above  D }  let  it  be  taken  ^  then  £  is  greater  like- 
wife  than  the  excefs  of  A  above  B ;  wherefore  £  and  B  together 
are  greater  than  A  ;  and  A  is  not  lefs  than  B  ;  therefore  A  and 
£  together  are  greater  than  fi  :  And,  by  the  hypothefis,  A  and 
B  together  are  not  lefs  than  C  and  D  togetheri  and  C  and  D 
together  are  greater  than  £;  therefore  likewife  A,  and  B  are 
greater  than  £• 

But 
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But  let  tbe  ezceft  of  A  above  B  be  greater  tban  the  excels  of  BoQk  xh 
C  above  D  :  And  becaufe,  by  the  hypothefiSf  the  three  B,  C, ' 
L>  are  together  greater  tban  the  fourth  A  i  C  and  D  together 
are  greater  than  the  excels  of  A  above  B :  l^erefore  a  magni* 
tudc  may  be  taken  which  is  lefs  than  C  and  D  together,  but 
{greater  taan  the  excels  of  A  above  B.     Let  this  maffnitode  be 
IL  ;   and  becaufe  E  is  greater  tban  tbe  excefs  of  A  above  B,  B 
tofcethcr  with  £  is  greater  than  A  :  And,  as  in  the  preceding 
cafe,  it  may  be  ihown  that  A  together  with  £  {^greater  than  B,  ^ 
and  that  A  together  with  B  is  greater  than  £ :  Therefof  e,  in 
each  of  the  cafes^  it  has  been  ftown  that  any  two  of  the  three 
A»  B,  £  are  greater  than  the  third. 

And  becaole  in  each  of  the  cafes  £  is  greater  than  tbe  excefs 
of  C  above  D,  £  together  with  D  is  greater  than  C  ;  and,  by 
the  hypothefis,  C  is  not  Jefs  tban  D  i  therefore  £  together  with 
C  ia  greater  than  D  ;  and,  by  the  conftrudion,  C  and  D  toffe* 
ther  are  greater  than  £ :  Therefore  any  two  of  the  three,  C,  D, 
£  are  greater  tban  the  third. 

PROP.    III.      THEOREM. 

There  may  be  innumerable  folld  angles  all  unequal  to  one  an- 
other,  each  of  which  is  contained  by  the  fame  four  plane  an« 
gles,  placed  in  the  fame  order. 

Take  three  plane  angles.  A,  B,  C,  of  which  A  is  not  lefs 
than  either  of  the  other  two,  and  fuch,  that  A  and  B  toge- 
ther are  lefs  tban  two  right  angles ;  and  by  problem  i.  and 
its  corollary,  find  a  foivch  angle  D  fuch,  that  anv  three  what- 
ever of  the  angles  A,  B,  C,  D  be  greater  tban  toe  remaining 
angle,  and  fuch,  that  A  and  B  together  be  not  lefs  than  C 
and  D  together :  And  by  problem  a.  find  a  fifth  angle  E  fuch, 
that  any  two  of  the  angles  A,  B,  £  be  greater  tban  the  thirds 

A     E     c 


/X>C\ 


Ax 


and  alfo  that  ^ny  two  of  tbe  angles  C|  D^  £  be  greater  tban 

the 


I 

I 
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look  XI.  the  third :  And  becaufe  A  and  B  together  are  leis  than  t¥t 
Vi^^^^^  right  angles,  the  double  of  A  and  B  together  is  leis  than  fee 
right  angles :  Bat  A  s^nd  B  together  are  greater  than  tbe  angk 
£  (  wherefore  tne  double  of  A,  B  together  is  greater  tb: 
the  three  angles  A,  B,  £  together,  which  three  dre  coxzfe- 
<]uent)j  kfs  than  four  right  angks;  and  every  two  of  ik 
fame  angles  A,  B,  £  are  greater  than  the  third ;  tbcrefint, 
by  prop.  23'  1 1.  a  folid  angle  may  be  made  contained  by  An 
•  plane  angles  equal  to  the  angles  A,  B,  £,  each  to  each*  Lc 
this  be  the  angle  F  contained  by  the  three  plane  angles  GFIi 
HFK,  GFK  which  are  equal  to  the  angles  A,  B,  £,  each  c 
each  :  And  becaufe  the  angles  C,  D  together  are  not  grcasn 
than  the  angles  A»  B  together,  therefore  the  angles  C»  D,  £ 
are  not  greater  than  the  angles  A,  B|  E  :  But  thefe  laft  three  are 
lefs  than  four  right  angles,  as  has  been  demonftrated  ;  wfaer^ 
fore  alfo  the  angles  C,  D,  £  are  together  lefs  than  four  ngiR 
angles,  and  every  two  of  them  are  greater  than  the  third  ;  there- 
fore a  folid  angle  may  be  made  which  (hall  be  contained  by  three 
1  S3.  IX.    plane  angles  equal  to  the  angles  C,  D,  £,  each  to  each  *  :  Afid 


by  prop.  26.  II.  at  the  point  F  in  the  .ftraight  line  FG  a  folid 
angle  may  be  made  equal  to  that  which  is  contained  by  the 
three  plane  angles  that  are  equal  to  the  angles  C,  D,  £ :  Lei 
this  be  madcy  and  let  the  angle  GFK,  which  is  equal  to  £,  be 
one  of  the  three  ;  and  let  KFL,  GFL  be  the  o|her  two  which 
arc  equal  to  the  angles,  C,  D,  each  to  each.  Thus  there  is  2 
folid  angle  conftituted  at  the  point  F  contained  by  the  fo«r  plane 
angles  GFH,  HFK,  KFL,  GFL  which  are  equal  to  the  angles 
A,  B,  C  D,  each  to  each. 

Again,  Find  another  angle  M  fuch,  that  every  two  of  the 
thiiee  angles  A,  B,  M  be  greater  than  the  third,  and  alio 
every  two  of  the  three  C,  D,   M  be  greater  than  the  third ; 

And, 
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A.nd,  as  in  the  preceding  part,  it  may  be  demonftrated  that  *»k  xi. 

:lie     three  A,  B,  M  are  lefs 

than  fo«r  right  angles,  as  sdfo 

chat  the  three  C,  D,  M  are 

lefs   than  four    right    angles. 

^Aake  therefore  *  afolidangle  /  ht.\^\.  •  as- ii. 


at   N  contained  bj  the  three 
plane    angles    ONP,    PNQ^» 
ONQj-  which  are  equal  to  A» 
B»  M,  each  to  each  :   And  by 
prt>p«   26.   II.    make    at   the 
point  M  in  the  ftraight  line  ON  a  folid  angle  contained  by  three 
plane  angles  of  which  one  is  the  angle  ONQ^  equal  to  M,  and 
the  other  two  are  the  angles  QNR,  ONR  which  are  equal  to 
the  angles  C,  D,  each  to  each.    Thus,  at  the  point  N,  there 
is  a  folid  angle  conuined  by  the  four  plane  angles  ONP,  PNQ9 
QNRf  ONR  which  are  equal  to  the  angles  A,  B,  C,  D,'each 
to  each.    And  that  the  two  folid  angles  at  the  points  F,  N, 
each  of  which  is  contained  by  the  above  named  four  plane  an* 
glcs»  are  not  equal  to  one  another,  or  that  they  cannot  coin- 
cide, will  be  plain  by  coofidering  that  the  angles  GFK,  ONQ: 
that  is,  the  angles  E,  M,  are  unequal  by  the  conftruQion  }  ana 
therefore  the  ftraight  lines  GF,  FK  cannot  coincide  with  ON, 
NQ^»  nor  confequently  can  the  folid  angles,  which  therefore 
are  unequal. 

And  becaufe  from  the  four  plane  angles  A,  B,  C,  D,  there 
can  be  found  innumerable  other  angles  that  will  ferve  the  fame 
purpofe  with  the  angles  £  and  M  ;  it  is  plain  that  innumerable 
other  folid  angles  may  be  copftituted  which  are  each  contained 
by  the  fame  four  plane  angles,  and  all  of  them  unequal  to  one 
another,  Qi.E«  D. 

And  from  this  it  appears  that  Clavius  and  other  authors  are 
miftaken,  who  afiert  that  thofe  folid  angles  are  equal  which  are 
contained  by  the  fame  number  of  plane  angles  that  are  equal  to 
one  another,  each  to  each.  Alfo  it  is  plain  that  the  26th  prop, 
of  book  11.  is  by  no  means  fufficiently  demonftrated,  becaufe 
the  equality  of  two  folid  angles,  whereof  each  is  contained  by 
three  plane  .angles  which  are  equal  to  one  another,  each  to 
each,  is  only  affumed,  and  not  demonftrated. 
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P  R  O  P.    I.     B.  XL 

The  irords  at  rtie  end  of  thi«,  *^  for  a  ftraight  line  canir 
*'  meet  a  ftrs^^fflrt  l^jne  id  more  than  one  pointy**  are  left  oat»as  e 
addition  bf  fomettnihilful  band }  for  this  is  to  be  demoiiftnted, 
noftajStfmed*  -  s 

Mr  ThMias  Simpfont  hi  his  notes  at  the  end  of  the  ad  editka 
of  bil  ^fements  of  gecwieby,  p.  262.  after  repeating  the  vords 
of  this  nbfei  a?Hs,  ^*'  Now,  can  it  poifiUj  fliow  any  want  d 
**  (kill  in  an  editor  (he  means  Euclid  or  Theoo)  to  refer  to  aa 
<*  axiom  which  Euclid  himfelf  hath  laid  down^  book  i.^  No  14." 
he  means  Barrow's  Euclid,  for  it  is  the  loth  in  the  Greek,  **  and 
**  not  to  have  demonftrated,  what  no  man  can  demonftratc:'* 
But  all  that  in  this  cafe  can  follow  from  that  axioja^  is,  that,  if 
two  ftraight  lines  could  meet  each  other  in  two  pqints^  the  pvts 
of  them  betwixt  thefe  poinis  mud  coincide^  and  fo  they  wouM 
have  a  fegment  betwixt  thefe  points  common  to  both.  Now»  af 
it  has  not  been  fhown  in  Euclid,  that  they  cannot  have  a  com* 
mon  fegment,  this  does  not  prove  that  they  cannot  meet  in  two 
points,  from  which  their  not  having  a  common  fegment  is  de- 
duced in  the  Greek  edition :  But,  on  the  contrary,  becaufe  thet 
cannot  have  a  common  fegment,  as  is  (hown  in  Cor.  of  iitb 
prop,  book  I.  of  4to  edition,  it  follows  plainly  that  they  cannot 
meet  in  two  points,  which  the  remarker  fays  no  man  can  de« 
monftrate.  * 

Mr  Simpfon,  in  the  fame  notes,  p.  265.  juftly  obferves,  that 
Jn  the  corollary  of  prop.  1 1.  book  1.  4to  edit,  the  ftraight  lines 
AB,  BD,  BC,  are  fuppofed  to  be  all  in  the  fame  plane,  which 
cannot  be  aflumed  in  ift  prop,  book  1 1.  This,  foon  after  the 
4C0  edition  was  publjihed,  1  obfcrved  and  correAed  as  it  is  now 
in  this  edition  :  He  is  miftaken  in  thinking  the  10th  axiom  be 
mentions  here  to  be  Euclid's  ^  it  is  none  of  Euclid's,  but  is  the 
ictb  in  Dr  Barrow's  edition,  who  had  it  from  Herigon's  Curfus, 
%ol.  I.  and  in  place  of  it  the  corollary  of  loth  prop,  book  1.  waa 
added. 

PROP.    IL      B.  XL 

This  propoiitton  fcems  to  have  been  changed  and  vitiated  by 
fome  editor;  for  all  the  figures  defined  in  the  ift  book  of  the 
elements,  and  among  them  triangles,  are,  by  the  hypothcfis, 
plane  figures }  that  is,  fuch  as  are  dcfcribed  in  a  plane}  where-* 
fore  the  fecond  part  of  the  enunciation  needs  no  demonftration. 
Befides^  a  convex  fuperficies  may  be  termiiiatod  by  three  ftraight 

lines 
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ines  meeting  one  another :   The  thin?  that  (bould  have  been  BqgkXL 
lemonftratcd  is,  that  two,  or  three  ftraight  lines,  that  meet^iA^YN^ 
>ne  another,  are  in  one  plane*    And  as  this  is  not  fuffioienth^ 
lone,  the  enunciation  and  demonftration  are  changed  into  tboie 
>ow  put  into  the  text* 

PROP.    III.     B.  XL 

In  this  propofldon  the  following  words  near  to  the  end  of  it 
are  left  out,  via.  **  therefore  DEB,  UFB  are  not  ftraight  lines ; 
<*  in  the  like  manner  it  ma]r  be  demonftrated  that  there  ean  be 
"  no  other  ftraight  line  between  the  points  D,  B :"  -  Becaufe 
from  this,  that  two  lines  include  a  fpac^t  >t  only  follows  that 
one  of  them  is  not  a  ftraight  line :  And  the  force  of  the  argu* 
ment  lies  in  this,  viz*  if  the  .eommon  (e&ton  of  the  planes  be 
not  a  ftnugbt  Iine„  then  two  ftraight  lines  could  include  a  fpace, 
which  jaftpford  }  therefore  the  common  fe&ion  is  a  ftraight  line* 

PROP.    IV.     B.  XI. 

The  words  **  and  the  triangle  AED  to  the  triangle  QEC* 
are  omitted,  becaufe  the  whole  conclufion  of  the  4th  prop, 
b.  I.  has  been  fo  often  repeated  in  the  preceding  books,  it  was 
needle;^  to  repeat  it  here. 

P  R  O  P.    V.     B.  XL 

In  this,  near  to  the  end|  iVixi)*,  ought' to  be  left  out  in  the 
Greek  text :  And  the  word  **  plane"  is  rightly  left  out  in  the 
Oxford  edition  of  Commandine's  tranflation. 

PROP.    VII.      B.  XI. 

This  propolitipn  has  been  put  into  this  book  by  fome  un-i 

ilcilful  editor,  as  is  evident  from  this,  that  ftraight  lines  which 

are  drawn  from  one  point  to  another  in  a  plane,  are,  in  the 

preceding  books,  fuppofed  to  be  in  chat  plane :    And  if  they 

were  not,  fome  demonftrations  in  which  one  ftraight  line  is 

fuppofed  to  meet  another  would  not  be  concluGve,   becaufe 

thcie  lines  would  not  meet  one  another ;  For  inftance,  in  prop. 

30.  b.  I.  the  ftraight  line  GK  would  not  meet  £F,  if  GK  were 

not  in  the  plane  in  which  are  the  parallels  AB,  CD,  and  in 

which,  by  hypothefis,  the  ftraight  line  £F  is  :     Befides,  this 

7th  pfopofition  is  d<aiooftfaud  by  the  preceding  3*  in  which 

the  very  thing  which  is  prppofed  to  be  .demonfirated  in  the  ytb, 

is  twice  a{rum<9d,v»2s.  chat  the  firajigbt  lijae  .drawn  from  one 

point  to  another  in  a  plane,  is  in  that  plane  i  and  the  fame  thing 

is  affumed  i(i  the  pieccding  (>th  prop,  in  which  the  ftraight  line 

which 
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Book  XL  which  joins  the  poiqts  B^  D  that  are  in  the  plane  to  which  AI 
and  CD  are  at  right  angles,  is  fappofed  to  be  in  that  phac 
And  the  yth,  of  which  another  demon{lratfon  it  givent  is  kept 
in  the  book  merely  to  preferve  the  number  of  the  propofittooa ; 
for  it  is  evident  from  the  7th  and  35th  definitions  of  the  1^ 
book,  though  it  had  not  been  in  the  elements* 

PROP,     vin.    B.  XL 

In  the  Greek,  and  in  Commandine's  and  Dr  Gregonr's  cranio 
lations,  near  to  the  end  of  this  propofition,  are  the  mllowmf 
words :  '*  B«t  DC  is  in  the  plane  through  BA|  AD,'*  inftea^  of 
which,  in  the  Oxford  edition  of  Commandine's  tranflation,  is 
rightly  put  *<  but  DC  is  in  the  plane  through  BD,  DA  :*  Bet 
all  the  editions  have  the  following  words,  viz.  *^  becaufe  AB, 
«<  BD  are  in  the  plane  thro'  BD,  DA,  and  DC  is  in  the  plaa^: 
**  in  which  are  AB,  BD,**  which  are  manifeftij  corrupted,  & 
have  been  added  to  the  text ;  for  there  was  not  the  leaft  neorflf- 
ty  to  go  fo  far  about  to  (hew  that  DC  is  in  the  fame  plane  in 
which  are  BD,  DA,  becaufe  it  immediately  follows  from  prop> 
7*  preceding,  that  BD,  DA  are  in  the  plane  in  which  are  the 
parallels  AB,  CD  :  Therefore,  inftead  of  thefe  words,  there 
ought  only  to  be  **  becaufe  all  three  are  in  the  plane  in  which 
•«  are  the  parallels  AB,  CD.** 

PROP,    XV.     B.  XL 

After  the  words,  <<  and  becaufe  BA  is  parallel  to  GH»''  the 
following  are  added,  <*  for  each  of  them  is  parallel  to  D£,  and 
*'  are  not  both  in  the  fame  plane  with  it,"  as  being  manifeftly 
forgotten  to  be  put  into  the  text. 

PROP.    XVI.     B.  XL 

In  this,  near  to  the  end,  inftead  of  the  words,  *^  but  ftraight 
**  lines  which  meet  neither  way**  ought  to  be  read,  *^  but  ftraigbc 
*'  lines  in  the  fame  plane  which  produced  meet  neither  way :" 
Becaufe,  though  in  citing  this  definition  in  prop.  27.  book  i. 
it  was  not  neceflary  to  mention  the  words,  *^  in  the  fame  plane,^ 
all  the  ftraight  lines  in  the  books  preceding  this  being  in  the 
fame  plane  j  yet  here  it  was  quite  necefTary. 

PROP.    XX.     B.  XL 

In  this,  near  the  beginning,  are  the  words,  '<  But  if  not, 
<<  let  B  AC  be  the  greater :"  But  the  angle  BAC  may  happen  to 
be  equal  to  one  of  the  other  two :  Wherefore  this  place  ifaoald 

be 
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t  reiad  thus,  '*  But  if  not|  let  the  angle  BAG  be  not  lefs  than  ^^^3^ 
either  of  the  other  two,  but  greater  than  DAB. 
•A.t  the  end  of  this  propofition  it  is  faid,  **  in  the  fame  roan« 
ncr  it  may  be  demonftratsd,"  though  there  is  no  need  of  any 

emonftration  ;  becaufe  the  angle  BAG  being  not  lefs  than  ei- 

ler  of  the  other  two,  it  is  evident  that  BAG  together  with  one 

f  them  is  greater  than  the  other. 

PROP.    XXIL    B.  XL 

^nd  likewife  in  thisy  near  the  beginning,  it  is  faid,  **  But 
'  if  not,  let  the  angles  at  B^  £,  H  be  unequal,  and  let  the 
*  angle  at  B  be  greater  than  either  of  thofe  at  E,  H  :'*  Which 
vords  manifeftly  (how  this  place  to  be  vitiated,  becaufe  the  an;*  * 
;le  at  B  mav  be  equal  to  one  of  the  other  two.  They  ought 
herefore  to  be  read  thus,  *'  But  if  rot,  let  the  angles  at  B,  £, 
'  H  be  unequal,  and  let  the  angle  at  B  be  not  lefs  than  either 
^  of  the  other  two  at  £»  H  :  Therefore  the  ftraight  line  AC  is 
'•   not  left  than  either  of  the  two.DF,  OK.'* 

PROP.    XXIII.    B.  XI. 

The  demonftration  of  this  is  made  fomething  (horter,  by  not 
repeating  in  the  third  cafe  the  things  which  were  demon  fir  a  ted 
in  the  iirft;  and  by  making  ufe  of  the  conllrudlion  which  Cam- 
panus  has  given  ;  but  he  does  not  demonftrate  the  fecond  and 
third  cafes:  The  conftru£lion  and  demonftration  of  the  third 
cafe  are  made  a  little  more  (xmple  than  in  the  Greek  text. 

PROP.    XXIV.     B.  XI. 

The  word  '*  fimilar"  is  added  to  the  enunciation  of  this  pro- 
poGtion,  becaufe  the  planes  containing  the  folids  which  are  to 
be  demonilrated  to  be  equal  to  one  another,  in  the  25th  propo- 
rtion, ought  to  be  fimilar  and  equal,  that  the  equality  of  the 
folids  may  be  inferred  from  prop.  C.  of  this  book :  And,  in  the 
Oxford  edition  of  Commandine's  tranflation,  a  corollary  is  ad* 
ded  to  prop^  24.  to  ihow  that  the  parallelograms  mentioned  in- 
this  proppGtion  are  limilar,  that  the  equality  of  the  folids  in 
prop.  25.  may  be  deduced  from  the  loth  def.  of  book  ii. 

PROP.    XXV.   and   XXVL     B.  XL 

In  the  25th  prop,  folid  figures  which  are  contained  by  the 
fame  number  of  fimilar  ai^d  equal  plane  figures,  are  fuppofed 
to  be  equal  to  one  another.    A^^i  tt  feems  that  Theon,  or  fome 

othei: 
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?"^^  J^'*.  ^^^  editor,  that  lie  might  fave  himfelf  the  trouble  of  demon- 
ftrating  the  folid  figures  mentioned  in  this  propofition  to  be 
equal  to  one  another,  has  inferted  the  loth  def*  of  this  book, 
to  ferre  inftead  of  a  demonftration  j  which  was  verjr  ignorandj 
done* 

Likewife  in  the  26th  prop,  two  folid  angles  are  fuppofed  to 
be  equal :  If  each  of  them  be  contained  bj  three  plane  angles 
which  are  equal  to  one  another,  each  to  each.  And  it  is  ftrangc 
enough,  that  none  of  the  commentators  on  Euclid  have,  as  far 
as  I  blow,  perceived  that  fomething  is  wanting  in  the  demon- 
ftrations  of  tbefe  two  propofitions.  Clavius,  indeed,  in  a  ndtc 
upon  the  1  ith  def.  of  this  book,  affirms,  that  it  is  evident  that 
thofe  folid  aneles  are  equal  which  are  contained  by  the  fame 
number  of  plane  angles,  equal  to  one  another,  each  to  each, 
becaufe  ttiey  will  coincide,  if  they  be  conceived  to  be  placed 
within  one  another;  but  this  is  faid  without  any  proof,  nor  is  it 
always  true*  except  when  the  folid  angles  are  contained  by  three 
plane  angles  only,  which  are  equal  to  one  another,  each  to 
each  :  And  in  this  cafe  the  propofition  is  the  fame  with  this, 
that  two  fpberical  triangles  that  are  equilateral  to  one  another, 
are  alfo  equiangular  to  one  another,  and  can  coincide  ;  which 
ought  not  to  be  granted  without  a  demonftration.  Euclid  does 
not  aflume  this  in  the  cafe  of  redlilineal  triangles,  but  demon- 
ftrates  in  prop.  8.  book  i.  that  triangles  which  are  equilateral 
to  one  another  are  alfo  equiangular  to  one  another  i  and  from 
this  their  total  equality  appears  by  prop.  4.  book  1.  And  Me- 
nelaus,  in  the  4th  prop,  of*  his  itt  book  of  fpberics,  explicitly 
d^cmonftrates  that  fpberical  triangles  which  are  mutually  equi* 
lateral,  are  alfo  equiangular  to  one  another ;  from  which  it  is 
eafy  to  (how  that  they  muft  coincide,  providing  they  have  their 
Sdes  difpofed'  in  the  fame  order  and  fituation. 

To  fupply  thefe  defers,  it  was  neceflary  to  add  the  three  pro- 
pofitions marked  A,  B,  C  to  this  book.  For  the  25th,  26th,  and 
a8th  propofitions  <if  it,  and  confequently  eight  others,  viz.  the 
!27th,  31ft,  32d,  33d,  34th,  36th,  37th,  and  40th  of  the  fame, 
which  depend  upon  them,  have  hitherto  flood  upon  an  infirm 
foundation;  as  alfo,  the  8th,  12th,  Cor«  of  17th  and  18th  of 
I2th  book,  which  depend  upon  the  9th  definition.  For  it  has 
been  (hown  in  the  notes  on  def.  10.  of  this  book,  that  folid 
figures  which  are  contained  by  the  fame  number  of  fimilar  and 
equal  plane  figures,  sis  alfo  folid  angles  that  are  contained  by 
the  fame  number  of  equal  plane  angleSt  are  not  always  equal  to 
one  another. 

I: 
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tt  is  to  be  0httrv^i  tbsl^Tacquet,  in  bis  Cudid,  defines  equal  Bwk  xr. 
.  felid  angles  to  be  fucb,  **  as  being  put  within  one  another  do 
*^  coincide:**  But  this  is  an  axiom,  not  a  definition;  for  it  is 
true  of  all  magnitudes  whatever.  He  made  this  ufelefs  defini* 
tion,  that  by  it  he  might  demonftrate  the  36th  prop,  of  this 
book,  without  the  help  of  the  35th  of  the  fame ;  Concerning 
which  deroonftrationi  fee  the  note  upon  prop.  36* 

PROP.    XXVIII.      B.  XL 

In  this  it  ought  to  have  been  demonftrated,  not  a0amed, 
that  the  diagonals  are  in  one  plane.  Clavius  has  fupplied  this 
defea.  ^ 

PROP.    XXIX.      B.  XI. 

There  are  three  cafes  of  this  propofition ;  the  firft  is,  wheri 
the  two  parallelograms  oppofite  to  the  bafe  AB  have  a  fide  com* 
mon  to  both  $  the  fecond  is,  when  thefe  parallelograms  are  fe-^ 
parated  from  one  another;  and  the  third,  when  there  is  a  pare 
of  them  common  to  both }  and  to  this  lad  only,  the  demon- 
ftration  that  has  hitherto  been  in  the  elements  does  agree.  The 
firft  cafe  is  immediately  deduced  from  the  preceding  26th  prop, 
which  feems  for  this  purpofe  to  have  been  prcmifed  to  this  29111, 
for  it  is  neceflary  to  none  but  to  it,  and  to  the  40th  of  this  book, 
as  we  now  have  it,  to  which  laft  it  would,  without  doubt^  have 
been  premifed,  if  Euclid  had  not  made  ufe  of  it  in  the  29th ; 
but  fome  un£kilful  editor  has  taken  it  away  from  the  elements, 
and  bas  mutilated  Euclid's  demonftration  of  the  other  two  cafes, 
which  is  now  reftored,  and  ferves  for  both  at  once. 

PROP.    XXX.     B.  XL 

In  the  demonftratton  of  this,  tbt  oppofite  planes  of  the  folid 
CP,  in  the  figure  in  this  edition,  that  is,  of  the  fohd  CO  in 
Commandine's  figure,  are  not  proved  to  be  paraliei)  which  it 
is  proper  to  do  (or  the  fake  of  learners* 

PROP.      XXXL    3.  XL 

There  are  two  cafes  of  this  propofition ;  |he  fi/ft  is,  when 
the  iniiftjng  (traigbt  lines  are  at  right  ai^^  to  the  bafes ;  the. 
other,  when  they  are  not :  The  firft  cafiAUjittded  again  into 
two  others,  one  of  which  is,  when  tbpl^H^MH|||i»ngii)ar 
parallelograms ;  the  other,  when  they  •"        ^^HK^Iar : 

'  Tb  ^^  he 


354  NOTES* 

Book  XI.  The  Greek  editor  makes  no  memioh  of  the  firft  of  thcfe  two 
laft  cafes,  but  has  inferted  the  demonftration  of  it  as  a  part  of 
that  of  the  other:  And  therefore  fliould  ba?e  taken  notice  of 
it  in  a  corollary;  but  ^nre  thought  it  better  to  give  thefe  two  cafes 
feparately :  The  demonftration  alfo  is  ipade  fpmething  (horter 
by  following  the  way  Euclid  has  qaade  ufe  of  ip  prop.  14.  bo|ok 
6.    BefideSy  in  the  demonftration  of  the  cafe  in  which  the  in- 
lifting  ilraight  lines  are  not  at  right  angles  to  the  bafes,  the  edi- 
tor does  not  prove  that  the  folids  defcribed  in  the  conftrudion 
are  parallelepipedSf  which  it  is  not  to  be  thought  that  Euclid  ne« 
.gleaed :  Alfo  the  words,  f<  of  which  the  infifting  Oraigbt  lines 
•*  are  not  in  the  fame  ftraight  lines,**  have  been  added  by  fpmp 
unikiiful  hand ;  for  they  may  be  in  the  fame  ftraight  lines. 

BROP.     XXXIL    B.  XI^ 

The  editor  has  forgot  to  order  the  parallelograix)  FH  to  be 
applied  in  the  angle  I^GH  equal  to  the  apgle  ilCG,  which  i$ 
necefTary.     Clavius  has  fupplied  (his. 

Alfo,  in  the  conftruflioq,  it  is  require^  to  complete  the 
folid  of  which  the  bafe  is  FH>  and  altitude  the  fame  with  thst 
of  ;he  folid  CD  :  But  this  does  not  determine  the  fplid  to  be 
completed,  Cnce  there  may  be  innumerable  folids  upon  the 
fame  bafe,  and  of  the  fame  altitude  :  It  ought  therefore  to  be 
faid  **  complete  the  folid  of  which  the  bafe  i^  FH,  and  one  of 
<*  its  infifting  ftraight  lines  is  FD:**  The  fanie  cprre^ion  mu(| 
be  made  in  the  following  propofition  33. 

P  R  O  P.    D,      B.  XI, 

It  is  yery  probable  that  Euclid  gave  this  propofition  a  place  \t\ 
the  elements,  fince  be  gave  the  like  propofitiou  concerning  cqui^ 
angular  parallelograms  in  the  23d  b.  6. 

P  R  p  p.      XXXIV.      B.  XI. 

In  this  the  words,  fv  it  if irrfmi  2rx  ii^'if  iw-^  rSf  ^vrZ^  n^lw^r, 
^*  of  which  the  infifting  ftraight  lines  are  not  in  the  fame 
f<  ftraight  lines,^  iire  thrive  repeated ;  but  thefe  words  ought 
either  to  be  left  out,  as  they  are  by  Clavius,  or,  in  place  of  them, 
ought  to  be  puty  **  whether  the  i^fifting  ftraight  lines  be,  or  be 
**  not,  in  the  fame  ftraight  lines  :"  For  the  other  cafe  is  witl^- 
put  any  reafon  excluded  ^  alfo  the  wordSj  fp  t«  Vf«,  of  which 

the 
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^  the  altitudes,"  are  twice  pot  for  «»  «i  i^irr*^*!.  "  of  which  took  xi. 
*'  the  ioGfting  ftraigbt  lines  i**  which  is  a  (slain  miftake :  For  the 
altitude  is  always  at  right  angles  to  the  bafe. 

PROP.      XXXV.      B;    XI. 

The  angles  ABH^  DEM  are  demonftrated  to  he  right  angles 
in  a  (boner  way  than  in  the  Greek  %  and  in  the  fame  wav  AcH, 
SFM  may  be  demonftrated  to  be  right  angles:  Alfo  the  repe- 
tition of  the  fame  demonftratioui  wbich  begins  with  <*  in  the 
**  fame  manner*"  is  left  outt  as  it  was  probably  added  to  the 
text  by  fome  editor;  for  the  words^  *'  in  like  manner  we  may 
*<  demonftrate/'  are  not  inferted  except  when  the  demonftration 
is  not  given,  or  when  it  is  fomething  different  from  the  other, 
if  it  be  given,  as  in  prop.  26.  of  this  book*  Companus  has  not 
this  repetition. 

We  have  given  another  demonftration  of  the  corollary,  he- 
fides  the  one  in  the  original,  by  help  of  which  the  following 
36th  prop,  may  be  demonftrated  without  the  35th. 

PROP.      XXXVI.      B.   XL 

« 

Tacquet  in  his  Euclid  demonftrates  this  propofition  without 
the  help  of  the  35th  $  but  it  is  plain,  that  the  folids  mentioned 
in  the  Greek  text  in  the  enunciation  of  the  propofition  as  equi- 
angular, are  fuch  that  their  folid  angles  are  contained  by  three 
plane  angles  equal  to  one  another,  each  to  each;  as  is  evident 
from  the  conftrudion.  Now  Tacquet  does  not  demonftrate, 
but  aiTumes  thefe  folid  angles  to  be  equal  to  one  another  i  for 
he  fuppofes  the  folids  to  be  already  made,  and  does  not  give  the 
conftru£lion  by  which  they  are  made  :  But,  by  the  fecond  de- 
monftration of  the  preceding  corollary,  his  demonftration  is 
rendered  legitimate  likewife  in  the  cafe  where  the  folids  are  con* 
ftruAed  as  in  the  text. 

PROP.      XXX VU.    B-  XL 

In  this  it  is  aftumed  that  the  ratios  which  are  triplicate  of  thofe 
ratios  which  are  the  fame  with  one  another,  are  likewife  the 
fame  with  one  another;  and  that  thofe  tatios  are  t1>e  fame  with 
one  another,  of  which  the  triplicate  ratios  are  the.  fame  with  one 
another;  but  this  ought  not  to  be  granted  without  a  demonftra* 
tion;  nor  did  Eucfid  aflume  the  firft  and  eafieft  of  thefe  two 
propofitions,  but  demonftrated  it  in  the  cafe  of  duplicate  ratios, 
in  the  22d  prop,  book  6.  "  On  this  account,  another  dtrmonftra* 
tion  is  given  of  this  propofition  like  to  that  which  Euclid  gives 
in  prop.  22.  book  6.  as  Clavius  has  done.  ' 

Z  2  PROP. 
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Book  XT. 

'^^^^  P  R  O  t>.      XXXVIII.     B.  XI. 

When  it  is  required  to  draw  a  perpendicular  from  a  point  in 
one  plane  which  is  at  right  angles  to  another  plane^   unto  \hU 
lad  plane,  it  is  done  by  drawing  a  perpendicular  from  the  point 
to  the  common  fedion  of  the  planes ;  for  this  perpendicular 
wil\  be  perpendicular  to  the  plane,  by  Def.  4.  of  this  book: 
And  it  would  be  fooliih  in  this  cafe  to  do  it  by  the  1  ith  prop,  of 
■J7']*-lnthe  fame:    But  Euclid^,    Apollopius,   and  otbcr  geometers, 
when  they  have  occafion  for  this  problem,  dired  a  perpendicu- 
lar to  be  drawn  from  the  point  to  the  plane,  and  conclude  that 
it  will  fall  upon  the  common  fe£^ion  of  the  planes,  becaufe  this 
is  the  very  fame  thing  as  if  they  had  made  ufe  of  the  conftruc- 
tion  above  mentioned,  and  then  concluded  that  theftraight  line 
mud  be  perpendicular  to  the  plane;  but  is  expreffcd  in  fewer 
words:  Some  editor,  not  perceiving  this,  ^bought  it  was  nc- 
ceffary  to  add  this  propofition,  which  can  never  be  of  any  ufe  to 
the  nth  book,  and  its  being  near  to  the  end  among  propofi* 
tions  with  which  it  has  no  conneflion,  i$  a  mark  of  its  having 
been  added  to  the  text. 

PROP.     XXXIX.      B.    XI. 

In  this  it  is  fuppofed.  that  the  flraight  lines  which  hifcQ,  the 
fides  of  the  ppppfite  planes,  are  in  one  plape^  which  ought  tq 
have  been  demonArated  i  .as  is  now  done. 


B.      XII. 


O'VV-^ 


Book  XT!.  rTTlHE  learned  Mr  Moor,  profeflbr  of  Qreek  in  the  Univer- 
1  fity  of  Ghfgow,  pbferved  to  me,  that  it  plainly  appears 
from  Archimedes's  epiftle  toDoGtheus,  prefixed  to  his  books  of 
the  Sphere  apd  Cylinder,  which  epiille  he  has  reftored  from 
antient  manufcripts,  that  Eudoxus  was  the  author  of  the  chief 
propofuions  in  this  i  2th  book. 

PR  Q  P.     II.     B.    XII, 

I 

At  the  beginning  of  this  it  is  faid,  ^<  if  it  be  not  To,  the  fquarc 
«  of  BD  (hall  be  to  the  fquare  of  FH,  as  the  circle  ABCD  is 
"  to  fome  fpace  either  lels  than  the' circle  EFGH,  or  greater 
*^  than  it:*'  And  the  like  is  to  be  found  near  to  the  end  of  this 
propoCtion,   asalfo  in  prop.  5.  ii.  12.  x8,  of  this  book:  Con- 

cernin|^ 


{ 
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• 

cerhing  which,  it  is  to  be  obfcnred,  that,  in  the  demonftration  Book  xii. 
of  theorems,  it  is  fufficient,  in  this  and  the  like  cafes,    that  a  V^YVi^ 
thing  made  ufe  of  in  the  reafoning  can  poflibly  exift,  Drovi^ 
ding  this  be  evident,  though  it  cannot  be  exhibited  or  found  by. 
a  geometiical  conftruAion ;  So,  in  this  place,  it  is  aflumed,  that 
there  may  be  a  fourth  proportional  to  thefe  three  magnitudes, 
viz.  the  fquares  of  BD,  FH,  and  the  circle  ABCD;  becaufe 
it  is  evident  that  theie  is  fome  fquare  equal  to  the  circle  ABCD, 
though  it  cannot  be  found  geometrically ;  and  to  the  three  re^i- 
lineai  figures,  viz.    the  fquares  of  BD,  FH>  and  the  fqure 
-which  is  equal  to  the  circle  ABCD,  there  is  a  fourth  fquare 
proportional}   becaufe  to  the  three    ftraight  lines  which  are 
their  fides,  there  ia  a  fourth  ftraight  line  proportionals   and  ^  is-  6. 
this  fourth  fquare,  or  a  fpace  equal  to  it,  is  the  fpace  which 
in  this  propofition  is  denoted  by  the  letter  S  :  And  the  like  is  to 
be  onderftood  in  the  other  places  above  cited :    And  it  is  pro^ 
bable  that  this  baa  been  ihewn  by  Euclid,  but  left  out  by  fomc 
editor  i  for  the  lemma  whjch  fome  unfkiliul  hand  haa  added  to 
this  propofition  explains  nothing  of  iu 

PROP.     m.    B.    Xllt 

In  the  Greek  text  and  the  tranflations,  it  is  faid,  <*  and 
*'  becaufe  the  two  ftraight  lines  BA,  AC  which  meet  one  an- 
**  other,**  &c.  here  the  angles  BAC,  KHL  are  demonftrated 
to  be  equal  to  one  another  by  loth  prop.  b.  ii.  which  had 
been  done  before:  Becaufe  the  triangle  EAO  was  proved  to 
be  fimilar  to  the  tnangle  KHL :  This  repetition  is  left  out,  and 
the  triangles  BAC,  lUiL  are  proved  to  be  fimilai  in  a  ftiorter 
way  by  prop.  ai.  b.  6. 

PROP.    IV.    B.  xn. 

A  few  things  in  this  are  more  fully  explained  than  in  the 
Greek  text. 

PROP.      V.      B.   XII. 

In  this,  near  to  the  end,  are  the  words,  it  f/«r^«r5ff  Iht^^n^ 
^*  as  was  before  fliown,**  and  the  fame  are  found  again  in  the 
end  of  prop.  i8.  of  this  book;  but  the  demonftration  referred  to» 
except  it  be  the  ufelefs  lemma  annexed  to  the  2d  prop,  is  no 
where  in  tkefe  elements,  and  has  been  perhaps  left  out^  by  ibiiift 
oditor  who  has  forgot  to  cancel  thofe  words  alfo. 

Zs  PROP. 


3S8  NOTES. 

J^'-  P  R  O  P.      VI.     B.  XITc^ 

A  (horter  demonllra^on  is  given  of  this ;  and  that  wbich 
is  in  the  Greek  text  may  be  made  (horter  by  a  ftep  than  it  u : 
For  the  author  of  it  makes  ufe  of  the  aad  prop,  of  b.  gm  twice : 
Whereat  once  would  have  ferved  his  purpofe ;  oecaufe  that  pro- 
poGtion  extends  to  any  number  of  magnitudes  which  are  pro- 
portionals taken  two  and  two,  as  well  as  to  three  which  arc  pro- 
portional to  other  three. 

.  c  o  R.  p  R  o  P.  vni.  B.  xn. 

» 

The  demonftration  of  this  is  imperfe&y  becaufe  it  is  not 
fhowui  that  the  triangular  pyramids  into  which  thofe  upon  mul- 
tangular bafci  are  divided,  are  fimilar  to  one  another,  as  ought 
neceffarily  to  bare  been  done,  and  is  done  in  the  like  cafe  in 
p(op.  12.  of  this  book:  The  full  demonftration  of  the  coroHary 
is  as  follows. 

Upon  the  polygonal  baies  ABCDE,  FGHKL,  let  there  be  fi- 
milar and  fimilarly  fituated  pyramids  which  have  the  points  M, 
M  for  their  vertices  :  The  pyramid  ABCDEM  has  to  the  pyra- 
mid FGHKLN  the  uipHcate  ratio  of  that  which  the  fide  Afi 
has  to  the  bomologus  fide  FG. 

-    Let  the  polygons  be  divided  into  the  triangles  ABE,  £BC, 

a  lo.  6.     ECD  \  FGL,  LGH,  LHK»  which  are  fimilar  *  each  to  each : 

b  II.  def.   ,^d  becaufe  the  pyramids  are  fimilar,  therefofe>  the  triangle 

"'        EAM  is  fimilar  to  the  triangle  LFN,  and  the  triangle  ABM 

C4.6.       to  FGN;  Wherefore  <  MEis  toEA,  as  NL«>LFs  andasAE 


to  EB,  fo  is  FL  to  LG,  becaufe  th^  tciangies  EAB,  LFG  tft 
fimilar  i  therefore^  cs  aequali»  ai  ME  to  £B^  fo  is  NI«  Co  LG  : 

Id 


NOTES.  359 

In  like  manner  it  may  be  fliewn  that  £B  U  to  BM,  as  LG  to  Book  xn. 
ON  5  therefore»  agtin,  ex  acquali,  BS^fA  to  MB,  fo^sLNto  ^^^y^J 
NG  :    Wherefore 'tjie  triangles  EMB,  LN6  having  their  fides  ^ 

proportionals  are  ^  equiangular,  and  fimilar  to  one  another :  ^  s-  ^* 
1*herefore  the  pyramids  which  have  the  triangles  EAB,  LFG 
for  their  bafe^,  and  the  points  M,  N  for  their  vertices,  are  fi- 
milar ^  to  one  another,  for  their  folid  angles  are  ^  equal,  and  ^  ^J'  ^^' 
the  folids  themfelves  4re  contaiiled  by  the  fame  namber  of  fi-  ^  ^  'xx. 
snilar  planes :    In  the  fame  manner  the  pyramid  EBCM  may 
be  fhewn  to  be  fimilar  to  the  pyramid  LGHN,  and  the  pyra- 
mid ECDM  to  LHKN :    And  bccaufe  the  pyramids  EABM, 
LFGN  are  fimilar,  and  have  triangular  bafes,the  pyramid  £  ABM 
has  f  to  LFGN  the  triplicate  ratio  of  that  which  £B  has  to  the  f  8.  xa; 
homologous  fide  LG.    And,  in  the^fame  manner,  the  pyramid 
£BCM  has  to  the  pyi*amid  LGHN  the  triplicate  ratio  of  that 
vbich  EB  has  to  LG :  Therefore,  as  the  pyramid  EABM  is  to 
the  pyramid  LFGN>  fo  is  the  pyramid  EBCM  to  the  pyramid 
l.G«N :    In  like  manner,  as  the  pyrainid  EBCM  is  to  LGHN, 
fo  is  the  pyramid  ECDM  to  the  pyramid  LHKN :    And  as  one 
of  the  antecedents  is  to  one  of  the  confequents,  fo  are  all  the 
antecedents  to  all  the  confequents :   Therefore  as  the  pyramid 
EABM  to  the  pyramid  LFGN,    fo    is  the  whole  pyramid 
ABCDEM  to  the  whole  pyramid  FGHKLN  :    And  the  pyra* 
mid  EABM  has  to  the  pyramid  LFGN  the  triplicate  ratio  of 
that  which  AB  has  to  FG  ;  therefore  the  whole  pyramid  has  to 
the  whole  pyramid  the  triplicate  ratio  of  that  which  AB  has  to 
the  homologous  fide  FG.    (^  E.  D. 


PROP.  XL  and  XU.      B.  XIL 

The  order  of  the  letters  of  the  alphabet  is  not  obferved  in 
thefe  two  propofitions,  according  to  Euclid's  manner,  and  is 
now  reftored  : .  By  which  means,  the  firft  part  of  prop.  12.  may 
be  demonftrate4  in  the  fame  words  with  the  firft  part  of  prop; 
II.}  on  this  account  the  demonftracion  of  that  firft  part  is  left 
out,  and  aflumcd  from  prop.  ii. 

PROP.  XIIL    B.  XIL 

In  this  propofition  the  common  fedion  of  a  plane  parallel  to 
the  Bafes  of  a  cylinder,  with  the  cylinder  itfelfi  is  fuppofed  to 
be  a  circle,  and  it  was  thought  proper  briefly  to  demonftrate  it  $ 
from  whence  it  is  fufficiently  manifcft,  th<^t  this  plane  divides 
the  cylinder  into  two  others:  And  the  f^mc  thing  is  under* 
ti/bod  to  be  fupplied  in  prop*  :4. 

Z  4  PROF. 


I 
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PROP.    XV.      B.  Xll. 

*^  And  complete  the  cylinders  AX>  £0»^  both  the  emincia* 
tiOR  and  expofition  of  the  propofition  reprefent  the  cylinders  as 
well  as  the  cones,  as  already  defcribcd  :  Wherefore  the  read* 
ing  ought  rather  to  be,  **  and  let  the  cones  be  ALC^  ENG  ; 
"  and  the  cylinders  AX,  EO." 

1  he  firft  cafe  in  the  fecond  part  of  the  demonftration  is  want* 
ing  ;  and  fometbing  alfo  in  the  fecond  cafe  of  that  part,  before 
the  repetition  of  the  conftruflion  is  mentioned  ^  which  arc  nov 
added. 

PROP.    XVII.      B.  XII. 

In  the  enunciation  of  this  propofition^  the  Greek  words  mt 

rnf    fit4^4tet     «rfm7^tt9    rrfpMr     wfAvfJ'i^O     lyf(P«i)^«i»     m%     4^9««     rif 

f>«rror«;  f^at^ii^  autra  r«y  i9ri^i»»im»,  are  thtts  tranflated  by  Cooi- 
mandine  and  others,  **  in  major!  folidum  polyhedrum  defcri- 
*^  here  quod  minoris  fphaerae  fuperficiem  ngn  tangat ;"  that  is, 
**  to  defcribe  in  the  greater  fphere  a  folid  polyhedron  which 
**  fhall  not  meet  the  fupcrficies  of  the  leffer  fphere  :"  Whereby 
they  refer  the  words  »ttrm  r«y.  Hrif«y««iy  to  thefe  next  to  them 
TUf  ffAcrrfVftf  rf ««^«;  :  But  they  ought  by  no  means  to  he  thus 
tranflated,  for  the  folid  polyhedron  doth  not  only  meet  the  fa* 
perficies  of  the  lefTer  fphere,  but  perrades  the  whole  of  that 
fphere  :  Therefore  the  forefaid  words  are  to  be  referred  to 
r«  «-ri{i#y  9r«Xv«0(4y,  and  ought  thus  to  bc  tranflated ,  viz.  to  de- 
fcribe in  the  greater  fphere  a  folid  polyhedron  whofe  fupcrficies 
fhall  not  meet  the  leffer  fphere ;  as  the  meaning  of  the  propo- 
fition nec^ffarily  requires. 

The  demonftration  of  the  propofition  is  fpoiled  and  mutila* 
ted  ;  For  fome  eafy  things  arc  very  explicitly  demonftrated, 
while  others  not  fo  obvious  are  not  fufliciently  explained  ;  for 
example,  when  it  is  affirmed,  that  the  fquare  of  KB  is  greater 
than  the  double  of  the  fquare  of  BZ,  in  the  firft  demonftra« 
tion<;  and  that  the  angle  BZK  is  obtufei  in  the  fecond  :  Both 
which  ought  to  have  been  dcmonitrated  :  Befides,  in  the  firft 
demonftration,  it  is  faid,  **  draw  Ko  from  the  point  K  perpen- 
*^  dicular  to  BD  '^*  whereas  it  ought  to  have  been  faid,  *'  join 
•'  KV/'  and  it  (hould  have  been  demonftrated  that  KV  is 
perpendicular  to  BD  :  For  it  is  evident  from  the  figure  in  Her- 
vsgius's  and  Gregory's  editions^  and  from  the  words  of  the 

dcmosfr" 
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% 

demonftration)  that  the  Greek  Editor  did  not  perceive  that  BoekxiL 
the  perpendicular  drawn  from  the  point  K  to  the  ftratffht  line 
BD  mttft  neccflarily  fall  upon  the  point  V,  for  in  the  ngure  it 
is  made  to  fall  upon  the  point  Q  a  different  point  from  V, 
\%*hicb  is  likewife  fuppofed  in  the  demonilration.  Comman^ 
dine  feems  to  have  been  aware  of  this ;  for  in  this  figufe  he 
marks  one  and  the  fame  point  with  the  two  letters  V,  p  j  and 
before  Commandinet  the,  learned  John  Dee,  in  the  commen- 
tary J]0  annexes  to  this  propofition  in  Henry  Billinfley's  tranf- 
latiou  of  the  Elements  printed  at  Londouy  Ann.  ^51^9  exprefsly 
takes  notice  of  this  errort  and  gives  a  demonftfation  fuited  to 
the  con(lru£lion  in  the  Greek  tcxt^  by  which  he  (hews  that  the 
perpendicular  drawn  from  the  point  it  to  BD,  muft  neceflarily 
fall  upon  the  point  V« 

Likewife  it  is  not  demonftrated  that  the  quadrilateral  figures 
SOFT,  TPRY,  and  the  triangle  YRX  do  not  meet  the  ieffer 
fphere,  as  was  necefiary  to  have  been  done:  Only  Clavius,  as 
far  as  I  know,  has  obferved  this,  and  demonftrated  it  by  a  lem- 
ma, which  is  now  premifed  to  this  propoGtion,  fomething  altera 
cd  and  more  briefly  demonftrated. 

In  the  corollary  of  this  propofition,  it  is  fuppofed  that  a 
folid  polyhedron  is  defcribed  in  the  other  fphere  iimilar  to  that 
which  is  defcribed  in  the  fphere  BCD£ ;  but,  as  the  conftrudion 
by  wbich  this  may  be  done  is  not  given,  it  was  thought  proper 
to  give  it,  and  to  demonftrate,  that  the  pyramids  in  it  are  fimi- 
lar  to  tbofe  of  the  fame  order  in  the  folid  polyhedron  defcribed 
iQ  the  fphere  BCDE. 

^ 

From  the  preceding  notes,  it  is  fufficiently  evident  how 
much  the  £lements  of  Euclid,  who  was  a  inoii  accurate  geo- 
meter, have  been  vitiated  and  mutilated  by  ignoranti  editors. 
The  opinion  which  the  greateft  part  of  learned  men  have  en- 
tertained concerning  the  prcfent  Greek  edition,  viz«  that  it  is 
very  little  or  nothing  different  from  the  genuine  work  of  Eu- 
clid, has  without  doubt  deceived  them,  and  made  them  lefs 
attentive  and  accurate  in  examining  thaf  edition ;  whereby  fe« 
veral  errors,  fome  of  them  grofs  enough,  have  efcaped  their 
notice  from  the  age  in  which  Iheon  lived  to  this  time.  Upon 
which  account  there  is  fome  ground  to  hope  that  the  pains  we 
have  taken  in  correAing  thofe  errors,  and  freeing  the  ele« 
ments  as  liar  as  we  could  from  blemilbes^  will  not  be  unac^ 

ceptable 
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Book  xir.  ceptable  to  good  judges  who  can  difcern  when  demotiftratioz!! 
'are  legitimate^  and  when  they  are  not. 

The  objeftiona  which,  fince  the  firft  edition,  hare  been 
made  againft  fome  things  in  the  notes,  efpecially  againft  the 
dodrine  of  proportionals,  have  either  been  fully  anfwcred  in 
Dr  Barrow's  LeA^  Mathemat.  and  in  thefe  notes ;  or  are  fucb, 
except  one  which  has  been  taken  notice  of  in  the  note  oa 
prop.  I.  book  II,  as  (hew  that  the  perfon  who  made  them 
has  not  fufficiently  confidered  the  things  againft  which  they 
are  brought  i  fo  that  it  is  not  neceflary  to  make  any  further 
anfwer  to  thefe  ofajcflions  and  others  like  them  againft  Euclid's 
definition  of  proportionals  i  of  which  definition  Dr  Barrow 
jttftly  fays  in  page  297.  of  the  above  named  book,  that  "  Ni- 
'*  fi  machinis  impulfa  Talidioribus  aeternnm  perfiftet  incoo- 
«  cuffa." 


N       I       S. 
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C  s«l  3 


PREFACE, 

Euclid's  data  U  the  firll  in  order  of  the 
books  written  by  the  antient  geometers  to 
facilitate  and  promote  the  method  of  reiblution  or 
analylis.  In  the  general,  a  thing  is  faid  to  be  gi-- 
ven  which  is  either  adually  exhibited,  or  can  be 
found  out,  that  is,  which  is  either  known  by  hy«4 
pothefis,  or  that  can  be  demonftrated  to  be  known; 
and  the  propofitions  in  the  book  of  Euclid's  Data 
(hew  what  things  can  be  found  out  or  known  from 
thofe  that  by  hypothefis  are  already  known;  for 
that  in  the  analyiis  cm:  inveiligation  of  a  problem^, 
from  the  things  that  are  laid  down  to  be  known 
or  given,  by  the  help  of  thefe  propofitions  otheif 
things  are  demonftrated  to  be  given,  and  from 
thefe,.  other  things  are  again  (hewn  to  be  given^ 
and  fo  on,  until  that  which  was  propofed  to  be 
found  out  in  the  problem  is  demonftrated  to  be 
given,  and  when  this  is  done,  the  problem  is  fol«« 
ved,  and  its  c9mpofition  is  made  and  derived 
from  the  compofitions  of  the  Data  which  were 
made  ufe  of  in  the  analyfis.  And  thus  the  Data 
of  Euclid  are  of  the  moft  general  and,  neceifary 
ufe  in  the  folution  of  problems  of  every  kind* 

Euclid  is  reckoned  to  be  the  author  of  the  Book 
of  the  Data,  both  by  the  antient  and  modern  geo« 
meters ;  and  there  feems  to  be  no  doubt  of  his  ha« 
ving  written  a  book  on  this  fubjedt,  but  which,  in 
the  courfe  of  fo  many  ages,  has  been  much  vi^ 
tiated  by  unfkilful  editors  in  feveral  places,  both 
in  the  order  of  the  propofitions,  and  in  the  defi- 
f^itions  and  demonftrations  themfelves.    To  cor- 


3«  PRE      F      ACE, 

red  the  errors  which  are  now  found  in  it,  and 
bring  it  nearer  to  the  accuracy  with  which  it 
was,  no  doubt,  at  firft  written  by  Euclid,  is  the 
defign  of  this  edition,  that  fo  it  may  be  render- 
ed more  ufeful  to  geometers,  at  leaft  to  begin- 
ners who  defire  to  learn  the  inveftigatory  method 
of  the  antients.  And  for  their  fakes,  the  com- 
poiitions  of  moft  of  the  Data  are  fubjoined  to 
their  demonftrations,  that  the  compo^tions  of 
problems  folved  by  help  of  the  Data^  may  be  the 
more  eafily  made. 

Marinus  the  philofopher's  preface,  which,  in 
the  Greek  edition,  is  prefixed  to  the  Data,  is  here 
left  out,  as  being  of  no  ufe  to  underftand  them. 
At  the  end  of  it,  he  fays,  that  Euclid  has  not  u- 
fed  the  fynthetical,  but  the  analytical  method 
in  delivering  them ;  in  which  he  is  quite  mifta- 
ken  ;  for,  in  the  analyfis  of  a  theorem,  the  thing 
to  be  demonftrated  is  aflfumed  in  the  analyfis; 
but  in  the  demonftrations  of  the  Data,  the  thing 
to  be  demonftrated,  which  is,  that  fomething  or 
other  is  given,  is  never  once  aflumed  in  the  dc- 
monftration,  from  which  it  is  manifeft,  that  e- 
very  one  of  them  is  demonftrated  fynthetically ; 
though,  indeed,  if  a  propofition  of  the  Data  be 
turned  into  a  problem,  for  example  the  84th  or 
85th  in  the  former  editions,  which  here  are  the 
85th  and  86th,  the  demonftration  of  the  propofi- 
tion becomes  the  analyfis  of  the  problem. 

Wherein  this  edition  differs  from  the  Greek, 
and  the  reafons  of  the  alterations  from  it,  will  be 
(hewn  in  the  notes  at  the  end  of  the  Data. 
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BEFINITIOHS. 


/ 


1 


SPACES^  lines,  and  angles,  are  (aid  to  be  gifen  in  rasgni* 
tude,  when  equals  to  them  can  be  found. 
.  .  U. 

^  ratio  is  faid  ^  b^  giyen^  when  a  ratio  oF  a  given  magnitude 
to  a  gii;en  i]|^£ni^<^^^  which  is  the  fame  ratio  with  it  can  be 
foujd.    -1^ 

Bie£liBneal  figures  are  faid  to  be  giren  in  fpecies,  which  have 
eacQ  of  tf^eir  angles  gtVen,  and  the  ratios  of  their  fides  giTcn* 

Potnt^  lineSi  and  fpaces,  ar^  faid  to  be  given  in  pofition,  which 
hare  always  the  fame  fituation,  and  which  are  either  a^uallj 
exhibited,  or  can  be  found. 

A. 

^n  angle  is  faid  to  be  given  in  pofitioui  which  is  contained:  by 
ftraight  lines  given  in  pofition. 

•  V.       ^  •  / 

A  circle  is  faid  to  be  given  in  magnitude,  when  a  ftraight  line 
from  its  centre  to  the  circumference  is  given  in  magnitude.. 

A  circle  is  faid  to  be  given  in  pofition  and  magnitude,  the 
centre  of  which  is  givtn  in  pofition,  and  ai  ftraight  line  froni 
St  to  the  circumference  is  given  in  magnitude. 

VII. 
Segments  of  circles  are  fiiid  to  be  given  in  magnitude,  when 
the  angles  ip  them,  and  their  bafes,  are  given  in  magnitude. 

VIH. 
Segments  of  circles  are  faid  to  be  given  in  pofitlotf  and  ,mag« 
nitude,  when  the  angles  in  them  are  given  in  mignitudeV 
and  their  bafes  are  given  both  in  pofition  and  magnitude. 

iJk.  '  ' 

A  magnitude  is  faid  to  be  greater  than  another  by  a  given 
magpitude,  when  this  given  magnitude  being  takm  firotn'  % 
|he  femainder  is  equal  to  die  odier  magnitndet 


.y    1 


X. 

A  magnitude  is  faid  to  be  lefs  than  another  by  a  girca  magE  • 
tode,  when  this  given  magnitude  being  added  to  itf  tb: 
whole  16  equal  to  the  other  magnitude. 


f. 


•• 


PROPOSITION    I. 


^  '^      rriHE  ratios  of  given  magnitudes  to  one  another  b 
A    given. 

Let  A|  6  be  two  gliren  magnitudes,  the  ratio  of  A  to  B  is 
given. 

Becanfe  A  is  a  given  magnitudei  there  majr 
$vM.     *  be  found  one  equal  to  it;  let  this  be  C :  And 
^^'       becanfe  B  is  given,  one  equal  to  it  may  be 
found ;  let  it  be  D ;  and  fince  A  is  equal  to  C, 
^  7«  5*       and  B  to  D  t  therefore  ^  A  Is  to  B«  as  C  to 
D ;  and  confequently  the  ratio  of  A  to  B  is 
giveni  becsufe  the  ratio  of  the  given  magni-  ▲    ^    #«  T 
tudes  C,  D  which  is  the  fame  with  it,  has  I^en»  JS    C/  Jl 
fouild« 


PROP.      IL 


^N.  T^  ^  gi^i^  toagnitude  has  a  given  ratio  to  aiitKber 
X  magnitude,  **  and  if  unto  the'  two  magnitudes  by 
*^  ^hich  the  given  ratio  is  exhibited,  and  the  given 
•*  magiiltudc,  a  fourth  proportional  can  be  found  j"  the 
other  magnitude  is  given. 

Let  the  given  magnitude  A  have  a^given  ratio  to  the  mag- 
nitude B ;  if  a  fourth  proportional  can  be  found  to  the  three 
magnitudes  above  named,  fi  is  given  in  magnitude. 
Bccaufe  A  is  gi^e^,  %  mitgnitbda  may  be 
•  s*  ^u     found  equal  to  it  *  \  l^t  this  be  C  \  And  be» 
caufe  tbe  ratio  of  A  to  B  is  ^ven,  a  ratio 
vhich '  i^  tb€  lame  witb  it  may  be  found,  Ut  ^ 

t&U.bfi  ibf  rgtio  ftf  the. gtvoi' magnitude  E\A.B  C^ 
to  the  gi?€tt  mugnif'fidfi.F:  UiiiotbemagBs-  '  '  K  T 
tudes   £,   F,   C    find   a  fourth'  proportional  ^ 

D, ;  whicbf  by  the  *  hf  pdthefia,  c|in  be  done* 
Wb«rdbf«»  brcattb'  A  ia  to B^ias  £  to  F^:  aniti 
b  11. 5.     as  £  to  F,  fo  is  C  iQiD^i  A  ia^  to  B^  as  C  to 

D. 

*  The  figures  ia  i^e  margtn  (bow  the  number  of  ihe  propoiitloiis  in  the  other 
oAitiwis. 


DATA.  369 

S.  Bu^  A  is  equal  to  C  ;  therefore  ^  B  is  equal  to  D.  The  ^  ^4.  5- 
m^gnitade  B  is  therefore  given  ',  becaufe  a  magoitude  D  equal  a  i*  d«r. 
to  it  has  been  found. 

The  limitation  within  the  Itivdrtfd  c6mmas  is  not  in  the 
Greek  text,  but  is  npw  neceflarily  added  \  ^nd  ,the  f^nne  mull  he 
iinderftocKl  in  all  the  propoiitions  of  the  book  which  di*pend 
upon  this  fecond  propofition^  where  it  is  not  exprefsiy  mention- 
ed*   See  the  note  upon  it. 


PROP.    HL 


1 


F  any  giYcn  magnitudes  be  added  together,  their  fam 
fliaU  be  given. 


Let  any  giren  magnttiides  AB,  BC  be  added  together,  their 
iiiRi  AC  is  giyien. 

Becaufe  AB  is  giveOi  a  magnitude  equal  to  it  may  be  found  ^ ;  a  i.  def. 


Jet  ihis  be  D£  :  And  becaufe  BC  is  gi- 
ven, one  equal  to  it  may  be  found  ;  let 
this  be  EF :  Wherefore,  becaufe  AB  is 


ven,  one  equal  to  it  may  be  found  ;  Tgt/V  y       O 


equal  to  DE,  and  BC  equal  to  EF ;  th^JJ  Jy#       JP 

whole  AG  IS  equal  to  the  whole  DF : 
AC  is  therefore  given,  becaufe  DF  has  been  found  which  is  ct 
qual  to  it* 


1 


PROP.    IV. 

F  a  given  magnitude  be  taken  from  a  given  magni* 
tade  ;  the  remaiRing  magnitude  ihall  be  given. 


From  the  given  magnitude  AB,  let  the  given  magnitude  AC 
be  taken  ;  the  remaining  magnitude  CB  is  given. 

Becaufe  AB  is  given,  a  magnitude  equal  to  it  may  *  be  a  i-  dtf. 
found ;  let  this  be  DE :   And  becaufe  ^  #^11 

AC  is  given,    one  equal  to  it  may  bcA»  y       ** 

founds  let  this  be  DF :  Wherefore,  be-^^  ^        T 

caufe  AB   is  equal  to  DE,  and  AC  toP  ^        E 

DF  i  the  remainder  CB  is  equal  to  the 
remainder  F£.     CB  is  therefore  given  %  becaufe  F£  which  is 
equal  to  it  has  been  found. 

A  a  PROP. 
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«^  P  R  O  P.    V. 

setv.  JF  of  three  magnitudes,  the  firft  together  with  the  fc- 
-^  cond  be  given,  and  alfo  the  fecond  together  with  the 
third ;  either  the  firft  is  equal  to  the  third,  or  one  of  tbcio 
is  greater  than  the  other  by  a  given  magnitude. 

Let  AB,  BC,  CD  be  three  magnitudes,  of  which  AB  together 
with  BC,  that  is  AC,  is  given ;  and  alfo  BC  together  with  CD, 
that  is  BD,  is  given.  Either  AB  is  eaual  to  CD,  or  one  of  them 
is  greater  than  the  other  by  a  given  magnitude. 

Becaufe  AC,,BD  are  each  of  them  given,  they  are  ettber  e* 
qual  to  one  another,  or  not  equal,  a^     n  C#     D 

Firftf  let  ibepi  be  equalt  and  becaufe^' .      y       .      i  V 
AC  is  equal  to  BD,  take  away  the  common  part  BC  i  therefore 
the  remainder  AB  is  equal  to  the  remainder  CD» 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  an^ 
make  C£  equal  to  BD.    Therefore  C£  is  given,  becaufe  BD  is 
given.     And  the  i?vhole  AC  is  gi- 
a4.dat.     ven  ;  therefore  *  A£  the  remainder  ▲    V      It        CD 
is  given.     And  becaufe  EC  i^cqual^^'X  ■    *?        V      ■* 
CO  BD,  by  (aking  BC  from  both, 

the  remainder  £3  is  equal  to  the  remainder  CD.  And  AE  is 
given ;  wherefore  AB  exceeds  £B,  that  is  CD,  by  the  given 
magnitude  A£« 

J.  PROP.    VI. 

5«  N.  jp  ^  niagnitude  has  a  given  ratio  to  a  part  of  it,  it  fcall 
^  alfp  have  a  given  ratio  to  the  remaining  part  of  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a  part  of  it  j 
it  has  a)fo  a  given  ratio  to  the  remainder  BC. 

Becaufe  tbe  ratio  of  AB  to  AC  is  given,  a  ratio  maybe 

ft  a.  def.  found  '  which  is  the  fame  to  it :  Let  this  be  the  ratio  of  D£ 
a  given  magnitude  to  the  given  mag-  A  C  B 
nitude  DF.     And  becaufe  DE,  DF  are T^ 

b  4.  dat.     given,   the   remainder   FE   is  *>   given :      '  '       ^ 

And  becaufe  AB  is  to  AC,  as  D£  to  U  X      ^ 

c  ?•  J.      DF,   by  converfion  •  AB  is  to  BC,   as  [ 

D£  to  EF.  Therefore  the  ratio  of  AB  to  BC  is  given,  becaufe 
the  ratio  of  the  given  magnitudes  DE,  £F,  which  is  the  fame 
y^ith  it,  has  been  found. 

C0R» 


DATA.  371 

Cob.  From  this  it  fellows,  that  the  parts  AC,  CB  have  a  gi- 
ven ratio  to  one  another :  Becaufe  as  AB  to  BC,  fo  is  DE  to 
£F ;  by  divifion  S  AC  is  to  CB,  as  DF  to  F£ ;  and  DF,  F£  d  27.  5. 
are  given ,  therefore  ^  the  ratio  of  AC  to  CB  is  given.  «  «•  ^f* 


PROP.    VIL  6. 


I 


F  two  magnitudes  which  have  a  given  ratio  to  one  an-  s«e  N. 
other,  be  added  together  ;  the  whole  magnitude'  fhall 
have  to  each  of  them  a  given  ratio. 


JLtt  the  magnitudes  AB,  BC  which  have  a  given  ratio  to  one 
another,  be  added  together  ;  the  whole  AC  has  to  each  of  the 
magnitudes  AB,  BC  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  BC   is  given,  a  ratio  may  be 
found  *  which  is  the  fame  with  it ;  let  this  be  the  ratio  of  the  a  a.  def* 
given  magnitudes  DE,  EF :  And  he- a^  g        rj 

caufe  DE,  £P  are  given,   the  whole "^^  .  .  f         V 

DF  is  given  *> :  And  becaufe  as  AB  to— ^  _      _       •  b  3.  dat. 

BC,  fo  is  DE  to  EF  ;  by  coropofition-M  _  K*     J^ 

^  AC  is  to  CB,  as  DF  to  FE;  and  by  '*  c  18.  3. 

converfion  **,  AC  is  to  AB,  as  DF  to  DE  :  Wherefore  becaufe  d  E.  5. 
AC  is  to  each  of  the  magnitudes  AB,  BC,  as  DF  to  each  of 
the  others  DE,  EF ;  the  ratio  qi  AC  to  each  of  the  magnitudes 
AB,  BC  is  given  •. 

PROP.    VIII.  7. 

IF  a  given  magnitude  be  divided  into  two  parts  which  See  n. 
have  a  given  ratio  to  one  another,  and  if  a  fourth  pro- 
portional can  be  found  to  the  fum  of  the  two  magnitudes 
by  which  the  given  ratio  is  exhibited,  one  of  them,  and 
the  given  magnitude ;  each  of  the  parts  is  given. 

Let  the  given  magnitude  AB  be  divided  into  the  parts  AC, 
CB  which  have  a  given  ratio  to  one  another  ;  if  a  fourth  pro- 
portiona!  can  be  found  to  the  above  a  ^        "tt 

named  magnitudes  j  AC  and  CB  arc^  V 

each  of  thcro  given*  .^^  xrv      12* 

Becaufe  the  ratio  of  AC  to  CB  islL X-.«±^ 

givcoi   the  ratio  of  AB  to  BC  is  given  *  ^   therefore  a  ratio ;  9  7.  dat. 

A  a  a  which 


f 
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8  a.  def. 
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vrh\ch  is  tbe  fame  with  it  can  be  found  S  let  this  be  tbe  latio  of 
the  given  magnitudes  DE,  £P:  And  a  C*         "ft 

becaufe  the  given  magnitude  AB  **^**^       ,  V  *^ 

to  BC  the  given  ratio  of  DE  to  EF,  if. 


F 

-4- 


E 


unio  DE,  %?,  AB  a  fourth  propor-P 

tional  can  be  found*  this  which  is  BC  "^ 

is  (riven  ^  $  and  becaufe  AB  is  given,""  the  other  part  AC  is 

given  '. 

In  (he  fame  manner,  and  with  the  like  limitation,  if  the  d-f- 
ference  AC  of  two  magnitudes  AB,  BC  which  have  a  given 
ratio  be  given  }  each  of  the  magnitudes  AB,  BC  is  given. 

PROP,    IX. 

MAGNITUDES   which  have  given  ratios  to  the 
fame  magnitude,  have  alfo  a  given  ratio  to  one 
another. 

Let  A,  C  have  each  of  them  a  given  ratio  to  B  ;  A  has  a  gi- 
ven ratio  to  C* 

Becaufe  the  ratio,  of  A  to  B  is  given,  a  ratio  which  is  the 
fame  to  it  may  be  found  *  ;  let  this  be  the  ratio  of  the  given 
magnitudes  D^  £  :  And  becaufe  the  ratio  of  B  to  C  is  given,  i 
ratio  which  is  the  fame  with  it  may  be  found  ^  }  let  this  be  tbe 
ratio  of  the  given  magnitudes  F,  G  : 
To  F,  G,  E  find  a  fourth  propor- 
tional H,  if  it  can  be  done;  and 
becaufe  as  A  is  to  B,  fo  is  U  to  £ ; 
;ind  as  B  to  C,  fo  is  (F  to  G,  and 
fo  is)  £  to  H ;  ex,  aequ^ii,  as  A  to 
C,  fo  is  D  to  H  :  Therefore  the  ratio 
of  A  to  C  is  given  S  becaufe  the 
ratio  of  the  given  magnitudes  D  and 
H,  which  is  the  fame  with  it,  has 
been  found  :  But  if  a  fourth  propor- 
tional to  F,  G,  £  cannot  be  found, 
then  it  can  only  be  faid  that  the  ratio  of  A  to  C  is  compounded 
of  the  ratios  of  A  to  B,  and  B  to  C,  that  is,  of  the  given  ratios 
of  D  to  E,  and  F  to  G, 

PROP. 


ABODE  H 

F  G 


DATA*  3)3 


IP  R  O  P.     X.  9. 

1^  tWQ  or  more  tnagnitudes  have  given  k*atios  to  one 
another,  and  if  they  have  given  ratios,  though  they 
be  not  the  fame,  to  fpme  other  magnitude^ ;  theie  other 
magnitudes  (hall  alfo  have  given  ratios  to  one  another^ 

Let  two  or  more  magnitudes  A,  B»  C  ha^e  given  ratios  to 
one  another ;  and  let  them  baye  given  ratios,  though  they  be 
not  the  fame,  lo  (bme  other  knagnitudes  D,  E,  F :  The  magna* 
tudes  D,  £,  F  have  given  ratios  to  one  another* 

Becaufe  the  ratio  of  A  to  D  is  given,  and  likewife  the  ratio 
of  A  to  D  i  therefore  the  ra-*   j\        ^  T| 

tio  of  D  to  B  is  given  • ;  but  ^  "  •  ^  *^'- 

the  ratio  of  fi  to  £  is  given,  "fa >      i     Ig 

therefore  *  the  ratio  of  D   to 

E  is  given  t  And   beciufe  the  C       ■  "  ■  F  '         ' 

ratio  of  B  to  C  is  given,  and  alfo  the  ratio  of  B  to  £ ;  the  ratio 
of  £  to  C  is  gixen  *  :  Aod  the  ratio  of  C  to  F  is  given ;  where^ 
fore  the  ratio  of  £  to  F  is  given :  D,  E,  F  have  therefore  given 
ratios  to  one  another. 

PROP.    XL  a». 

TF  two  magnitudes  have  each  of  them  a  given  ratio 
to  another  magnitude,  both  of  them  together  fhall 
have  a  given  ratio  to  that  other. 

4 

Jjtt  the  magnitudes  AB,  BC  have  a  given  ratio  to  the  magna- 
tude  D  ;  AC  has  ^  given  ratio  to  the  fame  D. 

Becaufe  AB,    BC   haVe  each   of    k  11         f! 

them  a  given  ratio  to  D,  the  ratio    ^^  ■ t      i  nn  ■   •     . 

of  AB  to  BC  is  given*:  And  by  com-  a  p*  du. 

pofition,  the  ratio  of  AC  to  CB  is    P 

given  * :  But  the  ratio  of  BC  to  D       —-—*—• 

is  given }  therefore  •  the  ratio  of  AC  to  D  is  given.  *  ^*  ^*^ 


A  a  3  PROP. 
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»3.  PROP.    xn. 

^  N*  IF  the  whole  have  to  the  whole  a  given  ratioy  and  the 
parts  have  to  the  parts  given,  but  not  the  fame^  ratios  t 
Every  one  of  them,  whole  or  part,  fliall  have  to  every 
one  a  given  ratio. 

Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD,  and 
the  parts  A£,  £B  have  given,  but  not  the  fanac,  ratios  to  the 
parts  CF,  FD :  Every  one  (hall  have  to  every  one,  whole  or 
part,  a  given  ratio. 

Becanfe  the  ratio  of  AE  to  CF  is  given,  as  AE  to  CF^  (o 
make  AB  to  CG  }  the  ratio  therefore  of  A B  to  CG  is  given; 
wherefore   the  ratio  of  the  remainder  EB    to  the  remainder 

>  »9-  5-      FG  is  gwn,  becaufc  it  is  the  fame*  with  the  ratio  of  AB  to 
CG  :  And  the  ratio  of  EB  to  FD  '«  A.         £  B 

given,  wherefore   the   ratio  of  FD  *»  i 

b  9^aat.    to  FG  is  given  *^;  and  by  conver- ^^       m  ^^    T% 

fion,   the  ratio  of  FD    to  DG .  is  U       If  \Jf  U 

c  6.  dat.     given  * :    And    becaufe   AB   has  to 

each  of  the  magnitudes  CD,  CG  a  given  ratio,  the  ratio  ot  CD 
to  CG  is  given  *> ;  and  therefore  *  the  ratio  of  CD  to  DG  is 
given  :  But  the  ratio  of  GD  to  DF  is  given,  wherefore  ^  the 
ratio  of  CD  to  DF  is  given,  and  confequently  ^  the  ratio  of  CF 
dat.        to  FD  is  given ;  but  the  ratio  of  CF  to  AE  is  {Hven,  as  alfo  the 

e  la  dat.    ratio  of  FD  to  EB }  wherefore  ^  the  ratio  of  AE  to  EB  is  given-, 

f  7.  dic     as  alfo  the  ratio  of  AB  tp  each  of  them  ^  :  The  ratio  theiefort 
of  every  one  to  every  one  is  given. 


^4.  PRO  P.    XIIL 

See  N.  jF  the  firft  of  three  proportional  ftraight  lines  has  a 
given  ratio  to  the  third,  the  firft  ihall  alfo  have  a  given 
ratio  to  the  fecond. 

Let  A,  B,  C  be  three  proportional  flraight  lines,  that  is,  as 
A  to  B,  fo  is  B  to  C ;  if  A  has  to  C  a  given  ratio,  A  fhall  alb 
have  to  B  a  given  ratio. 

Becaufe  the  ratio  of  A  to  C  is  Riven,  a  ratio  which  is  the 
m  a.  def.  fame  with  it  may  be  found  *  j  let  this  be  the  ratio  of  the  gi- 
b  13.  6.     ven  ftraight  lines  D,  £ ;  aUd  between  D  and  £  find  a  ^  nif^n 

proportiofl^l 


d  cor.  6* 


b     A     T     Ai 

proportional  F;   therefore  the  re£kangle   contained  by  D  and 

Jg  18  equal  to  the  fquare  of  F*  ^nd  the  reA- 

angle  £^»  f  is  given,  becaufe  its  fides  D,  £  are 

Kiven  s  tiUierefore  the  fquare  of  F,   and  the 

ilraight  line  F  is  given  :  And  becaufe  as  A  is 

to  C,  &  is  D  to  £ ;  hut  as  A  to  C,  fo  is  *  the 

fquare  of  A  to  the  fquare  of  B ;  atid  as  D  to 

£y  fo  is  ^  the  fquare  of  D  to  the  fqUare  of  F: 

therefore  the  fquare  ^  of  A  is  to  the  fquare  of 

B,  as  thie  fquare  df  D  to  the  fquare  of  F : 

As   therefore  *   the  ftraight    line   A  to  the 

ftraight  line  B,  fo  is  the  ftraight  line  D  to  the 

ftraight  line  F  \  Therefore  the  ratio  of  A  to  B 

18   given  *»   becauf^   the?  ratio  of   the  given 

Itraight  lines  D,  F  ivhich  is  the  fame  with  it 

has  been  found. 
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d  xz.  5. 


e  %%,  6* 


m  a.  def. 


f  R  O  P.      XIV. 


tF  a  magnitude  together  with  a  given  magnitude  has  a  s^  n. 
^  given  ratio  to  another  magnitude ;  the  ejtcefs  of  this 
other  magnitude  above  a  given  magnitude  has  a  given  ra- 
tio to  the  firft  magnitude  :  And  if  the  exccfs  of  a  magni- 
tude above  a  given  magnitude  has  a  given  ratio  to  ano- 
ther magnitude  }  this  other  magnitude  together  with  a 
given  magnitude  has  a  given  ratio  to  the  firft:  magnitude* 

Let  the  magnitude  AB  together  with  the  given  magnitude 
BE,  that  is  A£)  have  a  given  ratio  to  the  magnitude  CD  ;  the 
exccfs  of  CD  above  a  given  magnitude  has  a  given  ratio  to  AB. 

Becaufe  the  ratio  of  A£  to  CD  is  given,  as  A£  to  CD,  fo 
make  BE  to  FD  ;  therefore  the  ratio  of  BE  to  FD  is  given,  and 
Bt  is  gi vcn  J  wherefore  FD  is  given*:    .  »        -n 

And  becaufe  as  AE  to  CD,  fo  is  BE  A  .        IS        E 

to  FD\  the  remainder  AB  is*>  to  the  . 

remainder  CF,  as  AE  to  CD:  But  the  C  P     D 

ratio  of  AE  to  CD  is  given,  therefore  ' 

the  ratio  of  AB  to  CF  is  given ;  that  is,  CF  the  excefs  of  CD 
above  the  given  magnitude  FD  has  a  given  ratio  to  AB. 

Next,  I^t  the  excefs  of  the  magnitude  AB  above  the  given 
magnitude  BE,  that  is,  let  AE  have  a  given  ratio  to  the  mag- 

A  a  4  nitude 


a  s.  die. 


If.  ^ 


i16  E    U    C    L    I    D's 


nitudeCD:  CD  together  with  9  gifen  magoitttde  has  a  gin: 
ratio  to  AB. 

Becaufe  the  ratio  of  A£  to  CD  h  givcn^  as  AE  to  CD,  k 
make  BE  to  FD  ;  therefore  the  ratio  of  A  rj     v 

B£  tb  FD  is  «gi?en,  and  BE  is  given,    .  ' 

ai. dac.      wherefore  FD  is  given*:  And  becaufe 

as  AE  to  CD,  fo  is  BE  to  FD,  AB  i$Q  D    F 

c  IX,  5.    to  CF,  as*  AE  to  CD: 'But  the  ratio        '  ' 

of  AE  to  CD  is  ^iveny  therefore  the  ratio  of  AB  to  CF  is  gi- 
ven I  that  is,  CF  which  is  equal  to  CD  together  with  the  girto 
magfiitude  0F  has  a  given  ratio  to  AB. 


flee  N. 


a  4.  dtt. 


PROP.    XV. 

Fa  magnitude  together  with  that  to  which  anotkr 
magnitude  has  a  given  ratio^  be  given  ;  the  faro  ol 
this  other,  and  that  to  which  the  firfl  magnltade  bs 
a  given  ratio  is  given. 

Let  AB,  CD  be  two  magnitudes  of  which  AB  together  witli 
BE  to  which  CD  has  a  given  ratio,  is  given  ;  CD  i$  gives  top* 
ther  with  that  magnitude  to  which  AB  has  a  given  ratio. 

Becaufe  the  ratio  of  CD  to  BE  is  given,  as  BE  to  CD)  !o 
make  AE  to  IFD4  therefore  the  ratio  of  ^AE  to  FD  is  gi«n, 
and  AE  is  given,  wherefore  •  FD  k                     "D       V 
is  given  :    And  becaufe    as  BE  to     ■  T 


b  Cor.  IP.  CD,  fo  is  AE  to  FD  :   AB  is »»  to  — |  g^     r\ 

>  FC,  as  BE  to  CD:    And  the  ratio  * y     i^ 

of  BE  to  CD  is  given,  wherefore 

the  ratio  of  AB  to  FC  is  given  :  And  FD  is  given,  that  a  CD 

together  with  FC  to  which  AB  has  a  given  ratio  is  given. 

10.  PRO  P.    XVL 

See  N.  JF  the  cxcefs  of  a  magnitude  above  a  given  magnitude, 
has  a  giv^Hfi  ratio  to- another  magnitude  ;  the  cxcefs  oi 
both  together -above  a  given  magnitude  fhall  have  to  that 
other  a  -give-n  ratia :  And  if  the  ezcefs  of  two  magoitu^^ 
together  above  a  given  magnitude,  has  to  one  of  tbcoi  a 
given  ratio  ;  cither  the  cxcefs  of  the  other  above  a  giv^D 
magnitude  has  to  that  one  a  given  ratio }  or  the  other  is 
given  together  with  the  magnitude  to  which  that  onc^^ 
a  given  ratio. 
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X^ec  the  excefs  of  the  magnitude  AB  ahove  a  given  magni« 
udci  have  a  gWen  ratio  to  the  magnitude  BC  ;'the  exce&  of 
^O;  both  of  tnern  togetberi  above  the  given  magnitude,  has  a 
jivcn  ratio  to  BC. 

Let  AD  be  the  given  magnitude,  the  ezcefs  of  AB  above 
w-liich,  viz.   DB  has  a  given  ratio  A  D      B  C 

CO  BC:  And  becaufe  DB  has  $i  gi- . . 

vcn  ratio  to  BC,  the  ratio  of  DC  to  I  I  ^ 

CB  18  given  *,  and  AD   is  given  ;  therefore  DC,  the  ezcefs  of  a  7.  dat. 

^C  above  the  given  magnitude  AD, 'has  a  given  ratio  to  BC 

Next,  let  the  ezcefs  of  two  magnitudes  AB,  BC  together^ 
above  a  given  magnitude,  have  to    a  1>     TI.      X?  f^ 

one  of  them  BC  a  given  ratio  j  ci-  ^^  r      "        1  ^ 

ther  the  excels  of  the  other  ofthem 

^B  above  the  given  magnitude  ihall  have  to  BC  a  given  ra- 
tio ;  or  AB  is  given,  together  with  the  magnitude  to  which 
13C  has  a  given  ratio. 

Let  AD  be  the  given  magnitude,  and  firft  let  it  be  lefs  than 
i\B ;  and  becaufe  DC  the  excefs  of  AC  above  AD  has  a  given 
ratio  to  BC,  DB  has  ^  a  given  ratio  to  BC ;  that  is,  DB,  the  ex-  b  Cor.  6w 
cefs  of  AB  above  the  given  magnitude  AD,  has  a  given  ratio  to     <iaK. 
BC. 

But  let  the  given  magnitude  be  greater  than  AB,  and  make 
A£  equal  to  it ;  and  becat^fe  EC,  the  excefs  of  AC  above  AE, 
has  to  BC  a  given  ratio,  BC  has  ^  a  given  ratio  to  BE ;  and  be  ^  5,  ^t. 
caufc  A£  is  given,  AB  together  with  BE  to  which  BC  has  a 
given  ratio,  is  given. 

PROP.    xvn.  ,, 

TF  the  excefs  of  a  magnitude  above  a  given  n>agnitudc  sec  m. 

has  a  given  ratio  to  another  magnitude ;  the  excefs 
of  the  fame  tirft  magnitude  above  {a  given  magnitude, 
(hall  have  a  given  ratio  to  both  the  magnitudes  toge- 
ther. And  if  the  excefs  of  either  of  two  magni- 
tudes above  a  given  magnitude  has  a  given  ratio  to  ' 
both  magnitudes  together;  the  excefs  of  the  fame  a- 
bove  a  given  magnitude  Ihall  have  a  ^iven  ratio  to 
the  other. 

Let  the  ezcefs  of  the  magnitude  AB  above  a  given  magni* 
tude  have  a  given  ratio  to  the  magnitude  BC  j  tbe  ezcefs  of  AB 
above  a  given  magnitude  has  a  given  ratio  to  AC. 

Let 


^)8  E    tJ    C    L    1    D*« 

liCt  AD  be  the  given  magnitude ;  and  bccaufe  DB,  tlie  tt-  I 
cefs  of  AB  above  AD,  has  a  given  ratio  to  BC ;  the  rado  c: 

•  y.  4at.    DC  to  DB  18  given  * :  Make  the  ratio  of  AD  to  D£  the  bmt 

with  this  ratio ;  therefore  the  ratio    ^  17    rt  12         r 

of  AD  to  DE  is  given  :  And  AD  ^  "T  T  " 
b  s.  dit.  is  giyen,  i^herefore  *  DE,  and  the  remainder  AE  are  given:  Ani 
c  1%.  5-  bccaufe  as  DC  to  DB,  fo  is  AD  to  DE,  AC  is'  to  £B,  as  DC 
toDB;  and  the  ratio  of  DC  to  DB  is  given;  vberefbre  the 
ratio  of  AC  to  £B  is  given  :  And  becaufe  the  ratio  of  £B  to  AC 
is  given,  and  that  A£  is  given,  therefore  £B  the  ezceft  of  AB 
above  the  given  magnitude  AE^  has  a  giten  ratio  to  AC. 

Next,  let  the  excefs  of  AB  above  a  given  magnitude  have  a 
ghtn  ratip  to  AB  and  BC  together,  that  is,  to  AC  ;  the  cxcds 
of  AB  above  a  given  magnitude  has  a  given  ratio  to  BC. 

Let  AE  be  the  given  magnitude;  and  becaufe  EB  the  excefs 

of  AB  above  AE  has  to  AC  a  giveft  hitio,  as  AC  to  1^,  fo 

make  AD  toDE ;  therefore  the  ratio  of  AD  to  DE  is  giveo, 

d  6.  dit.    as  alfo^  the  ratio  of  AD  to  AE  :    And  AE  is  given,  where- 

fore^  AD  is  given:  And  becaufe,  as  the  whole  AC,  to  the 

•  >9*  5-     whole  EB,  fo  is  AD  to  DE ;  the  remainder  DC  is  ^  to  the 

remainder  DB,  as  AC  to  EB ;  and  the  ratio  6f  AC  to  £B  is 

f  Cor.  6.    given  ;  wherefore  the  ratio  of  DC  to  DB  is  given,  as  alfo  ^  the 

^^       ratio  of  DB  to  BC  :  And  AD  is  given  i  therefore  DB,  the  ex* 

cefs  of  AB  above  a  given  magnitude  AD,  has  a  given  ratio  t9 

BC. 


14. 


PROP.    XVIIL 


TF  to  each  of  two  magnitudes,  which  have  a  given  ratio 

to  one  another,  a  giYcn   magnitude  be  added ;  the 

whole  fhall  either  have  a  given  ratio  to  one  another,  or 

the  excefs  of  one  of  thcni  above  a  given  magnitude  fiiail 

/     have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 

another,  and  to  AB  let  the  given  magnitude  BE  bt  added,  and 

the  given  magnitude  DF  to  CD  :  The  wholes  AE,  CF  either 

have  a  given  ratio  to  one  another,  or  the  excefs  of  one  of  them 

a  X.  dtt.    above  a  given  magnitude  has  a  given  ratio  to  the  other  \ 

Becaufe  BE^  DF  are  each  of  them  given,  their  ratio  is  given, 

ani 
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atod  If  this  ratio  be  the  fame  with  AH  i;i 

«hc  latjo  of  AB  to  CD,  the  ratio  of  "Tt -f  ^ 

AE  to  CF,  which  is  the  fame  ^  with  r«    T%  -m  k 

The  given  ratio  of  AB  to  CD,  (hall  ^    ^  ^  ^* 

1>e  given. 

Bat  if  the  ratio  of  BE  to  DF  be  not  the  fame  with  the  tatio 
of  AB  to  CD,  either  it  is  greater  than  the  ratio  of  AB  to 
CD,  or,  by  inverfion,  the  ratio  of  DF  to  BE  is  greater  than 
the  ratio  of  CD  to  AB  :    Firft,  let  a      n  j^        t? 

the  rario  of  BE  to  DF  be  greater  ^^    T  i        - 

than  the  ratio  of  AB  to  CD ;  and  as  ^^ 

AB  to  CD,   fo  make  BG  to  DF  ;  C         1/ 
therdfore  the  ratio  of  BG  to  DF  is  * 

^iven ;  and  Df  is  given,  therefore  ^  BG  is  given  i  And  becaufe  c  a.  dat, 
BE  has  a  greater  ratio  to  D.F  than  ( AB  to  CD,  that  is,  than) 
BG  to  DF,  BE  is  greater  ^  than  BG  :  And  becaufe  as  AB  to  d  zo.  5* 
CD,  fo  is  BG  to  DF ;  therefore  AG  is  ^  to  CF,  as  AB  to  CD  : 
But  the  ratio  of  AB  to  CD  is  given,  wherefore  the  ratio  of  AG 
to  CF  is  given  $  and  becaufe  BE,  BG  are  each  of  them  given, 
GE  is  given  t  Therefore  AG,  the  excefs  of  AE  above  a  given 
magnitude  GE,  has  a  given  ratio  to  CF.  The  other  caCe  is  de- 
monftrated  in  the  fame  manner. 


PROP.    XIX.  15. 

IF  from  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  taken,  the 
remainders  (hall  either  have  a  given  ratio  to  one  another, 
or  the  excefs  of  one  of  them  above  a  given  magnitude, 
(hall  have  a  given  ratio  to  the  other. 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  an- 
other, and  from  AB  let  the  given  magnitude  AE  be  taken, 
and  from  CD,  the  given  magnitude  CF  :  The  remainders  EB, 
FD  (hall  either  have  a  given  ratio  to  one  another,  or  the  ex- 
cefs of  one  of  them  above  a  gi- A  ]g  V^ 
vcn  magnitude  (hall  have  a  given  '  » 
ratio  to  the  other.                           #1       V              1\ 

Becaufe  AE,    CF  are  each  ^^^       >{  1> 

them  given,  their  ratio  is  given  *  ;  *  i  dat. 

and  ifthis  ratio  be  the  fame  with  the  ratio  of  AB  to  CD,  the 

ratio 


/ 
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< 

ratio  of  the  remainder  EB  to  the  rettiaiAder  FD»  whidi  is  tk 
b.  19.  I.     fame  ^  with  the  given  ratio  of  AB  to  CD,  (hall  be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  (aine  with  tbe  ratio 
of  AE  to  CF|  either  it  is  greater  than  the  ratio  of  AE  tt>  CF, 
X  or,  by  inverfion,  the  ratio  CO  to  AB  is  greater  than  the  n- 
tio  of  CF  to  AE :  Firft,  let  tbe  ratio  of  AB  to  CD  be  greater 
than  the  ratio  of  AE  to  CF,  and  as  AB  to  CD,  fo  make  AG 
to  CF;  therefore  the  ratio  of  A6  A  17  f^  H 

to  CF  is  given,  and  CF  is  given, '^= i*.i? -. — d? 

c  s.  dat.     wherefore  ^  AG  is  given  :   And  f%  -n       -v^ 

becanfe  the  ratio  of  AB  to  CD,  Vj JP        ^ 

that  is,  the  ratio  of  AG  to  CF, 
d  zo.  5.  jg  greater  than  the  ratio  of  AE  to  CF  ;  AG  is  greater  ^  thaa 
AE :  And  AG,  AE,  are  given,  therefore  the  remainder  EG  is 
given  ;  and  as  AB  to  CD,  fo  is  AG  to  CF,  and  fo  is  ^  the  re- 
mainder GB  to  the  remainder  FD ;  and  the  ratio  of  AB  to  CD 
is  given  :  Wherefore  the  ratio  of  GB  to  FD  is  given  ;  there* 
fore  GB,  the  ezcefs  of  EB  above  a  given  magnitude  EG,  has  a 
given  ratio  to  FD.  la  tbe  fame  manner  the  other  cafe  is  dc« 
monftrated. 


16.  PRO  P.     XX. 

IF  to  one  of  two  magnitudes  which  have  a  given  ratio 
to  one  another,  a  given  magnitude  be  added,  and 
from  the  other  a  given  magnitude  be  taken  ;  the  excc(s 
of  the  fuai  above  a  given  magnitude  (hall  have  a  given 
ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  £a  be  added,  and 
from  CD  let  the  given  msrgnitude  CF  be  taken  ;  the  ezcefs  cf 
the  fam  EB  above  a  given  magnitude  has  a  given  ratio  to  the 
remainder  FD. 

Becaufe  tbe  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  fo  AG  to  CP :  Therefore  the  ratio  of  AG  to  CF  is  giveui 

a  a.  dat.     and  CF  is  given,  wherefore  *  AG  1^         k  f^       "R 

is  given  .^  and  EA  is.gtvent  there*  *^         ■  ty      J 

«fore  the  whole  EG  ia  given :  And  g^  *C«  Y\ 

becaufe  as  AB  to  CD,  fo  is  AG  v^  J  JLI 

b  19.  5*,     to  CF,  and  fo  is^  the  remainder 

GB  to  the  remainder  FD  -,  the  ratio  of  GB  to  FD  is  grvcu* 
And  EG  is  given^  therefore  GB,  the  excefs  of  the  fum  £B  a* 

bore 
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bmre  the  given  nagaitode  EG*  has  a  gtren  ratio  to  the  remaio* 
ID. 


PROP.    XXL  a 

TF  two  magnitudes  have  a  given  ratio  to  one  another,  see  H. 

if  a  given  magnitude  be  added  to  one  of  them,  and 
the  other  be  taken  from  a  .given  magnitude ;  the  fum, 
together  with  the  magnitude  to  which  the  remainder 
has  a  given  ratio,  is  given  :  And  the  remainder  is  given 
together  with  the  magnitude  to  which  the  fum  has  a 
given  ratio. 

Let  the  two  ,  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another ;  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
let  CD  be  taken  from  the  given  magnitude  FD  :  The  fum  AE 
is  given  together  with  the  magnitude  to  which  the  remainder 
FC  has  a  given  ratio* 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  fo  GB  to  FD  :  Therefore  the  ratio  of  GB  to  FD  it  given, 
and  FD  is  given,  wherefore  GBrj,       A  II      17 

is  given*;  and  BE  is  given,  the^i — :5^= 9' — ^      «  ».  dan 

whole  GE  is  therefore  given :  And  «^  g^  ^^ 

becaufe  as  AB  to  CD,  fo  is  GB  Mi  %J  %M 

toFD,andibis«>GAtoFCj  the  *     *>  >9  ^ 

ratio  of  GA  to  FC  is  given :   And  AE  together  with  G A  is  gi- 
ven, becaufe  G£  is  given ;  therefore  the  fum  AE  together  with        , 
GA,  to  which  the  remainder  FC  has  a  given  ratio,  is  given. 
The  fecond  part  is  manifeft  from  prop.  15. 

1 

PROP.    XXIL  I,. 

IF  two  magnitudes  have  a  given  ratio  to  one  another,  if  see  k. 

from  one  of  them  a  given  magnitude  be  taken,  and 
the  other-  be  taken  frpm  a  given  magnitude ;  each  of  the 
remainders  is  given  togedier  with  the  magnitude  to  which 
the  other  remainder  has  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  tp  one 
anothert  and  from  AB  Jet  the  given  magl^tude  AE  be  taken, 

and 


ate  E    U    C    L    I    D'i 

Mdlet  CD  be  tiken  from  the.gifen  magnttode  CF^  ther^ 
mainder  EB  is  given  together  with  the  nagnicude  to  which  tbc 
other  remainder  DF  has  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  r? 
CD,  fo  AG  to  CF :  The  ratio  of  AG  to  CF  is  therefore  givca. 

t  a.  dac     and  CF  is  given,  wherefore  ■  AG    ik       *        R  "R  Q 

IS  given;  and  AE  is  given,  and  *         t      | 

therefore  the  remainder  EG  >*  gi*  #^  vx       xs* 

vcn :  And  becaufe  as  AB  to  CD,  *^       -      y       * 

b  19.  5.     fo  is  AG  to  CF:  And  fo  is  ^  the 

remainder  BG  to  the  remainder  DF;  the  ratio  of  BG  to  I^  is 
given  :  And  EB  together  with  BG  is  given,  becanfe  EG  is  gi« 
▼en  :  Therefore  the  remainder  EB  together  with  BG,  to  which 
DF  the  other  remainder  has  a  given  ratio,  is  given.  The  (ecosd 
part  19  plain  from  this  and  prop.  15. 


ao,  PRO  P,     XXIII. 

S€c  N,      jp^  fj.Qj^  ^^Q  given  magnitudes  there  be  taken  magni* 

tudes  which  have  a  given  ratio  to  one  another,  the 

remainders  (hall  either  have  a  given  ratio  to  one  another, 

or  the  excels  of  one  of  them  above  a  given  magnitude 

fliajl  have  a  given  ratio  to  the  other. 

Let  AB,  CD  be  two  given  magnitudes,  and  from  them  let 

the  magnitudes  AE,  CF,  which  have  a  given  ratio  to  one  an- 

^     other,  be  taken ;  the  remainders  £B  FD  either  have  a  given  ratio 

to  one  anpther,  or  the  excefs  of  one  of  them  above  a  given  mag«' 

nitude  has  a  given  ratio  to  the  other, 

Becaufe  AB,  CD  are  each  of  a  17  n 

them  given,  the  ratio  of  AB  to  -^^  J^  n 

-    CD  is  given ;  And  if  this  ratio  ^  Tt       t\ 

be  the  fame  with  the  ratio  of  AE  C^ F        D 

to  CF,    then   the  ren\ainder  EB  ' 

a  xy.  5.      has  *  the  fame  given  ratio  to  the  remainder  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  ra* 
tio  of  AE  to  CF,  it  is  either  greater  than  it,  or,  by  inverfion, 
the  ratio  of  CD  to  AB  is  greater  than  the  ratio  0^  CF  to'  AE: 
Firft,  let  the  ratio  of  .AB  to  CD  be  greater  than  the  ratio  of 
AE  to  CF ;  and  as  AE  to  CF,  fo  make  AG  to  CD  \  there- 
fore the  ratio  of  AG  to  .CD  is  given,  becaufe  the  ratio  of 
b  a.  dat.     AE  to  CF  is  given  i  and  CD  is  given,  wherefore  *  AG  is 

given i 
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given  I  and  becaofe  the  ratio  of  AB  to  CD  is  greater  tbanjthe 
ratio  of  ( AE  to  CF,  that  is,  than  A                      "R  fi  B 

the  ratio  of)  AG  to  CD ;  AB  is  ^ ^  '   ^ 


3I3 


F 
-4- 


D 


greater ««  than  AG :   And  AB,  ^  ~        _  c  xo.  i. 

AG  are  given ;  therefore  the  re-  \, 

mainder  BG  is  given  :  And  be* 
caofe  as  A£  to  CF,  fo  is  AG  to  CD,  paiSo  is  *  EG  to  FD  ;  a  t^.  5. 
the  ratio  of  EG  to  FD  is  given  :    And  GB  is  given  ;  therefore 
EG,  the  ezcefs  of  EB  above  a  given  magnitude  GB,  If  as  a  gi- 
ven ratio  to  FD.    The  other  cafe  is  Qiovn  in  the  fame  way. 


PROP.    XXIV, 


13* 


IF  there  be  three  magnitudes,  the  firft  of  which  has  a  s«c  k, 

given  ratio  to  the  fecond,  and  the  excefs  of  the  fecond 
above  a  given  magnitude  has  a  given  ratio  to  the  third  ; 
the  excels  of  the  firft  above  a  given  magnitude  ihall  alfo 
have  a  given  ratio  to  the  third. 


Let  AB,  CD,  E,  be  the  three  magnitudes  of  which  AB  has 
9  given  ratio  to  CD  ;  and  the  excefs  of  CD  above  a  given  mag- 
nitude has  a  given  ratio  to  E  :  The  excefs  of  AB  above  a  given 
magnitude  has  a  given  ratio  to  E. 

£et  CF  be  the  given  magnitude,  the  e^ccefs  of  CD  above 
which,  viz.  FD,  has  a  given  ratio  to  E:  And  becaufe  the  ratio 
of  4B  to  CD  is  given,  as  AB  to  CD,  fo  ma]ce  a 
AG  to  CFj  therefore  the  ratio  of  AG  to  CF-*^ 
is  given  ;  and  CF  is  given,  wherefore  *  AG  is 
given  :  And  becaufe  as  AB  to  CD,  fo  is  AG  ^ 
to,  CF,  and  fo  is  «>  GB  to  FD  -,  the  ratio  of  GB  W' " 
to  FD  is  given.  And  the  ratio  of  FD  to  E  is 
given,  wherefore*  the  ratio  of  GB  to  E  is 
given,  and  AG  is  given ;  therefore  GB  the  ex- 
cefs of  AB  above  a  ^iven  magnitude  AG  haj9 
a  given  ratio  to  E.  "Q 

Cor.  I.  And  if  the  firft  has  a  given  ratio  to  the  fecond* 
and  the  excefs  of  the  firft  above  a  given  magnitude  has  a  given 
ratio  to  the  third ;  the  excefs  of  the  fecond  above  a  given  mag- 
nitude (hall  have  a  given  ratio  to  the  third.  For,  if  the  fecond 
be  called  the  firft,  and  the  firft  the  fecondi  this  corollary  will 
|)f  tl)e  fame  with  the  propofition. 

CpR* 


c 


D   £ 


a  %,  d|C* 


b  19.  5; 

c  9.  dat. 


3*4  EUCLID'S 

Cor.  2«  Alto,  if  the  firft  has  a  given  ratio  to  the  fecondy  aod 
the  excefs  of  the  third  above  a  given  magnitade  h««  alfo  a  ^vco 
ratio  to  the  fecond,  the  fame  ezcefs  (hall  have  a  given  ratio  co 
^be  firft ;  as  18  evident  from  the  s^h  dat. 


«^  PRO  P.    XXV. 

TF  there  be  three  magnitudes,  the  excefs  of  the  firft 
whereof  above  a  given  magnitude  has  a  given  ratio 
to  the  feeond ;  and  the  excefs  of  the  third  above  a  given 
magnitude  has  a  given  ratio  to  the  fame  feeond  :  The 
firft  fhall  either  have  a  given  ratio  to  the  third,  or  the 
excefs  of  one  of  them  above  a  given  magnitude  (hall  have 
a  given  ratio  to  the  other. 

Let  AB,  C}  DE  be  three  magnitadesi  and  let  the  ezcefles  of 
each  of  the  two  AB,  DE  above  given  magnitudes  have  given 
ratios  to  C }  AB,  DE  either  have  a  given  ratio  to  one  another, 
or  the  excefs  of  one  of  them  above  a  given  magnitude  has  a 
given  ratio  to  the  other. 

Let  FB  the  excefs  of  AB  above  the  given  magnitude  AF 
have  a  given  ratio  to  C(  and  let  GE  the  ex- ^ 
cefs  of  D£  above  the  given  magnitude  DG"* 
have  a  given  ratio  to  C ;  and  becaufe  FB,  G£X[«. , 
have  each  of  them  a  given  ratio  to  C,  they 

•  9.  dtt.     have  a  given  ratio*  to  one  another.    But  to  FB, 
GE  the  given  magnitudes  AF^  DG  are  add- 

¥  it,  att.   ed  ;  therefore  ^  the  whole  magnitudes  AB,  DE 


have  either  a  given  ratio  to  one  another,  or  v^ 
the  excefs.  of  one  of  them  above  a  given  magni-  *^ 
tttde  has  a  given  ratio  to  the  other. 


J8.  PRO  T.    XXVL 


D 


£ 


TF  there  be  three  magnitudes,  the  excefles  of  one  of 
which  above  given  magnitudes  have  given  ratios  to  the 
other  tviro  magnitudes ;  thefe  two  (hall  either  have  a 
given  ratio  to  one  another,  or  the  excefs  of  one  of  them 
above  a  given  magnitude  Qiz\\  have  a  given  ratio  to  the 
other« 

Let 


b     A     T     A. 


3^5 


B 


B 


G. 

K-E4 
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Let  AB,  CD>  £F  be  three  magnitudes,  and  let  CD  the  ek- 
cefs  of  one  of  them  CD  abo?e  the  given  magnitude  CG  have 
a  given  ratio  to  AB ;  and  alfo  Jet  KA  the  excefs  of  the  fame 
CD  above  the  given  magnitude  CK  have  a  given  ratio  to  £F» 
either  AB  has  a  given  ratio  to  £F»  or  the  eKceft  of  one  of  them 
above  a  given  magnitude  baa  a  given  ratio  to  the  other. 

Becaufe  GD  hat  a  given  ratio  to  AB,  as  GO  to  AB^  fi> 
make  CG  to  HA  ;  therefore  the  ratio  of  CG  to  HA  is  given ; 
and  CG  is  given,  therefore*  HA  is  given:  An^d  becaufe  as  •  »•  ^»t» 
GD  to  AB,  fb  is  CG  to  HA,  and  fo  is  ^  CD  to  HB  $  the  ra-  b  la.  i* 
tio  of  CD  to  HB  is  given :  Alfo  becaufe  KD  has  a  given  ratio 
to  £F,  as  KD   to  £F,  fo  make  CK  to  L£;    Hi 
therefore  the  ratio  of  CK  to  L£  is  given  ;  and 
CK  is  given,  wherefore  L£  *  is  given  t  And 
becaufe  as  KD  fo  £F,  &  is  CK  to  L£,  and    /^ . 
§o^  is  CD  to  LF;  the  raito  of  CD  to  LF  is 
given  :  But  the  ratio  of  CD  to  HB  is  given, 

wherefore*  the  ratio  of  HB  to  LF  is  given  e         |    ^^  c  ^.  dtf. 

and  from  HB,  LF  the  given  nMgnitudes  HA, 
LE  bcfing  taken,  the  remainders  AB,  LP  (hall 
either  have  a  given  ratio  to  one  another,  or  the  escefs  of  one  of 
them  above  a  given  magnitade  has  a  given  ratio  to  the  other  A    d  19. 4  it. 

^  Anotbir  Demonfiratian* 

Let  AB,  C,  D£  be  three  magnitudes,  and  let  the  exceSfcs 
of  one  of  them  C  above  given  magnitudes  have  given  ratios  to 
AB  and  DE  i  either  AB,  L)£  have  a  given  r^tio  to  one  an<- 
other,  or  the  excefs  of  oneoftheA  above  a  given  maguitude 
hdS  a  given  ratio  to  the  other. 

Becaufe  the  excefs  of  C  above  a  given  magnitude  has  a  gi- 
ven ratio  to  AB ;  therefore*  AB  together  with  1  given  mag-  •  H»  4*«-; 
nitude  has  a  given  ratio  to  C  :  Let  this  giver>  't^  • 
magnitude  be  AP,  wherefore  FB  has  a  given  I 
ratio  to  C :  Alio,  becaufe  the  excels  of  C  above ^"r 
a  g'.ven  magnitude^  has  a  -given  ratio  to  Dl^ 
therefore  *  D£  together  with  a  given  magni 
tude  has  a  given  latio  to  C  :  Let  this  given 
magnitude  be  DG,  wherefore  G£  ha^  a  given  d  '  O 
ratio  to  C  s  And  FB  has  a  given  ratio  to  C,  theref^^re  ^  the  ratio  b  ^  da^ 
of  FB  to  G£  is  given  :  And  from  FB,  6£  the  given  magnitudes 
AF,  DG  being  taken,  the  remainders  AB,  D£  either  hare  a 
given  r«ttio  to  one  another,  or  the  excefs  of  one  of  them  above  a 
givca  magonude  has  a, given  ratio  to  tbe  other '^•^  ^  ^9  ^ 

B  b  f  R  O  P. 


i*6 
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19. 


a  %,  dat. 


&  i^.  5. 


c  f .  dftt 


PROP.  xxvn. 

IF  there  be  three  magnitudes :  The  cxcefe  of  the  firfl 
of  which  above  a  given  magnitude  has  a  given  ratio 
Co  the  fecond  ;  and  the  ezcefs  of  the  fecond  above  a  gi« 
vcn  masnitode  has  alfo  a  given  ratio  to  the  third :  The 
excefs  of  the  firft  above  a  given  magnitude  fhall  have  a 
given  ratio  to  the  third. 

Let  AB»  CD9  E  be  three  magnitadeSi  theexcefsof  the  firil 
of  which  AB  above  the  given  magnitude  AG,  vtz.  GB»  has  a 
given  ratio  to  CD ;  and  FD  the  excefs  of  CD  above  the  gives 
magnitude  CF,  has  a  given  ratio  to  £  :  The  excefii  of  AB  abon 
a  given  magnitude  bas  a  given  ratio  to  £• 

Becaufe  the  ratio  of  GB  to  CD  is  given,  as  GB  to  CD|  fo 
make  GH  to  CF^  therefore  the  ratio  of  GH^ 
to  CF  is  given  $  and  CF  is  givent  wherefore  * 
GH  is    given;  and  AG  is  given,   whereforeG  ' 
ttie  whole  AH  is  given :  And  becalufe  as  GB 
to  CD,  fo  is  GH  to  Cf,  and  fo  is  *>  the  le^fJ:  > 
mainder  HB  to  the  remainder  FD  i  the  ratio 
of  HB  to  FD  is  given  :  And  the  ratio  of  FD 
to  E  is  given^  wherefore  ^  the  ratio  of  HB  to  n 
£  is  given  :  And  AH  is  given  j  therefore  HB  ^ 
the  cxcefs  of  AB  above  a  given  magnitude  AH  has  a  given  ra 
tio  to  £• 


c 

Dl  E 


4  %4,  dat 


«•  Otbirwifr, 

Let  AB,  G,  D  M  three  magnitadeSi  the  excefs  £&  of  the 
firft  of  which  AB  above  the  given  magnitude  AEhasagiveo 
*  ratio  to  C,  and  the  ctcefs  of  C  above  a  given 
magnitude  has  a  given  ratio  to  D  :  The  excels  At 
of  AB  above  a  given  magnitude  has  a  given  ra-       | 
tio  to  D.  K  * 

Becaufe  EB  has  a  given  ratio  to  C,  and  the 
excefs  of  C  above  a  given  magnitude  has  a  gi*  V. . 
;.  ven  ratio  to  D }  therefore '  the  exceis  of  £B 
above  a  given  magnitude  has  a  given  ratio  to 
D :  Let  this  given  magnitude  be  £F  \  therefore 
FB  the  excefs  of  £B  above  £F  has  a  given  ra- 
tio tp  D  :  And  AF  is  givcn^.  hccaufc  A£|  ^ 


B    G   D 


are 


DATA.  ^87 

•9 

ire  given :  Therefore  7B  the  excers  of  AB  above  a  gitea  mag<» 
iiitude  AF  has  a  given  ratio  to  D/^ 


PROP.    XXVra.  ay 

TF  two  lines  given  in  poHtion  cut  one  another,  the  point  sec  k. 
or  points  in  Which  they  ciit  ode  another  are  given.    ' 

Lei  t#o  lines  AB,  CD  given  in  pofitioh  cut  ohe  another  iir 
the  point  £ ;  the  point  £  is  gi- 
ven. 

Becaofe  the  lines   AB,   CO 

are'given  nr  pofition,  they  h«ite  ^^ 

alwtys-ehetlMM-lkiMcioli  %  and     ^^^  x^  "       1 4.  m; 

therefore    the  point,    or  points 

in  which  chcjL JCJlL  pnjb^another 

have  always  the  fame  (ituation  : 

And  becaafe  the  lines  AB,  CD     A, 

can   be  found •,    the  point,  or   '**    ^      '•  X   i 

points,  in  which  they  cut  one         gn  ^ 

Another,    are   Irkewrfe  .  foond ;         ^  ^. 

and  therefore  are  given  in  pofition  \ 

<»  R  O  P-    XXIX,  *«• 

IF  the  cztrethitics  of  a  ftraight  line  be  glten  in  pdfl- 
tion ;  the  ftraight  line  11  given  in  pofition  and  mag- 
nitude. 

^caufe  the  extremities  of  the  ftraight  lihe  are  given,  they 
can  be  found  *  :  Lee  thefe  be  the  points  A,  B^  between  which  *  4  M. 

a  ftraight  line  AB  can  be  drawn  * ;     ^  ^       ^    b  »•  Podn. 

Aft  has  4n  invariable  pofitioht  be-   A  J$       *«•* 

caufe  bctweeft^twogfverf  points  there 

em  be  drawn  but  ont  ftraight  line  :  Anfd  when  the  ftraight  line 

ABiaultamu.itUR^agiMtude  is  at  the  fame  trme  exhibited,  or 

given :  Thertfore  the  ftraight  line  AB  is  given  in  pofition  and 

toaenitode. 

Bba  PROP. 


J8«  E    n    C   L  •  I    D 


«7  P  R  0  f.    XSX 

TF  one  of  the  extremities  of  si  (Iraigbt  line  given  in  po- 
fition  '  and  inagniti^de  be  given  ;  the  other  extrcmitj 
fliaU  alio  be  given. 

Let  the  point  A  be  f^iven,  to  wir^  one  of  the  extremities  d 
ft  ftraigbt  line  given  in  magnitude*  and  vhicb  lies  in  the  ftnight 
line  AC  given  in  pofition  )  the  other  extremity  is  alfo  given. 
Bccaufe  the  ftraight  lina  is  given  in  magnitude,  one  eqoal 

■  X.  def,  to  it  can  be  found*  ;.]et  this  be  the  ftraight  line  O  :  From  the 
greater  ftraight  line  AC  cut  oW  AB  ^  la         /^ 

equal  to  the  Icffcr  D :  Therefore  the  ^  r 

other  cxtrenaity  B  of  the  ftraight  line 
AB  is  found :  And  the  point  B  has  a1*  O 
ways  the  fame  (ituation  ^  becaufe  anv 
other  point  in  AC,  upon  the  fame  ude  of  A,  cuts  offbctweeD 
h  and  the  point  A  a  gr^atef  ar  leb  ftraight  Jine  than  AB»  that  is, 

a  4*  def.  than  D^  Therefore  the  point  B  is  given  ^:  And  it  ia  plain  an* 
other  fuch  point  can  be  ^  round  ia  AC  produced  upon  the  ocber 
fide  of  the  point  A« 


IS.  PBO?.    XXXI 

TF  a  ftraight  Hrie  be  drawn  through  a  given  point  parallel 
to  a  ftraight  line  given  in  pofitioo  }  that  ftraight  line 
is  given  in  pofition. 

Let  A. be  a  given  point,  and  BC  a  ftraight  line  given  in  pofi- 
tion; the  ftraight  line  drawn  through  A  parallel  to  BC  is  given 
in  pofition. 
^%t  u  Through  A  draw  *  the  ftraight  line  ^^  ^         m 

DAE    parallel   to   BC ;    the  ftraight  1#  i^       XU 

line  DAE  has  always  the  fame  pofi- 
tion, becaufe    no   other   ftraight  linc]Q 
can  be  drawn   through  A  parallel  to 


MM 


BC :  Therefore  the  ftraight  line  I}A£  which  has  been  loond  i' 
fc  4«  deC    given  ^  ia  po&tion. 

PROP. 


DATA.'.  j^ 

PROP.    xxxn.  »^ 

¥F  a  ftraight  line  be  drawn  to  a  pvcn  pokjt  !n  a  ftraight 

line  given  id'  pofitioh,  and  makes  a  given  angle  with  it  $    . 
that  ftraight  line  U  given  in  pofkfon. 

Let  AB  be  a  ftratght  line  given  in  pofition,  and  C  a  giveH 
^otnt  in  it»  the  ftraight  Une'drawn 
to  Qt  whit  h  m;ikes  ^  given  angle 
witK  CB,  is  given  in  pofiti6n. 

Becaufe  the  angle  is  given,  one 
equal  to  it  can  be  found  •;  let  this  \  .  /Xy^  •  »•  *'• 

be  the  angle  at  D,  at  the  given  _ 

point  C,  in  the  given  ftraight  line  /L  •  Q       *   .^   "O, 

AB,  make  ^  the  angle  ECB  equal  /       *f  fc  aj.  i. 

to  the  angle  at  D:  Therefore  the 
ftraight  lin^  £C  has  always  the 
fame  fituation*  becaufe  any  other  J^ 

ftraight    line  FC,    drawn    to  the 

E>inc  C,  makes  with  CB  a  greater  or  lefs  angled  than  the  angle 
CB,  or  the  angle  at  D:  Therefore  the  ftraight  line  EQ,  which 
has  been  found,  is  given  in  pofition. 

It  is  to  be  obferved,  that  there  are  two  ftraight  lines  EC, 
GC  upon  one  fide  of  AB  that  make  equal  angles  with  it,  aod 
which  make  equal  angles  with  it  when  produced  to  the  other 
fide. 


PROP.     XXXUI. 


3«' 


T  F  a  ftraight  line  be  drawn  from  a  given  point  to  a 
ftraight  line  given  in  pofition,  and  makes  a  given  angle 
with  it,  that  ftraight  line  is  given  in  pofition. 

From  the  given  point  A,  let  the  ftraight  line  AD  be  drawn 
to  the  ftraight  line  BC  given  in  pofition,  and  makife  with  it  a 
givcu  angle  ADC;  AD  is  ctvea  in  po- 1^  ^  •^ 

frtion  ^  -^^        t< 

Thro*  the  point  A,  draw*  the  ftraight  \  "^       * 

line  £ AF  parnllel  to  BC ;  and  becaufe  \ 

thro*  the  given  point  A,  the  ftraight  linei^"    '  j,^       '^ 

EA^'is  drawn  parallel  to  BC,  which  is  O  D       V 

{ivcn  in  pofition,  EAF  is  therefore  given  in  pofition*';  And  b  31;  to. 
ecaufe  the  ftraight  line  AD'  meets  the  parall^s  BC,  ILF,  the 

B  b  3  angle 


a  Jf.  t, 


J90 


E    U    C    I^   I    D^s 


c  2p«  %,     tngle  EAD  is  equal  ^  to  the  m%\e  ADC  ;  and  ADC  i«  gito, 

wherefore  alfo  the  angle  EAD  is  given :  Therefore,  becaufe  ± 
ftraight  line  DA  is  diawn  to  the  given  point  A  in  the  ftraigit 
line  £F  given  in  pofition,  and  malpes  witif  it  a  given  angle  £AD| 
d  3x.  dat.   AD  is  given  '  in  pofition. 

3. 1.  PROP,  xxxiv, 

See  N. .  Tip  from  a  given  poipt  to  a  ftraight  line  given  in  pofition, 
*'  Jk  ftraight  line  be  drawn  which  is  given  ip  oa^gnitudc; 
the  fame  IS  alfp  given  in  pofition* 

Let  A  be  a  given  points  and  BC  a  ftraight  line  ^iven  in  pofi- 
tion, a  ftraight  line  given  in  magnitude  dra^n  Irom  the  point 
A  to  BC  is  given  in  pofttion. 

Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equal  to 
*  u  dtU    it  oan  be  found  '  j  let  this  be  the  ftraight  line  D :  From  the 
point  A  draw  AE  perpendicular  to  BC  ;  and  y^ 

becaufe  AE  is  the  fliortcft  of  all  the  ftraight 
lines  which  can  he  drawn  from  the  point  A 
to  BC,   the  ftraight  line  D,  to  which  one 


equal  is  to  be  drawn  from  the  point  A  to  B         £        C 

BC,  cannot  be  Icfs  than  AE.     It  therefore  D 

D  be  equal  to  AE|  AE  is  the  ftraight  hne  given  in  magnitude 
drawn  from  the  given  point  A  to  BC  :  And  it  is  evident  that 
b.  3J.  dit  AE  is  given  in  pofition  ^,  becaufe  it  is  drawn  from  the  given 
point  A  to  BC9  which  is  gi^en  m  pofition,  and  m4kes  with  BC 
the  given  angle  A£C. 

But  if  the  ftraight  line  D'be  not  equal  to  AE*  it  muft  be 

{greater  than  it ;  Produce  AE,  and  make  AF  equal  to  D  ;  and 
rom  the  centre  A,  at  the  diftance  AF,  defcribc  the  circle  GFHi 
and  join  AG,  AH  :  Becaufe  the  circle  GFH  is  given  in  pofi- 
c  s.  def.    tion  ^,  and  the  ftraight  line  BC  is  alfo  given  in  polition»  there* 
4  a8.  du.  ifore  their  interfedtion  G  is  given  ^ } 
and  the  point  A  is  given j  whcre- 
e  S9«  dit.   fore  AG  is  given  in  pofition  ^,  that  n 
is,  tbC^Hraight  line  AG  given  in 
magnitude,   (for  it  is  equal  to  D) 
and  drawn  from  the  given  point  A  Q 

to  the  ^ftraight  line  BC  given  in  pofition,  is  alfo  given  in  po(i« 
tion :  And  in  like  manner  AH  is  given  in  pofition  ;  Iberefore 
in  this  cafe  there  are  two  ftraight  lines  AGt  AH  of  the  fame 

given 


D     AT     A. 

given  magnitude  which  can  be  drawn  from  a  given  point  A  to 
a  ftraight  line  BC  given  in  poficion. 


99« 


3«' 


PROP.     XXXV.     , 

TF  a  ftraight  line  be  drawn  between  two  parallel  ftraight 
lines  given  in  po(ition»  and  makes  given  angles  with 
theai,  the  ftraight  line  is  given  in  magnitude. 

Let  the  ftraight  line  £F  be  drawn  between  the  parallels  AB» 
CD,  which  are  given  in  pofition,  and  make  the  given  angles 
B£F,  EFD :  £F  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  (hrough  G  draw  *  (^H  »  3>*  '• 
parallel  to  £F :  And  becaufe  CD  meets  the  parallels  GH,  £F, 
the  atigle  EFD  is  equal  ^  to  the  angle   k  1?  U     n  i^  *^  '* 

HGD:    And  EFD  is  a   given  angle;  /     j 

wherefore  the  angle  HGD  is  given :  And  /    J 

becaufe  H6  is  drawn  to  the  given  point  /     / 

G,  in  the  ftraight  line  CD,  given  in  pofi-  '     ' 

tton,  and  makes  a  given  angle  HGD;  Q         1^     O*       D 
the  ftraieht  line  HO  is  given  in  pofi- 

tion  ^ :  And  AB  is  given  in  pofition;  therefore  the  point  H  isc  31*  <lat. 
given  ^;  and  the  point  G  is  alfo  given,  wherefore  GH  is  given  d,s8.  dat. 
in  magnitude  *  :  And  £F  is  equal  to  it ;  therefore  £F  is  given  e  ap.  dat. 
in  magnitude* 

PROP.     XXXVI.  3> 

TF  a  ftraight  line  given  i.n  magnitude  be  drawn  between  set  s. 

two  parallel  ftraight  lines  given  in  pofition,  it  fiiall 
make  given  angles  with  the  parallels. 

Let  the  ftraight  line  £F  given  in  mai^nitude  be  drawn  be*: 
tween  the  parallel  ftraight  lines  AB^  CD,  ^         «  -|r  "b 
which  are  given  in  poficion ;  the  angles  ^         IL  rl   n 
j^EF,  £FC  (hall  be  given. 

Lecaufe  £F  is  given  in  magnitucje,  a 
ftraight  line  equal  to  it  can  be  found*; 


a  Ik  d<rr, 


FKD,.,, 


)et  this  be  G  :  In  AB  take  a  given  point  q 
H,  and  from  it  draw  ^  HK  perpendicu-  . 
\^t  CO  CD  :  Thcrefqre  the  ftraight  line  G, 

B  b  4  that 


3ff»  E    U    C    L    I    1>  •i 

tTrat  18,  EV  csntiot  be  left  than  HK :  And  if  Cbe  eqvaT  to  FfRi 

£F  alfo  is  equal  to  it ;  wherefore  EF  it  at  right  angles  t^CD ; 

for  if  it  be  nor,  EF  would  be  greatrr  than  HK»  which  is  abford: 

Therefore  the  angle  £FD  is  a  righti  and  confcqnentlf  a  given 

angle.  •  ' 

But  if  the  ftraight  line  G  be  not  equal  to  HK,  it  maft  be 

ftreater  tlian  its  Produce  HK,  ^nd  take  HL,  equal  to  G;  and 

from  the  centre  H«  at  the  diftance  HL,  defcribc  the  c«'rde 
c  6.  d€f.    MLN,  and  jon  HM,  HN :  And  bccaufe  the  circle  •  MLN, 

and  the  ftraight  line  CD,  are  given  in  poGtiont  the  points  M^ 
d  »8.  dit.  N  are  *  given ;  and  the  point   a  «  IT  ^a 

H    is   given  ;    wherefore   the  A^ "  Ho 

ftraight  lines  HM,   HN,  are 
e  s^  dtt.    giicn  in  poGtlon  •:   And  CD 

is  given  in  pofition;  t^refbre 

the  angles  HMNJ,  HNM,  are  n 
t  A.  def.    given   in   poGtion  f  :   Of  the 

ftraight  lines  HM,    HN,    It 

H'N  be  that  which  is  not  parallel  to  EF,  for  EF  cannot  be  p^ira?- 

le!  to  both  of  them  ;  and  draw  EO  parallel  to  HN  :  EO  th  re- 
«  34*  X.     fore  is  equa^  »  to  HN,  that  is,  to  G;  and  EF  is  equal  to  G, 

wherefore  tO  '^s  equal  to  liF,   and  the  angle  EFO  to  the  ane^e 
h  19.  I.     EOF,  that  is  *,  to  the  given  angle  HNM,  and  becaufr  the  amlc 

HNM,  which  IS  equal  to  the  angle  EFO,or  LFD,hasbeen  found; 

therefore  the  ange  EFD,  that  is,  the  angle  AEF,  is  given  in 
k  t.  dtL    magnitude  ^  i  and  confequently  the  angle  EFC. 


E.  PROP.    XXXVIf. 

sesN.  jF  a  ftraight  line  given  in  magnitude  be  drawn  from 
J[  a  point  to  a  ftratght  line  given  in  pofition,  in  a  given 
angle  }  the  ftraight  (ine  drawn  through  that  point  paraU 
]el  to  the  ftraight  line  given  in  petition^  is  given  in  por- 
tion. 

* 

Let  the  ftratght  line  AD  given  in  magnitude  be  drawn  from 
the  point  A  to  the  (lr<iight  1  ne  BC  given  in|-«  A  TT  T? 
pofition,  in  the  given  engle  ADC;  the%_-^  11  r 
ftraiffbt  line  EAF  drawn  through  A  parallel 
to  BC  is  gi'ven  in  pofition. 
*  In  BC  take  a  given  point  Q,  and  draw  GH       ■    ■ 

parallel  to  AD:  And  becaufe  HG  is  drawn B      T)    G    C 
\^  a  given  point  G  in  th^  ftraight  hne  BC  gi- 


n  in  pofitimt,  in  ;i  i^fTcn  angle  nGC,  for  rt  is  eqaaY*  to  tbe  •  «#  <• 
friYen  angle  ADCs  HG  is  given  fn  pofition*;  but  it  is  givr'n  <*  3»-  d^. 
alfo  in  m;4gnitudc»  becanfc  it  is  equal  to*  AD  whicb  is  giTen  in'«  34*  <• 
snap^nitudc ;  therefore  becanfe  G  one  of  the  extremities  of  tbe 
itraight  Itne'GH  ei^en  in  pofition  and  maghtude  is  given,  the 
other  extremity  H  is  given  ' ;  and  the  ftraight  line  £  AF^  which  d  30.  dac. 
is  drawn  through  tbe  gH^n  point  H  parallel  to  BC  given  in  po^ 
ficiooi  is  therefore  gi^^n  *  in.|^Gcioiu*  *      t  31.  dm 


r  •<• 


PROP.    XXXVltL  34. 

TF  «  ftmieht  line  bt  dram  from  a  gi^  point  to  two 
parallel  ftraight  lines  given  ia  pontion,  the  ratb  of  the 
fcgments  between  the  given  point  itiid  tbt  parallels  (ball 
be  giveof 

*-  Let  the  ilrwght  line  BFG  be  drawn  from  tbe  given  point  £ 
to  tbe  parallels  Afi»  CD»  tbe  ratio  of  £F  to  £G  is  given. 

From  the  point  £  draw  EHK  perpendicular  to  CD ;  and 
becaufe  ^om  a  given  point  £  the  ftraight  line  £K  is  drawn  to 
CD  wbi<;h  is  given  'n  pofltioni  in  a  gi?cn  angle  £KC  -,  £K  }% 

fi  A     F  H 


C  O     K        D 

given  in  pofition  •  (  and  AB,  CD  arc  given  in  poGtton  |  there-  '  f][*  "^ 
fore  *  tbe  points  H,  K  arc  given :  And  the  point  £  is  given  ;*»»•*«. 
wherefore  «  EH,  EK  arc  given  in  magnitude,  aod  tbe  ratio  *  of ^  !'*^ 
them  19  therefore  given.    3ut  as  £H  to  £K,  fo  is  EF  to  £G,  be-      *  ^^ 
eaufe  AB^  CD  afc  parallels  (  therefore  the  ratio  of  £F  to  BO  is 
given. 

PROP.    ZXXIZ.  I^  H* 

TF  the  ratio  of  the  fegmenta  of  a  ftraiirht  line  between  set  h. 

a  given  point  in  it  and  two  parallel  ftraight  lines^  be 

given,  if  one  of  the  parallels  be  given  in  ppfitioo^  the 

9ther  i$  alfo  giren  in  pofition* 

From 


m 


£   U   C    L    I   D*i 


«  V 


•From  the  giTcn  point  A|  let  the  ftraight  line  AED  be  dnvn 
to  ihe  two  paraliel  ftraight  lines  FG,  BC,  and  let  the  ratio  ct 
the  fegments  A£,  AD  be  given  ;  if  one  of  the  parallels  fiC  be 
givcrn  in  pofitioni  the  other  F6  is  alfo  gi?en  in  po6tton* 

From  the  point  At  draw  AH  perpendicular  to  BCs  9Skd  let 
it  meet  FG  in  K ;  and  bec'aufe  AH  is  dr^wn  from  the  given 
point  A  to  the  ftraight  hne  BC  given  in  poGtion»  and  makes  a 


K  o 


8    H    D  c 


B     D      H    C 


■  33.  dar.  given  anf>;le  AHD ;  AH  is  given  ^  in 
pofition ;  and  EC  is  likewife  given  in 
pofitiofi,  theri^fore  the  point  H  is  gi- D 

b  aS.  dtt.    ven  * ;  The  point  A  is   alfo  given  ; 

c  a9.  dtt  wherefore  AH  is  given  in  magnitude  % 
and,  becaufe  FG^  EC  are  parallels, 
as  A£  to  AD,  fo  is  AK  to  AH  ;  and 
the  ratio  of  AE   to   AD    is   given  F  *    "B 


c  30.  dat* 
1 31.  dat. 


,.  ._ _       KG 

wherefore  the  ratio  of  AK  to  AH  is  giv«a  \  bufr  AH  is  given 
in  magnitude,  therefore  ^  AK  is  j;iyiro.in  magnitude* v- and  it  is 
alfo  given  in  pofition,  and  the  point  A  is  given ;  wherefore  ^ 
the  point  K  is  given*  ~  And  becaufe  the  ftraight  ViAp  FG  is  drawn 
through. the  given  point  K  parallel  to  EC  whicJii^gxYCa  in  po- 
fition, therefote  ^  FG  is  given  in  pofition* 


P  R  O  P,    XI<. 

TF  the   ratio  of  the   fcgpents  of  a  flraight  line  into 
which  it  is  cut  by  three  parallel  ftraight  lines^  be  gi- 
ven ;  if  two  of  the  parallels  are  given  in  pcfuion,  the 
third  alfo  is  given  in  pofition  ••  > 

Let  AB,  CD,'HK  be  three  parallel  ftraight  !:nes,  of  which 
AB,  CD  are  given  ia  pofition  1  and  kt  the  uuq  o£  the  leg- 

nicots 


fsifiiti  GE,  Gf  ipto  wbkh  the  ftraight  lint  GEF  is  ci|t  by  tba 
^hree  paralleUi  be- given  \  th^  third  parallel  HK  is  given  in  po« 
cion. 

In  AB  Cake  9  given  point  L|  and  draw  LM  prrpendieular 
CD,  meeting  HK  in.N  1  becaufe  LM  is  drawn  from  the  gi- 
wcn  point  L  to  CD  which  is  given  in  poficion  and  makes  a  gi« 
wen  angle.  LMDD;  LM  is  given  in  ppfiiiou  *  ;  ^rid  CD  is  given 
in  poGtibUf  wherefore  the  point  M  is  given  ^;  and  |he  point  L 
is  given,  LM  is  thfrefore  given  in  magnitude  ^  %  and  becaufe 
the  ratio  of  GE  to  GF  is  givei^,  and  as  GE  to  GF,  fo  is  NI^  to 


G  N 


m 


•  33*  in*' 
biS.  dat« 
es^flat. 


NM  I  the  ratio  of  NL  to  NM  is  given ;  and  ttiercfore  ^  the 
r^io  of  ML  to  LN  is  given  ;  hot  LM  is  given  in  magnitude, ' 
vrherefore  ^  LN-  is  given  in  magnitude;  and  it  is  alfo. given  in 
pofition,  and  the  point  L  is  given ;  wherefore  '  the  point  N  is 
given  ;  and  becaufe  the  ftraight  line  HK  is.  drawn  through  the 
given  point  N  parallel  to  CD  which  is  given  in  pofitiooi  ther^ 
jore;H]('is  given  in  pofition  <• 


CCor. 
d  VS.  or 

f  30.  4at. 


S  31-  ^ 


PROP.     XLL 


F. 


IF  a  ftraight  line  me^ts  three  parallel   ftraight   lines  see  n. 
which  are  given  in  pofition,  the  fegments  into  vyhich 
they  cut  it  have  a  given  r^tio. 

Let  the  parallel  ftraight  lines  AB,  CD,  EF  given  in  pofition, 
be  cut  by  the  ftraight  line  GHK ;  the  ratio  of  6H  to  HK  is 
given- 

In  AB  take  a  given  point  L,  and  ^  AT         tt' 

draw  LM  perpendicular  to  CD,  nject- A, ^     *^  ^    H 

ipg  EF  in  K  i  therefore  *  LM  is  given  ^-     «-  ,       _- 

in  pofition  •,   and  CD,  EF  are  gifen  C     H/    Mi        D   *  ^^  ^: 

in  pofition,  wherefore  the  points  M, 

N  ace  given :  And  the  point  L  is  given ; 

therefore'  ^  the  ftraight  lines  LM,  MN u  -    j^ 

l^e  given  in  magnitude  1  and  the  ratio  EL  Cw         N      B*       ^ 

of 


t  ...  , 

•  I.  4ir.     of  LM  to  MN  is  therefore  given  ^  :  But'  all  IM  ta  MN^  b  i: 
GH  to  HK ;  Wherefore  the  ratio  of  OU  t6  HK  h  giveii. 


ata»i« 


PROP.    ZUL 

TF  each  of  the  fides  of  a  triangle  be  giren  io  magBhudei 

^  the  triangle  is  given  in  fpecics. 

Let  each  of  the  6de8  of  the  triangle  ABC  be  given  in  mag* 
nitudf,'  the  triaugl"-  ABC  is  g*vea  in  fprdici.   . 

Make  « triangle  ^  HEF  tire  fides  "of^wbich  arc  equat,  each 
toeavht  totliegi^sii  ftraigbc  linct-AB.  -BC,  CA.  which  can 
be  Hon&i  becaa£e iky  i«ol of  tbem  mdBL  be  greater  than  the 
third  ;  and  Jet  DE  be.  e-  ; 

qual  to  AB,  EF  to  BC,  A,  D 

and  PP  to"  CAT  alW.^- 
caufe  fhe  two  fides  ED, 
DF  are  equal  to  the  two 
BA»  AC,  each  to  eachi 
and  the  bafe  £P  equal  to  W 
the  bafe  BC  ;  the  angle 
EDF  is  equal  *  to  the  angle  BAC ;  therefore,  becaufe  the  angle 
EDF|  which  is  equal  to  the  angle  BAC,  has  been  foonii,  tbe 
angle  BaC  is  given  S  in  like  manner  the  angles  at  B,  Care 
given  And  becaufe  the  fides  AB,  BC,  CA  are  given*  their 
ratios  to  oae  another  are  given  'i  therefore  the  triangle  ABC 
is  given  ^  in  fpecics. 


a  tj.  i. 


PROP.    XUU. 

IF  each  of  the  angles  of  a  triangle  be  given  in  magni- 
tude, the  triangle  is  given  in  fpecics^ 

Let  each  of  the  angles  of  the  triangle  ABC  be  given  inina^ 
nitude,  the  triangle  A^C  is  giten  in  fpscies. 
"■  .Take  a  ftraigbl.  iine  DE  givcii  In 
I>ofition  and  niagQitu^,  and  at.  the 
(icnntsj)*  &  rnake.^  cb^  angle  EDF 
equal  td  the  angle'  BAC.   and  the   . 
angle  DIeF  equai  to  ABC ;  therok. 

ibcc  thp  uthei  ii)g^e^.  ^FD,   BCA  ]__  _      , _ 

^ris  equal|^  and  ea^  ctf  the  angles  at  tbe  points  At  B|  C^  is  gi< 


D 

E    F 


DA,    T     A*  ::  197 

▼en,  wherefore  each  of  thofe  at  the  points  D,  E.  F  is  ffitcn  : 
J^nd  becaafe  the  ftraight  Hoe  ED  is  drawn  to  the  pven  point 
D   in  D£  which  is  given  in  pbGtion,  making  the  given  angle 
£DF;  therefore  DF  is  given  in  pofition^     In  like  manner  EF  ^  3*-  ^i». 
9lft>  is  giveb  in  pofition  ;  wherefore  the  point  F  is  given :   And 
the  points  D,  £  arr  given  }.dicrefore^ach  of  the  ftraight  lines 
DE,  EF|  FD  is  given ^  in  magnitude;  wherefore  the  triangle  e  %9»  diL 
DEF  is  given  in  foccies* ;  and  it  is  fimilar*  to  the  triangle  ^^  ^ 
ABC;  which  therefore  is  given  in  fpecies.  S^  dcf: 

2    6- 

PROP.    XLIV.  4,. 

TF  one  of  the  angles  of  a  Crmngle  be  giveni  and  if  the 
(ides  tbout  it  baye  a  given  ratio  to  one  another  ^  the 
triangle  is  given  in  fpecies. 

•  Ldt  the  triangle  ABC  have  one  of  its  angles  BAC  given^  and  , 

}tt  the  fides  B A|  AC  about  it  have  a  given  ratio  to  one  another ; 
the  triangle  AftC  is  given  in  fpecies* 

Take  a  'ftraight  line  DE  given  in  poHtion  and  magnitude* 
and  at  the  point  D  in  the  given  ftraight  line  D£»  make  the 
angle  EDI*  equal  to  the  given  angle  BAC;  wberrfore  the 
angle  EDF  is  given  ;  and  hecaufe  the  ftraight  line  FD  is  drawn 
to  the  given  point  D  in  ED  which  is  given  in  pofitioni  making 
chc  given  angle  EDFj  therefore  FD  A 

is  given  in  pofition  •.     And  hecaufe  ^y  ^       ^^ 

the  ratio  of  BA  to   AC  is  given,  >r    I  U4 

make  the  ratio  of  ED   to  DF.  the         jT        I  y^\ 

fame  with  it,  and  jom  EF  ;  and  be-      r        ,       I  <^      ^ 

caufe  the  r^tio  of  ED  to  DF  is  gi-   B  C      Ei       F 

Ten,  and  ED  is  giveni  therefore^  Dt   is  given  in  magnitude  $  b  ».  do. 
and  it  is  given  alto  in  pofit!on»  and  the  point  D  is  given,  where- 
fore the  point  F  is  given  ^ ;  and  the  points  D,  £  are  given*  c  jo.  dat. 
wherefore  DE,  EF,  FD  are   given  ^  in   magnitude  ;   and  the  d  29.  dac. 
triangle  DEF  is  therefore  given  ^  in  fpecies  ;  and  becaufe  the  #  44,  die 
triangles  ABC,  DEF  have  one  angle  BAC  equal  to  one  angle 
EDF,^  and  the  fides  about  theCe  angles  pronortionals ;  the  tri- 
aogles  are'  fimilar ;*  but  the  triangle  DEF  16  given  in  IpecieSy  f  6.  6. 
and  therefore  alfo  the  triangle  ABC. 


PROP. 


<^ 


30« 


It  o  e  L  I  D*< 


4»< 


SccN. 


4  %.  dtt. 


b  !*•  5* 


C  90.  X. 


d  A.  5. 


e  OS.  X. 


P  R  0  t.    XLV. 

TF  the  fides  of  «  triangle  have  to  ant  another  given  ra- 
^  tics }  the  triangle  is  given  iti  fpecies* 

• 

Let  the  Gdes  of  the  triangle  ABC  haT«  giveii  f a6os  to  one 
another,  the  triangle  ABC  is  giVen  in  fpecies. 

Take  a  ftraight line  D  given  in  magnitude;  and  becaoTe  tbe 
ratio  of  AB  to  BC  is  giveni  make  the  ratio  of  D  to  E  the 
fameivith  it ;  and  D  is  given,  therefore^  £  is  given.  And  be* 
caufe  the  ratio  of  BC  to  CA  is  given,  to  this  make  tbe  ratio 
of  £  to  F  the  fame;  add  E  is  given^  and  therefore*  F;  and 
becaufe  as  AB  to  BC,  fo  is  D  to  £ ;  bj  compofitioa  AB  and 
BC  together  are  to  BC»  as  D 
and  £  to  £  $  but  as  BC  to  CA, 
fo  is  E  to  F ;  therefore,  ex  ae* 


quali^,   as  AB  and  BC  are  to 


D  EF 


CA,  fo  are  D  and  £  to  F,  and  ^ 

AB  and  BC  arc  greater*  than  ^^ 
CA  s  therefore  D  and  £  are 
greater^  than  F.  In  the  fame 
manner  any  two  of  tbe  three  D, 
£y  F  are  greater  than  the  third. 
Make  *  the  triangle  GHK  whofe 
(ides  are  equal.to  D,  £,  F,  fo  that  GH  be  equal  to  D,  HK  td 
E,  and  KG  to  F ;  and  becaufe  D,  E,  F,  arei  each  of  them, 
given,  therefore  GH,  HK,  KG  are  each  of  them  given  in  mag- 
f  4».  dat.  uitude  ;  therefore  the  triangle  GHK  is  given  '  in  fpecies :  But 
as  AB  to  BC,  fo  is  (D  to  £,  that  is)  GH  to  HK ;  and  as  BC  to 
CA,  fo  is  (E  to  F,  that-is)  HK  to  KG  ;  th.^rtfbre,  ex  aequalr, 
as  AB  to  AC,  fo  is  GH  to  GK.  Wherefore  <  the  triangle  ABC 
is  equianf^ular  and  fimilar  to  the  triangle  GHK  ;  and  the  tri- 
angle GHK  is  given  in  fpecies ;  therefore  alfo  the  triangte  ABC 
is  given  in  fpecies. 

CoR.  If  a  triangle  is  required  to  be  made,  the  fides  6f  which 
(hall  have  the  fame  ratios  which  three  given  ftraight  lines  D, 
E,  F  have  to  one  another ;  it  is  neceffary  that  every  two  ef 
them  be  greater  than  tbe  third* 


$5*^' 


ttiO?. 


DATA..  3P9 


PROP.    XLVL  4j. 

TF  the  fides  of  a  right  angled  triangte  a1)0ut  one  of  the 
acute  angles  have  a  given  ratio  to  one  another ;  the 
triangle  is  given  in  fpecies. 

Let  the  (ides  AB»  BC  about  the  acute  angle  ABC  of  the  tri- 
angle ABC,  which  has  a  right  angle  ac  A,  have  a  given  ratio  to 
one  another  ;  the  triangle  ABC  is  given  in  fpecies. 

Take  a  Ilfaight  line  D£  given  in  poGtion  and  magnitude ; 
and  becaufe  the  ratio  of  AB  to  BC  is  given«  make  as  AB  to 
BC,  fo  DE  to  £^  \  and  becaufe  D£  has  a  given  ratio  to  £F, 
and  DE  is  given,  therefore *. £P  is  given;  and  becaufe  as  AB*  ^-  ^^ 
to  BC,  fo  is  D£  to  £F-,  and  AB  is  Iefs»  than  BC,  therefore  >>  >9-  <• 
DE  is  lefs^  than  £F.  From  the  point  D  draw  DG  at  right  angles  ^  ^^  5- 
to  D£,  and  from  the  centre  £ 

at  the  dtflance  £F,  defer i  be  a  g.  \ 

circle  which  fliall  meet  DG  in  ^-^^^  mX  I? 

two  points ;  let  G  be  either  of  ^^,^^^^\^      ^.^^'•^xN 
them,  and  join  EG ;   there-  *»  ^0^""'^''^     \\ 

fore  the  circumference  of  the  p  ^^^"^^^  ^fi 

circle  is  given  <*  in  poGtion ;  *^  U   d  6.  d«f. 

and  the  ftraight  line  DG  is  given  ^  in  poGtion,  becaufe  it  is  ^  3**  dat. 
drawn  to  the  given  point  D  in  D£  given  in  poGtion,  in  a  given 
angle  ;  therefore  '  the  point  G  is  eiven  \  and  the  points  D,  £  r  aS.  dat. 
are  given,  wherefore  DE,  EG,  GD  are  etven  '  in  magnitude,  g  a^.  dst. 
and  the  triangle  DEG  in  fpecies  \    And  becaufe  the  triang:]es  u  44.  dat. 
ABC,  D£G  have  the  angle  BAC  equal  to  the  angle  £DG, 
and  the  fides  about  the  angles  ABC,  DEG  proporciouals,  and 
each  of  the  other  angles  BC  A,  EGD  iefs  than  a  right  angle ; 
the  triangle  ABC  is  equiangular  >  and  fimilar  to  the  triangle  ^  T*  ^« 
DEG :  But  DEG  is  given  in  fpecies ;  therefore  the  triaogle 
ABC  is  given  in  fpecies:  And  in  the  fame  manner,  the  triangle 
made  by  drawing  a  ftraight  line  from  £  to  the  other  point  in 
which  the  circle  meets  DG  is  given  in  fpecies.  y 


PROP, 


4iP  E    V    C    LI    b^t 


PROP.    ZLVn. 


teN. 


TF  a  trian^Te  has  one  of  its  angles  which  is  not  a  right 
angle  given,  and  if  the  (ides  about  another  angle  have 
a  given  ratio  to  one  another ;  the  triangle  is  given  in 
fpecies.        f 

I  , 

Let  the  trtangtie  ABC  have  one  of  its  angles  ABC  a  gtven« 

but  not  a  right  angles  and  let  the  fides  BA,  AC  about  another 

angle  BAC  have  a  given  ratio  to  one  another ;  the  tciangle 

ABC  it  gi^en  in  fpecicrs. 
Firili  Let  the  given  ratio  be  the  ratio  of  e- 

quality,  that  is,  kt  the  fides  BA,  AC,    and 
^        confequently  the  angles  ABdi  ACfi,  be  equal ; 

and  becaufe  the  angle   ABC  is  given,   the 
«  su  u     angle  ACB,  and  alio  tbe  remaining  *  angle 

BAC  ia  given  ;  therefore  the  triangle  ABC  is 
^  4|.  dtiiL  given*  in  fpecies:  'And  it  is  evident  that  in   B 

this  eafe  the  given  angle  ABC  muft  be  acute* 
Uett,  Let  the  given  ratio  be  the  ratio  of  a  lefs  to  a  greater, 

that  is,  let  the  &de  AB  adjacent  to  tbe  given  angle  be  lefs 

tih^frtbe.^iideACi  T«)[d  a  Straight  line  DE  given  in  pofrtron 

and  magnitude^  and  make  the  angle  DBF  equal  to  the  given 
c  js.  dat*  angle  ABC;  therefore  £P  is  given ^  in  pofition;  and  becaufe 

the  ratio  ot  BA  to  AC  is  given, 

as  BA  to  AC,  fo  make  £D  to 

DG;   and  becaufe  tbe    ratio   of 

£D  to  DG  is  given,  and  ED  is 

given,  the  ftraight  line  DG  is  gi* 
4  a.  ait.  ven  ^,  and  BA  is  lefs  than  AC, 
«A.i,      therefore  ED  is  lefs*  than  DG. 

From  the  centre  D,  at  the  diftance 

DG  dcfcribe  the  circle  GF  meet- 
ing £F  in  F,  and  join  DF;  and 
r  6.  dcC     becaufe  the  circle  is  ^iven  ^  in  po* 

fition,  as  alfo  the  ftraight  line  £F, 
$  »S.  dit.  the  point  F  is  given  <  $  and  the 

points  D,  E  are  given,  wherefore 

.4he   ftraight  lines  DE,  EF,  FD 
h  tp.  Ut.  are  given  ^  in   magnitude,  and  the  triangle    DEF    in   fpe- 
Us.  4at,    cies*,  and  becaufe  BA  is  lefs  than  AC,  the  angle  ACB  is 
41.7/1.   ^^^^  than  the  angle  ABC,  and  therefore  ACB  is  Ids' than 

a 


D     AT     A- 

H  riglit  an);1e.  In  the  fame  mianer,  becanre  Ep  U  Ie(s  tfaatt 
t)Q  or  DF,  the  angle  DFE  is  left  than  a  right  angle :  And  be- 
caufe  the  triangle)  ABC,  DEF  have  the  angle  ABC  equal  to 
the  angle  DEP,  and  the  fides  about  the  angles  BAC,  EOF 
proportionals,  and  each  of  the  other  angles  ACB,  DFE  lefi 
than  a  right  angle  (  the  triangles  ABC,  DEF  afe"  fimiUr,  and  n 
DEF  ia  given  in  fpecietf  wherefore  the  triangle  ABC  is  alfo  gi- 
ven io  fpecKi. . 

Tbirdlf «  Let  the  given  ratio  be  the  ratib  oF  a  greater  to  a 
left,  that  1*11  let  the  fide  AB  adjaceoc  to  the  given  angle  be 
greater  than  AC  -,  and,  aa  in  the  laft 
cafe,  take  a  Itraigbtline  DE  given  in 
polition  and  magnitude)  and  make  the 
angle  DEF  equal  to  the  given  angle 
ABC  I  therefore  £F  is  given  *=  in  pra> 
tion:  Alfo  draw  UG  perpendicular  to 
£F;  therefore  if  the  ratio  of  BA  to 
AC  be  the  fame  with  the  ratio  of  ED 
to  the  perpendicular  DG,  the  triangles 
ABC,  DEO  are  Gmilar  -,  becaufe  the 
angles  ABC,  DEG  arc  equal,  and  DGE 
is  a  right  angle  :  Therefore  the  angle 
ACB  is  a  right  angle,  and  tie  triangle 
ABC  is  given ''  in  fpeciei.  b 

But  if,  in  this  lait  cafe,  the  given  ratio  of  BA  to  AC  be 
not  the  fame  with  the  ratio  of  ED  to  DG,  that  is,  with  the 
ratio  of  BA  to  the  permndicular  AM  drawn  from  A  to  BC  ; 
the  ratio  of  BA  to  AC  mufi  be  lefs"  than  (he  ratio  of  BA  " 
to  AM,  becaufe  AC  is  greater  than  AM.  Make  as  BA  to  AC 
fo  ED  to  DH;  therefore  the  ratio  of 
£D  to  DH  is  iefs  than  the  ratio  of  (BA 
to  AM,  that  is,  thafl  the  ratio  of)  £D 
to  DO  ;  and  confequentiy,  DH  is  great> 
cr  I"  than  DG  \  and  becaufe  BA  is  great'  jQ^ 
er  than  AC,  £D  is  greater '  than  DH. 
From  the  centre  D,  at  the  diftancc  DH, 
dcfctibe  the  circle  KHF  which  neccfiari- 
If  meets    the   ftraight  line  £F   in  two 

points,  becaufe  DH  is  greater  than  DG,     

and  Iefs  than  DE^     Let  the  circle  meet  £^      j;,       ^-^ 
£F  in  the  points  F,  K  which  are  given,  H 

as  vras  flunro  in  tbe  precedisg  caft ;  and,  DF,  DC  bemfr 
ed,  the  trboglu  DEF,  DEK  are  given  in  fpecies,  ■■  vr 
Cc 


G    F 


'^t  E    U    C    L    I    D*t 

flicwn.  From  the  centre  A^  at  the  diftance  AC,  defcribe  a  cir* 
cle  meeting  BC  aeain  in  L :  And  if  the  angle  ACS  be  lelii  than 
a  right  angle,  ALB  muft  be  greater  than  a  right  angle :  And 
on  the  contrary.  In  the  fame  manner,  if  the  angle  DFE  be  le£i 
than  a  right  angle,  DKE  muft  be  greater  than .  one ;  and  on 
the  contrart.  Let  each  of  the  angles 
ACB,  DFc  be  either  left  or  greater  than 
a  right  angle }  and  hecaufe  in  the  tri* 
anglea  ABC,  DEF  the  angles  ABC, 
DBF  are  equal,  and  the  fides  BA,  AC,  fi^ 
and  ED,  DF  about  two  of  the  other 
angles  proportionals,  the  triangle  ABC 
»•  T«  ^  is  fimilar  •  to  the  triangle  DEF.  In  the 
fame  manner,  the  triangle  ABL  is  fimi« 
lar  to  DEK.  And  the  triangles,  DEF, 
DEK  are  given  in  fpecies  ;  therefore  al-  J^  |;^^^-^=^ — ^p 
fo  the  triangles  ABC,  ABL  are  given  in  » 

fpecies.  And  from  this  it  is  evident,  that,  in  this  third  cafe, 
there  are  always  two  triangles  of  a  different  fpecies,  to  which 
the  things  mentioned  as  given  in  the  propofition  can  agree. 


4J.  PROP.    XLVUL 

IF  a  triangle  has  one  angle  given,  and  if  both  the  fides 
together  aboot  that  angle  have  a  given  ratio  to  the  re- 
maining fide  ;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  angle  BAC  given,  and  let  the 
fides  BA,  AC  together  about  that  angle  have  a  given  ratio  to 
fiC  i  the  triangle  ABC  is  given  in  fpecies. 

*  9«  <•  Bifta*  the  angle  BAC  by  the  ftraieht  line  AD;  therefore 

h  3.  6.      the  angle  BAD  is  given.    And  hecaufe  as  BA  to  AC,  fo  is  ^ 
BD  to  DC,  by  permutation,  as  AB  to  BD, 
fo  is  AC  to  CD  ;  and  as  BA  and  AC  to-  ^ 

c  IS.  5.     gether  to  BC,  fo  is  *^  AB  to  BD.    But  the         /vX. 

ratio  of  BA  and  AC  together  to  BC  is  /  \  ^s,^^ 
given,  wherefore  the  ratio  of  A^  to  BD  ^''  ^  ^^ 
is  given,  and  the  angle  BAD  is  given;  IS      D  C 

a  47.  ^t*  therefore  <i  the  triangle  ABD  is  given  in 

^cics,  and  die  angle  ABD  is  therefore  given ;  the  angle  BAC 

e  4J«  dst.  |g  nifo  given,  wherefore  the  triangle  ABC  is  given  in  fpecies  ^ 

A  triangle  which  fliall  have  the  things  that  are  mentioned 

in  the  propofition  to  be  given,  can  be  tound  in  the  following 

manner* 


H     A^^  T     A*  403, 

manner*  Let  EFG  he  the  given  angle»  and  let  the  ratio  of  H 
to  K  be  the  given  ratio  which  the  two  fides  about  the  angle 
EFG  muft  have  to  the  third  fide  of  tfic  triangle;  therefore 
becaafe  two  fides  of  a  triangle  are  greater  than  the  third  fide» 
the  ratio  of  H  to  K  niiift  be  the  ratio  of  a  greater  to  a  lefs* 
Bifed*  the  angle  EFG  hj  the  ftraight  line  PL,  and  by  the  a  9.  r; 
47th  propofition  find  a  triangle  of  which  EFL  is  one  of  the 
angles,  and  in  which  the  ratio  of  the  fides  about  the  angle  op* 
pofite  to  FL  is  the  fame  with  the  ratio  of  H  to  K :  To  do 
whicbt  take  F£  ghren  in  poficion  and  magnitude,  and  draw  EL 
perpendicular  to  rL :  Then  if  the  ratio  of  H  to  K  be  the  fame 
wi^  the  ratio  of  FE  to  EL,  produce  EL,  and  let  it  meet  FG 
in  P  I  the  triangle  FEP  is  that  which  was  to  be  found  :  For  ic 
has  the  given  angle  EFG  1  and 
becaufe  this  angle  is  bife&ed  hj 
FL9  the  fides  1F,  FP  together 

arc  to  EP,  as  «>  FE  to  EL,  that  /  V>^  \,  . 

is,  asHtoK.  '  **■   ^-^  *^'*' 

But  if  the  ratio  of  H  to  K 
be  not  the  ^ame  with  the  ratio  E'  .^^ 

of  FE  to  EL,  it  muft  be  lefs  than  ^ 

it,  as  was  (hown  in  prop.  47.  and  in  thie  cafe  there  are  two  tri- 
angles, each  of  which  has  the  given  angle  EFL,  and  the  ratio  of 
the  fides  about  the  angle  oppofite  to  FL  the  fame  with  the  ratio 
of  H  to  K.    By  prop.  47.  find  thefe  triangles  EFM,  EFN  each 
of  which  haa  the  angle  EFL  for  one  of  its  angles,  and  the  ratio 
of  the  fide  FE  to  EM  or  EN  the  fame  with  the  ratio  of  H  toK; 
and  Jet  the  angle  EMF  be  greater,  and  ENF  lefs  than  a  rijght. 
angle-    And  becaufe  H  is  greater  than  K,  £F  is  greater  than 
ENy  and  th.erefore  the  angle  EFN,  that  is,  the  angle  NFG,  is 
lefs  t  than  the  angle  ENF.    To  each  of  thefe  add  the  angles '  <>•  '• 
NEF,  EFN ;  therefore  the  angles  NEF,  EFG  arc  lefs  than  the 
angles  NEF,  EFN,  FNE,  that  is,  than  two  right  angles ;  there- . 
fore  the  ftraight  lines  EN,  FG  muft  meet  together  when  produ* 
ced ;  let  them   meet  in  O,  and  produce  EM  to  G.    Each  of. 
the  triangles,  EFG,  EFO  has  the  things  mentioned  to  be  given 
in  the  piopofition :  For  each  of  them  has  the  given  angle  EFG^ 
and  becaufe  this  angle  is  bife£led  by  the  ftraight  line  FMN,  the. 
fides  EF,  FG  together  have  to  EG  tlpe  third  fide  the  ratio  of 
FE  to  EM,  that  iS|  of  H  to  K.    tn-  like  manner,  the  fides  EF^ 
FO  together  have  to  £0  the  ratio  which  H  has  to  IC 

C  c  «  PROP. 


4D4  £    U    C    L    I    D'9 


4«-  PROP.    XLIX. 

IF  a  triangle  has  one  angle  given^  and  if  the  (ides  a« 
bout  another  angle,  both  together,  have  a  given  ra* 
tio  to  the  third  fide  ;  the  triangle  is  given  in  fpectes. 

Let  the  triangle  ABC  have  one  angle  ABC  given,  and  let  the 
two  (ides  BA,  AC  about  another  angle  B  AC  have  a  given  ratio 
to  BC  ;  the  triangle  ABC  is  given  in  fpecies. 

Suppofe  the  angle  BAC  to  be  bifc£ted  hj  the  ftraight  line 
AD ;  BA  and  AC  together  are  tt>  BC,  as  AB  to  BD,  as  was 
fliown  in  the  preceding  propofition.    Bat  the  ratio  of  BA  and 
AC  together  to  BC  is  given,  therefore  alfo  the  ratio  of  AB  to 
a  44*  iku  3D  j^  given.     And  the  angle  A6D  is  given,  wherefore  ■  the 
^      triangle  ABD  is  given  in  (pecies  ;  and  confeqaently  the  angle 
BAD,,  and  it»  double  the  angle  BAC 
are  given ;  and  the  angle  ABC  is  gi- 
ven.   Therefore  the  triangle  ABC  is 
b  43.  dat«    given  in  fpecies  •>. 

A  triangle    which  ihaH    have   the 
things  mentioned  in  the  propofition  to 
be  given,  may  be  thus  found.      Let 
£FG  be  the  given  angle,  and  the  ra-   •«, 
tio  of  H  to  K  the  given  ratio;  and    ^  v^  /  X'am 

by  prop.  44.  find  the  triangle  EFL,  *^  ^^  '  ^^^ 
which  hat  the  angle  EFG  for  one  of 
its  angles,  and  the  ratio  0f  the  fides  ^ 
EF,  FL  about  this  angle  the  fame  with  * 
the  ratio  of  H  toK;  and  make  the  angle  LEM  equal  to  the 
angle  FEL.  And  becaufe  the  ratio  of  H  to K  is  theratio  which 
Xvfo  fides  of  a  triangle  ha\e  to  the  third,  H  muft  be  greater  than 
K ;  and  becaufe  EF  is  to  FL,  as  H  to  K,  therefore  EF  js  greater 
thtin  FL,  and  the  angle  FEL,  th^t  is,  LEM,  is  therefore  lefs  than 
the  angle  ELF.  Wherefore  the  anglf  a  LFE,  FEM  arc  lefs  than 
two  right  angles,  as  was  fliown  in  the  foregoing  propofition,  and 
the  ftraight  Tines  FL,  EM  muft  meet  if  produced;  let  tfaem 
meet  in  G,  EFG  is  the  triangle  which  was  to  be  found ;  for 
BFG  is  one  of  its  angles,  and  beqaufe  the  angle  FEG  is  bife^led 
by  EL,  the  two  fides  FE,  EG  together  have  to  the  third  fide 
FG  the  ratio  of  EF  to  FL,  that  is,  the  given  ratio  of  H  to  K. 

PROP; 


DA     T      A.  "405 


IF  from  the  vertex  of  a  triangle  given   in  fpecies,  a 
ftraight  line  be  drawn'^to  the  bafe  in  a  given  angle  ;  it 
fliall  have  a  given  ratio  to  the  ^afe. 

From  the  vertex  A  of  the  triangle  ABC  which  is  given  in 
fpecieSk  let  AD  be  drawn  to  the  ^afe  BC  in  a  given  angle  ADB ; 
the  ratio  of  AD  to  BC  ia  given* 

BEecaofe  the  triangle  ABC  is  given  in 
fpecies^  the  angle  ABD  is  giveni  and  the  A. 

angle  ADB  is  given  ;  therefore  the  triangle  ./'^V 

A&D  is  given  *  in  'Ipecies ;  whexcfbte  the  >^  /  \      *  4J«  d»t^ 

ratio  ofAJXia A^  i^  gi^n.  And  the  ratio       y/^        f      \ 
of  AB  to  BC  1^  given  \  and  therefore  ^  the  "n  v^        ^  b  9.  dat. 

Wfio  of  AP  w>  PC  is  givjfn^  ;  "  ^        S^ 


PROP,     LI.  47 


R 


I  ECTILINEAL  figures  given  in  fpecies,  are  divided 
^    into  triangles  which  ^re  given  in  fpecies. 


Let  the   re£li lineal   figiire    ABCPE  be  given  in  fpecies; 
^BCDE  may  be  divided  into  triangles  given  in  fpecies* 

Join  BE9  BP  ;  -and  becaufe  ABCDE  is  given  in  fpecies,  the 
angle  BAE  is  given  *,  and  the  ratio  of  j^  a  3.  def. 

BA  to   BE    is  given*}    wherefore  the 

triangle  BAE  ia  given  in  fpecies  ^,  and  ^^     \  b  44.  d«t. 

the  angle  AEB  is  therefore,  given  *.    But 
the  whole  angle    A£D    is   given,    and 
therefore  the  remaining   angle  BED  is 
given,  and  the  ratio  of  A£  to   £B  is 
given,  as  alfo  the  ratio  of  A£  to  ED ;  therefore  the  ratio  of 
BE  to  ED  is  given  ^.     And  the  angle  BED  is  given,  wherefore  c  9.  dat, 
the  triangle  BED  is  given  ^  in  fpecies.    In  the  fame  n^anner^ 
the  triangle  BDC  is  given  in  ipecies  :  Therefore  re&ilifteaK  fi* 
gurcs  which  are  given  in  fpecies  are  divided  into  triangles  given 
in  fpecies* 

C  c  3  P  R  O  F« 


40^  C    U   C    L    I   D*t 


4t.  P  R  0  P.    LU. 

{ 

IF  two  trianriet  given  in  fpecics  be  defcribed  upon  the 
^  bme  (Iraight  line }  they  &9II  have  a  given  ratio  to  one 
another. 

Let  the  triangles  ABCt  ABD  given  in  fpeciet  be  defcribed 

upon  the  (ame  ftratght  line  AB ;  the  ratio  of  the  triangle  ABC 

CO  the  triangle  ABD  18  given. 
Through  the  point  C»  draw  CE  parallel  to  AB^  and  let  it 

meet  DA  produced  in  £9  and  join  BE.    Becaufe  the  triangle 

ABC  is  giren  in  fpecies,  the  angle  BAC*  that  is,  the  angle 

ACE9  is  given ;  apd  becanfe  the  triangle  ABD  is  given  in  (pe- 

ciesy  the  angle  DAB,  n  |^ 

that  is,  the  angle  AEG,  r^^  ^ 

is  given.  Therefore  the 

trjangle  ACE  is  given 

in  fpecies)  wherefore 

the  ratio  of  £  A  to  AC 
s  s*  Mf    is  given  *«  and  the  ra? 

tso  of  CA  to  AB  i| 

given,  as  alfo  the  ra* 
b  9.  4tt.  (ip  of  BA  to  AD ;  therefore  the  ratio  of  ^  E^l  to  AD  is  givefl« 
c  37*  !•  and  the  triangle  ACB  i9  equal  ^  to  the  triapgle  AEB,  and  as 
^  h  <f*       the  triangle  AEB,  or  ACB,  is  to  the  triangle  ADB,  fo  is«  the 

ftraight  line  £A  to  AD.    But  the  ratio  of  EA  to  AD  is  eivcn, 

therefore  the  ratio  of  the  triangle  ACB  to  the  ifia^igle  ADB  is 

given. 

P  R  0  B  I-  E  M. 

To  find  the  ratio  pf  two  triangles  ABC,  ABD  given  in  fpe- 
cies, and  which  are  defcribed  upon  the  fame  ftraight  line  A^B. 

Take  a  ftraight  line  FG  given  in  pofition  and  magnitude, 
and  becauie  the  angles  of  the  triangles  ABC,  ABD  are  given, 
at  the  points  F,  p  of  the  ftraight  line  FQ,  make  the  angles 
c  33.  It  GFH,  GFK^  equal  to  the  angles  BAC,  BAD;  and  the  angles 
FGH,  FGK  equal  to  the  angles  ABC,  ABD,  ea^h  to  each. 
Therefore  the  triangles  ABC,  ABD  are  equiangular  to  the  tri- 
angles FGH,  FGK,  each  to  each.  Through  the  point  H  draw 
HL  parallel  to  FG  meeting  KF  produced  in  L.  And  becaufe 
the  angles  BAC,  BAD  are  equal  to  the  angles  GFH,  GFK,  each 
to  each  ;  therefore  the  angles  AC£,  A£C  are 'equal  to  FHL, 
fLU,  each  to  each,,  and  the  triangle  A£C  equiangular  to  the 
triapplc  FLH*  'l>crefofe  4s  ^A  to  4C9  fp  i#  LF  to  f:^  i  ^^^ 
"  •  'as 
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as  CA  to  AB,  fo  HF'to  FG ;  and  as  BA  to  AJDt  (o  is  GF 
^o  FK  }  wherefore^  ex  aequali,  at  EA  to  AD»  fo  is  LF  to 
VKm  But«  as  was-ihown,  the  triangle  ABC  is  to  the  triangle 
.AJ3D,  as  the  ftraight  line  l£A  to  AD,  that  is»  as  LF  to  FK* 
The  ratio  therefore  of  LF  to  FK  has  been  found,  which  is  the 
dme  with  the  ratio  of  the  triangle  ABC  to  the  triangle  ABD* 


PROP.    LIIL 


49- 


F  two  rtdilineal  figures  given  in  fpccics  be  defcribed  s«e  n. 
*  upqn  the  fame  ftraight  line ;  they  fhall  have  a  given 
ratio  to  one  another. 


I 


Let  any  two  reailineal  6gure8  ABCDE,  ABFG  which  are 
given  in  fpecies,  be  defcribed  upon  the  fame  ftraight  line  AB ; 
the  ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AF  i  each  of  the  triangles  A  ED,  ADC, 
ACB,  AGF,  ABF  is  given  *  in  fpccies.    And  becaufe  the  tri.. «  5X*  dat. 
angles  AOE,  ADC  given  in  fpecics 
are  defcribed  upon  the  fame  ftraight 
line  AD,  the  ratio  of  EAD  to  DAC 

is  given  ^i   and,    by  compofition,      ^^^      y^      ^-^^   b  5*.  dat. 
the   ratio   of  EACD  to   DAC   is 

given  ^    And  the  ratio  of  DaC  to       ^  X^"'^^  /«       «  ?.  dtt. 

CAB  is  given  >*,  becaufe  they  are 
delcribed  upon  the  fame  ftraight 
line  AC ;   therefore  the    ratio    of 

EACD  to  ACB  is  given  ^  5  and,  by  ^^      IS^If  MJN   ^    d  9.  dit. 
compofition,  the  ratio  of  ABCDE 

to  ABC  is  given.  In  the  fame  manner,  the  ratio  of  -ABFG  to 
ABF  is  given.  But  the  ratio  of  the  triangle  ABC  to  the  triangle 
ABF  is  given ;  wherefore  **,  becaufe  the  ratio  of  ABCDE  to 
ABC  is  given,  as  alfo  the  ratio  of  ABC  to  ABF,  and  the  ratio 
of  ABF  to  ABFG ;  the  ratio  of  the  reailineal  ABCDE  to  the 
rediiineal  ABFG  is  given  ^. 

PROBLEM. 

To  find  the  ratio  of  two  re£li)inea]  figures  given  in  fpecies, 
and  defcribed  upon  the  (ame  ftraight  line. 

Let  ABCDE,  ABFG  be  two  reailineal  figures  given  in 
fpccies,  and  defcribed  upon  the  fame  ftraight  line  AB,  and 
join  AC,  AD,  AF.  Take  a  ftraight  line  HK  given  in  pofition 
and  magnitude,  and  by  the  52d  dat.  find  the  ratio  of  the  tri* 
»l)gle  ADE  to  the  triangle  ADC,  and  make  the  ratio  of  HK 

C  C  4  to 


4o8  £    U    C    L    I    D't 

to  KL  the  (zmt  with  it.  Find  alfo  the  ratto  of  the  triangle 
ACD  to  the  triangle  ACB*  And  make  the  ratio  of  KL  to 
LM  the  fame*  Alio,  find  the  ratio  of  the  triangle  ABC  to  the 
triangle  ABF^  and  make  the  ratio  of  LM  to  MN  the  <aaie« 
And  lafilyi  find  the  ratio  of  the  triangle  AFB  to  the  triangle 
AFG,  and  make  the  ratio  of  MN 
to  NO  the  fame.  Then  the  ratio  of 
ABCDE  to  ABFG  is  the  fame  with 
the  ratio  of  HM  to  MO. 

Becaufe  the  triangle  BAD  it  to 
the  triangle  DAC,  at  the  Araight 
line  HK  to  KL ;  and  as  the  triangle 
DAC  to  CaB^  fo  is  the  ftraight 
line  KL  to  LM ;  therefore,  hy  ufing  ^         kjnwr 

compoGtion  as  often  as  the  number  -yj  i'^  ii  O 
of  triangles  requires^  the  rectilineal  ^ 
ABCDE  is  to  the  triangle  ABC,  as  the  ftraight  line  HM  to  ML. 
In  like  manner,  becaufe  the  triangle  GAP  is  to  FAB,  as  ON  to 
NM,  by  compofition,  the  refiiilineal  ABFG  is  to  the  triangle  ABF, 
aa  MO  to  MN ;  and,  by  inverfion,  as  ABF  to  ABFG,  fo  is  NM 
to  MO.  And  the  triangle  ABC  is  to  ABF,  as  LM  to  MN« 
Wherefore,  becaufe  as  ABCDE  to  ABC,  fo  is  HM  to  ML ;  and 
as  ABC  to  ABF,  fo  is  LM  to  MN ;  and  as  ABF  to  ABFG,  fo 
is  MN  to  MO ;  ex  aequali,  as  the  reailincal  ABCDE  to  ABFG, 
fo  is  the  ftraight  line  IJ[M  to  MO. 
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PROP.     LIV. 

IF  two  ftraight  lines  have  a  given  ratio  to  one  another ; 
the  fimilar  redilincal  figures  dcfcribcd  upon  them  fimi- 
Jarly^  fhali  have  a  given  ratio  to  one  another. 

Let  the  ftraight  lines  A6,  CP,  have  a  given  ratip  to  one  an« 
other,  and  let  the  fimilar  and  fimilariy  placed  redilineal  6gur<s 
£,  F  be  defcribed  upon  them  ;  the  ratio  of  E  to  F  is'given. 

To  Al^f  CD,  let  G  be  a  third 
proportional ;    therefore   as   AB   to 
CD,  fo  is  CD  to  G.     And  the  ratio        /^g 
of  AB  to   CD  is  given,  wherefore      f 
the  ratio  of  CD  to  G  is  given  ;  and   jj^  BCD 

confequently  the  ratio  of  AB  to  G  is  n  It  L 

a  9.  dat.     alfo  given '.    But  as  AB  to  G,  fo  is     *  ■■      ■■       -i*   *— «- 

b  3.  cor.  90.  the  figure  £  to  the  figure  ^  F*    Therefore  the  ratio  of  £  to  F  \^ 
^'  given, 

PROBLEM. 


DATA.  ^9 

PROBLEM. 

To  find  the  ratio  of  two  fimilar  redtlineal  figures,  E,  F,  fimi* 
larly  defcribed  upon  ftraight  lines  AB»  CD  which  have  a  givea 
ratio  to  one  another :  Let  G  be  a  third  proportional  to  AB,  CD. 

Take  a  ftraight  line  H  given  in  magnitude ;  and  becaufe  the 

ratio  of  AB  to  CD  is  given,  make  the  ratio  of  U  to  K  the  fame 

with  it }  and  becaufe  H  is  given,  K  is  given.    As  H  is  to  K,  fo    , 

make  K  to  L ;  then  the  ratio  of  £  to  F  is  the  fame  with  the  ratio 

of  H  to  L ;  for  AB  is  to  CD,  as  H  to  K,  wherefore  CD  is  to  G, 

as  K  to  L }  and,  ex  aequali*  as  AB  to  G,  fo  is  H  to  L :  But  tfie 

figure  £  is  to*»  the  figure  F,  as  AB  to  G»  that  is,  as  H  to  L*     bioor.so- 

6, 


PROP.     LV. 


5«< 


1 
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F  two  ftraight  lines  have  a  given  ratio  to  one  another ; 
the  re&ilincal  figures  given  in  fpecies  defcrit^d  upon 
tbem,  ihall  have  to  one  another  a  given  ratio. 

Let  ABy  CD  be  tv^o  ftraight  lines  which  have  a  given  ratio 
to  Qae.aAOtber;  the  re£lilineal  figures  £i  F  givea  in  fpeciesand 
dc{cribed  i^pon  themf  have  a  given  ratio  to  one  another. 

Ppon  the  ftraight  line  AB,  defciibe  the  figure  AG  fi.milar 
and  fimihrly  placed  to  the  figure  F  }  and  becaufe  F  is  given  in 
fpeciesi  ^pisalfo  given  in  fpe-  v 

cief :  Therefore,  fincc  the  figures  /r-  v    -      ^        ^  ^ 

E,  Mi  abJcb  ,j^c  given  in  fpe-  \/  ^  Ng    V T 

cies,  are  def^ribed  upon  the  fame  |   F 

ftraight  line  AB,   ^he  ratio  of      \  \r*     ' 

£tQ  Ap  J$g»?cn',  and  becaufe  |j^^^ ^   ^ ^^ 

the  ratio  of  A  B  to  GD  is  given,  "  *^  ^" 

and  upon  them  are  defcribed  the  fimilar  and  fimilarly  pUced 

rectilineal  figures  AG,  F,  the  ratio  of  AG  to  F  is  given  ^;  b  14.  dat. 

and  the  ratio  of  ^G  to  £  is  given  ;  therefore  the  ratio  of  E  to  F 

is  given  ^.  '     c  9.  dac» 

PROBLEM. 

To  find  the  ratio  of  two  re£lilineal  figures  E,  F  given  in  fpe- 
cies, and  defcribed  upon  the  ftraight  lines  AB,  CD  which  have 
a  given  ratio  to  one  another. 

Take  a  ftraight  line  H  given  in  magnitude;  and  becaufe 
the  reailineal  figures  E,  AG  given  in  fpecies  are  defcribed  up- 
on the  fame  ftraight  line  AB,  find  their  ratio  by  the  53d  dat. 
and  make  the  ratio  of  H  to  K  the  fame  -,  K  is  therefore  ffiven  : 
And  becaufe  the  fimilar  reailineal  figures  AG»  F  are  defcribed 
^  up^" 
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upon  the  ftniffht  lines  AB,  CD^  which  have  a  givea  ratio, 
find  their  ratio  by  the  54th  dat.  and  make  the  ratio  of  K  to  L 
die  fame :  The  figure  E  has  to  F  the  fame  ratio  which  H  has 
(o  L ;  For,  by  the  conftru^'oot  a«  £  is  to  AG,  lb  is  H  to  K ; 
snd  as  AG  to  F,  fo  is  K  to  L ;  dierefore^  es  aequali>  as  £  to  F ; 
ib  is  H  to  L. 

$%.  PROP.     LVL 

IF  a  rcdilineal  figure  given  in  fpecies  be  dcfcribed  upon 
a  ftraight  line  given  in  magnitude ;  the  figure  is  given 
in  magnitude. 


:DE.  to  AF  is  given  •  :  /^SB           jj 

F  is  given  in  magnitude,  ^^  /          t            ll^ 

lie  figure  ABCDE  is  gi-  u(          I 

^-  I  I 

ROB.  EI-^''^A 


Let  the  reftilineal  figure  ABCDE  given  in  fpecies  be  deicrU 
bed  upon  the  ftraight  line  AB  given  in  magnitude}  the  figure 
ABCI>£  is  given  in  magnitude. 

Upon>AB  let  the  fquare  AF  be  dcfcribed  }  therefore  AF  is 
given  in  fpecies  and  magnitude,  and  becaufe  the  re^lineal  fi* 

Sures  ABCDE,  AF  given  in  fpecies  are         g^ 
efcribed  upon  the  fame  ftraight  line  AB,         ^ 
ajl-dM.  the  ratio  of  ABCDE 

But  the  fauare  AF 
fc  «.  drt.    therefore^  alfo  the 
ven  in  magnitude 

P  R  O  B.  E 

To  find  the  magnitude  of  a  rcAilineal  _L M 

figure  given  in  fpecies  dcfcribed  upon  a 
ftraight  line  given  in  magnitude. 

Take  the  ftraight  line  GH    equal  to 

the  given  ftraight  line  AB,  and  by  the  g^ „  ^ 

53d  dat*'  find  the  ratio  which  the  (quare  U        ll  VL 

AF  upon  AB  has  to  the  figure  ABCDE ;  and  make  the  ratio  of 
GH  to  HK  the  fame  ;  and  upon  GH  defcribe  the  fquare  GL, 
and  coniplete  the  parallelogram  LHKM  -,  the  figure  ABCDE  is 
CHual  to  LHKM :  Becaufe  AF  is  to  ABCDE,  as  the  ftraight 
line  GH  to  HK,  that  is,  as  the  figure  GL  to  HM ;  and  AF  is 
c  14*  5«      equal  to  QL ;  therefore  ABCDC  is  equal  to  HM  \ 

53.  PROP.    LVIL 

IF  two  redilineal  figures  are  given  in  fpecies,  and  if  a 
fide  of  one  of  them  has  a  given  rado  to  a  fide  of  the 
other ;  the  ratios  of  the  remaining  fides  to  tbe  remaining 

fides  iball  be  giveu. 

let 


I 


DATA.  .411 

£tet  AC|  DF  be  two  re£Hlin€aI  figures  given  in  fpeeiea,  and 
let  the  ratio  of  the  fide  AB  to  the  fide  OE  be  given,  the  ratioi 
of  the  remaining  fides  to  the  remaining  fides  are  alfo  given. 

Becaufe  the  ratio  of  AB  to  D£  is  given,  as  aifo  *  the  ratios  •  3-  M« 
of  AB  to  BC,  and  of  DE  to  EF,  the  ratio  of  BC  to  £F  is  gi^ 
vcn  *.  In  the  fame  manner,  the  ra-  1%  •  ^  '*'  ^"^ 

tio8  of  the  other  fides  to  the  other 
fides  are  given. 

The  ratio  which  BC  has  to  EF 
may  be  found  thus :  Take  a  ftraight 
line  6  given  in  magnitude,  and 
becaufe  the  ratio  of  BC  to  BA  is 

fiven,  make  the  ratio  of  G  to 
[  tbe  fame ;  and  becaufe  the  ratio 
of  AB  to  DE  is  given,  make  the 
ratio  of  H  to  K  the  fame;  and 
make  tlie  ratio  of  K  to  L  the  fame  with  the  given  ratio  of  DE 
to  £F.  Since  therefore  as  BC  to  BA,  fo  is  G  to  H ;  and  as  BA 
to  DE,  fo  is  H  to  K ;  and  as  DE  to  EF,  fo  is  K  to  L  ;  ex  aequa- 
li,  BC  is  to  EF,  as  G  to  L  ;  therefore  the  ratio  of  G  to  L  has 
been  found,  which  is  the  fame  with  the  ratio  of  BC  to  EF. 

PROP.    Lvm.  o. 

IF  two  fimilar  rc6lilineal  figures  have  a  given  ratio  to  see  n. 
one  another,  their  homologous  fides  have  alio  a  given 

ratio  to  one  another. 

*  • 

Let  the  two  fioiilar  reAilineal  figures  A,  B  have  a  given  ra- 
tio to  one  another,  their  homologous  fides  have  alfo  a  given 
ratio. 

Let  the  fide  CD  be  homologous  to  EF,  and  to  CD,  EF  let 
the  ftraight  line  -O  be  a  third  proportional.    As  therefore  *  CD  ^  »-  Cor« 
to  G,  fo  is  the  figure  A  to  0 )  and         ys^,^  *^  *' 

the  ratio  of  A  to  fi  is  given,  there-       /  ^**^ 
fore  the  ratio  of  CD  to  G  is  given  S     /    A    1       /n^ 
and  CD,  EF,  G  are  proportionals  ;  J^  ^      ^    — 

wherefore  ^  the  ratio  of  CD  to  £F  C  D  E    P  Gr  ^  xj.  do. 

is  given. 

The  ratio  of  CD  to  EF  may  be         --  *T   "   IF 

found  thus  :  Take  a  ftraight  line  H  al  is        K 

given  in  magnitude  \  and  becaufe  the  ratio  of  the  figure  A  to 
p  is  given,  make  the  ratio  of  H  to  K  the  fame  with  '^     *    ' 
j^^  (he  13^  dat.  4ire£\s  to  be  dope,  fiind  a  mean  prp 
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between  H  and  K ;  the  ratio  of  CD  to  EF  13  the  fame  with  that 
of  H  to  L.  Let  O  be  a  third  proportional  to  CD^  EF ;  there- 
fore as  CO  to  Of  fo  is  (A  to  B,  and  fa  is)  H  to  K ;  and  as  CU 
to  EF,  fo  is  H  to  L»  as  is  ibewn  in  the  13th  dat. 

54.  PROP.     LIX. 

•m  n.  VF  tifro  reftiKneal  figures  given  in  fpccies  have  a  given 
|L  catio  to  one  another)  their  fides  (hall  likcwife  have  gi- 
ven ratioa  to.  one  another. 

• 

Let  the  twq  rc£(ih'neal  figares  A,  B  given  in  fpedeSt  have  a 
given  ratio  to  one  anotber,  their  fides  fttall  alio  have  given  ra- 
tios to  one.  asQth^rl    .' 

If  the   figure  A  be   fimilar  to  B»   their  honiologoiti  (ides 

(hall  have  a   given    ratio   to  one  another,   by  the  pceeeding 

propofition }  and  becaufe  the  figures  are  given  in  fpecies,  the 

a  p  M*     fides  of  each  of  them  have  given  ratios  *  to  one  another ;  tb^rcr 

k  9*  dau     fore  each  fide  of  one  of  them  has  ^  to  each  fide  of  the  pthcr  a 

given  ratio* 

But  if  the  figure  A  be  not  fimilar  to  B,  let  CD»  EF  be  any 

two  of  their  fides  j  and  upon  £F  conceive  the  figure  EG  to  be 

defcribed  fimilar  and  fimilarly     ^..^,^..«—  ^ 

.  placed  to  the  figure  A,  fo  that    I        a  I  '  m 


kiT* 


CD,  EF  be  homologous  fides ; 

therefore  EG  is  given  in  fpe-  f%  n    w^ 

cies ;  and  the  figure  B  is  given  ^  MJ     MU 

c  53.  dac.  in  ipecies ;  wherefore  ^  the  ratio  H 
«f  B  to  EG  is- given  ;  and  the  y 
ratio  of  A  to  B  is  given,  zt 
therefore  *»  the  ratio  of  the  fi-  ** 
gure  A  to  EG  is  given;  and    L 

4  rS.  dit.  '^  '*  fimilar  to  EG  i  therefore  <*  the  ratio  of  the  fide  CD  to  EF 
is  given  ;  and  confequently  ^  the  ratios  of  the  remaining  fides 
to  th^  remaining  ^dcs'^e  given. 

-  The  ratio  of  CD  to  EF  may  be  found  thus :  Take  a  ftraight 
line  H  given  in  magnitude,  and  becaufe  the  ratio  of  the  figure 
A  to  B  is  given,  make  the  ratio  of  H  to  K  the  fame  with  it. 
And  by  the  53d  dat.  find  the  ratio  of  the  figure  B  to  EG,  and 
inake  the  ratio  of  K  to  L  the  fame :  Between  H  and  L 
'find  a  mean  proportional  M,  the  ratio  of  CD  toEF  is  the 
.fame  with  the  ratio  of  H  to  M  ;  becaufe  the  figure  A  ia  to  B, 
as  U  to  K }  and  as  B  to  EGj  fo  is  K  to  L }  ex  acquali^  as  A 

to 


Data. 

to  £0)  fo  li  H  to  L :  And  the  figures  A)  EG  are  fimiltri  and  M 
is  a  mean  proportional  between  H  and  L }  therefoirei  as  was 
fiieWB  in  the  preceding  propofitton,  CD  is  to  £F  as  H  to  M. 
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PROP.    LX, 


ss- 


I 


F  a  rcdifineal  figure  be  given  in  fpecies  and  magnitude, 
the  fides  of  it  ftall  be  given  in  magnitude. 


Let  the  reftiitoeal  figure  A  be  given  in  fpecies  and  magni- 
tude, its  fides  are  given  in  magnitade* 

Take  a  ftraight  line  BC  given  in  pofition  and  magnitade, 
and  upon  £C  defcribe  *  the  figure  J3  fimilar,  and  fimilarly  t  xS.  6. 
placed,  to  the  figure  A, 
and  let  £F  be  the  fide  of 
thCtffigure  A  homologous^ 
to^lLihft  fide  pi  D  -A 
theitfore  the  figure. D  is 

given  in  fpecies.  An\J  be-  E TP 

caufp  .  Tipon     the  -given    I  I 

ftraigtit  linc^BC   thb  >        H    \ 
gurc  D  -^ijcn  TnTpcciis    »— -— * 

is  defi^ribek.  D  is  given  *  ..**.**  ^  **•  ^^ 

in  magnitude,  and  the  figure  A  is  given  in  magnitude,  there* 
fore  the  ratio  of  A  t9  D  U  given  :  And  the  figure  A   is  fimilar 
to  D ;  thcrtfbre  the  ratio  oV  the  fide  £F  to  the  homologous  fide 
BC  is  given  * ;  and  BC  is  given,  wherefore  *  EF  is  given :  And  c  jt.  dac 
the  ratio  of  EF  to  EG  is  given  •,  therefore  EG  is  given.     And,  <*  *•  ^• 
in  the  fame  manner,  each  of  the  other  fides  of  the  figure  A  can  *  ** 
be  (hewn  to  be  given- 

PROBLEM. 

To  defcribe  a  reftilineal  figure  A  fimilar  to  a  given  figure  D, 
and  equal  to  another  given  figure  H.  It  is  prop.  2  j.  b.  6.  Elem.    , 

Becaufe  each  of  the  figures  D,  H  is  given,  their  ratio  is  «• 
ven,  which  may  be  found  by  making  '  upon  the  given  ftraight  f  cor.  41- 
line  BC  the  parallelogram  BK  equal  to  D,  and  upon  its  fide  «• 
CK  making  '  the  parallelogram  KL  equal  to  H  in  the  angle 
KCL  equal  to  the  angle  MBC  ;  therefore  the  ratio  of  D  to  H, 
that  j»,  of  BK  to  KL,  is  the  feme  with  the  ratio  of  BC  to  CL : 
And  becaufe  the  figures  D,  A  are  fimilar,  and  that  the  ratio  of 
D  to  A,  or  H,  is  the  fame  with  the  ratio  of  BC  to  CL ;  by 
the  58th  dat.  the  ratio  of  the  homologous  fides  BC,  EF  is  the 
fame  widi  the  ratio  of  BC  to  the  mean  proportional  between 
BC  and  CL«    %nd  EF  the  mean  proportional ;  then  EF  is  the 


I  « 
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fide  of  the  figme  to  be  delbribed,  homoIogOM  to  BC  th€  fide 

of  D,  and  the  figure  itfelf  can  be  defcribed  by  the  i8th  prop* 

,  b.  6.  vhich»  by  the  conftraAion,  ia  fimilar  to  O  (  and  bdcanfe 

ff  «•  <^-    D  is  to  A,  aa  •  BC  to  CL,  that  is  as  the  figure  BK  to  KL|  and 

hits-     ^^^  ^  ^^  ^^^  ^  ^^'  therefore  A  ^  is  equal  to  KL,  that  ia,  to 
xi* 

57.  PRO  P.    LXI. 

iee  K.       JF  a  parallelogram  given  in  magnitude  has  one  of  its 
fidea  and  one  of  ita  anglea  given  in  Ojognitude,  the 
other  fide  alfo  ia  given. 

Let  the  parallelogram  ABDC  given  in  magnitude,  have  the 

fide  AB  and  the  angle  BAC  given  in  magnitude,  the  other  fide 

AC  is  given. 
Take  a  ftraight  line  £F  given  in  pofition  and  magnitude ; 

and  becaufe  the  parallelogram  AD 

is  given  in  magnitude,  a  re£kilineal 
a  !•  dcf.    figure  equal  to  it  can  be  found  *• 

And  a  parallelogram   equal  to  this 

b  Cot.  4$»  figure  can  be  applied  ^  to  the  given 

'*  ftraight  line  £F  in  an  angle  equal  to 

the  given  angle  BAC.    Let  this  be 

the    parallelogram    EFHG    having 

'the  angle  F£G  equal  to  the  angle 

BAC.    And  becaufe  the  parallelo- 
grams AD,  £H  are  equal*  and  have 

the  angles  at  A  and  £  equal ;  the  fides  about  them  are  recipro- 
c  14.  <.  ea^ly  proportional  *  }  therefore  as  AB  to  £F,  fo  is  EG  to  AC  ; 
d  IS.  6.     and  AB,  EF,  EG  are  given,    therefore  alfo  AC  is  given  '. 

Whence  the  way  of  finding  AC  is  manifeft. 

H.  PROP.    LXIL 

8m  N.      JF  a  parallelogram  has  a  given  angle,  the  rcdangle  con* 

tained  by  the  fides  about  that  angle  has  a  given  ratio 
to  the  parallelogram. 

Let  the  parallelogram  ABCD  have  the         ^  "Q 

fivcn  angle  ABC|  the  redangle  AB,  BC  j\^    ■■         i 

as  a  given  ratio  to  the  parallelogram  AC.        /[  ^v.      / 
From  the.  point  A  draw  AE  perpendi-  ^/  I        ^s./ 
cular  to  BC^^caufe  the  angle  ABC  is        £  C 

given,,  as  alfo  the  angle  AEB,  the  triangle  "' 

«  4s«  dat.   ABE  is  given  *  in  fpecies ;  therefore  the 

ratio  of  Sa  to  AE  is  given.    But  as  BA  _ 

hi.6»       *o  AE,  tois^  the  reftangle  AB,  BC  to  the       £J   ir        « 

re^nglc  AE,  BC  j  therefore  the  ratio  of      ^  -^       " 

the 
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tbe^  reCUnglc  AB^  BC  to  AE^  BC,  chat  is  %  tp  the  parallelo-  c  35*  >• 
gram  AC»  is  giyen.  *  , 

And  it  is  evident  how  the  ratio  of  the  re£iangle  to  the  pa* 
ralldogCMn  yiivi  be  found,  by  making  the  angle  FGH  equal 
to 'the  given  angle  ABC,  and  drawing,  from  any  point  P  in 
one  of  its  fides,  FK  perpendicular  to  the  other  GH ;  for  OF 
is  torFK,  -arBA  to  AE,  that  is,  as  the  re^ogle  AB,  BC,  \o 
the  |>a»alielognm  -  AC. 

Cor.  And  if  a  triangle  ABC  has  a  given  angle  ABC,  the      ^ 
redangle  AB,  BC  contained  by  the  fides  about  that  angles 
fhall  hare  a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD )  therefore,  by  this  pro* 
pofition,  the  redangle  AB,  BC  has  a  given  ratio  to  the  paral« 
lelogram  AC }  and  AC  has  a  given  ratio  to  its  half  the  tri« 
angle  ^  ABC ;  therefore  the  redaogle  AB,  BC  has  a  given  *  ra*  ^  M-  '• 
do  to  the  triangle  ABC.  c  9.  diu 

And  the  ratio  of  the  reOangle  to  the  triangle  is  found  thus : 
Make  the  triangle  FGK,  as  was  Ibown  in  the  propofition  ;  the 
ratio  of  GF  to  die  half  of  the  perpendicular  FK  is  the  fame  with 
the  ratio  of  the  re£tangle  AB,  BC  to  the  triangle  ABC.  Be- 
caufe,  as  was  fliown,  GF  is  to  FK,  as  AB,  BC  to  the  parallel 
logram  AC  ;  and  FK  is  to  its  half,  as  AC  is  to  its  half,  which 
is  t|ie  triangle  ABC ;  therefore,  ex  aequali,  GF  is  to  the  half  of 
FK,  as  AB,  BC  reflangle  is  to  the  triangle  ABC. 


PROP.    LXUL 

TF  two  parallelograms  be  equiangular»  as  a  fide  of  the 
fir  ft  to  a  fide  of  the  fccond,  fo  is  the  other  fide  of  the 
fecond  to  the  ftraight  line  to  which  the  other  fide  of  the 
firft  has  the  fame  ratio  which  the  firft  parallelogram  has 
to  the  fi!Cond.  And  confcquentlyy  if  the  ratio  of  the  firft 
paralielogram  to  the  fecond  be  given^  the  ratio  of  the 
other  fide  of  the  firft  to  that  ftraught  line  is  giren  ;  and  if 
the  ratio  of  the  other  fide  of  the  firft  to  that  ftraight  line 
be  given,  the  ratio  of  the  firft  parallelogram  to  the  fecond 
isigiven. 

Let  AC»  DP  be  two  equiangular  parallelograms,  as  BC,  a 
fide  of  the  firft,  is  to  £F,  a  fide  of  the  fecond,  fo  is  DE,  the  o-* 
Cher  fide  of  the  fecond,  to  the  ftraight  line  tft  yhich  AB,  the  o- 

thee 
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thtr  fide  of  the  firft  has  the  fame  ratio  liirhich  AC  hai  to  t}f» 

Produce  the  ftraight  line  AB,  and  make  as  BC  to  EFy  & 
D£  to  BG,  and  complete  the  parallelo- 
gram BGHC  ;  therefore,  becaafe  BCj  or 
OH,  is  to  EF,  as  DE  to  BG^  the  fidca 
about  the  equal  angles  BGH,  DEF  are 
«  14*  6*  fetiprocaiiy  proportional ;  wherefore  * 
the  parallelogram  BH  is  equal  to  DF; 
and  AB  is  to  BGy  as  the  parallelogram 
AG  is  to  BH,  that  is,  to  DP ;  as  there« 
fore  BC  is  to  EF,  fo  is  DE  to  B6,  which 
is  the  ftraight  line  to  which  AB  has  the 
fame  ratio  that  AC  has  to  DF. 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  giren^ 
then  the  ratio  of  the  ftraight  line  AB  to  BG  is  given ;  and  if 
the  ratio  of  AB  to  the  ftraight  line  BG  be  given,  the  ratio  of 
the  parallelogram  AC  to  DF  is  given. 

!#.  73.  PROP.    LXIV. 

8ce  N.      TF  two  parallelograms  have  unequal,  but  given  angles, 

-*"  and  if  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo 

the  other  fide  of  the  fecond  be  made  to  a  certain  ftraight 

line  ;  if  the  ratio  of  the  firft  parallelogram  to  the  fecond 

be  given,  the  ratio  of  the  other  fide  of  the  firft  to  that 

ftraight  line  fhall  be  gitca.    And  if  cha  ratio.of  the  other 

fide  of  the  firft  to  that  ftraight  line  be  given,  the  ratio  of 

the  firft  paraltelogram  to  the  feeond  fhall  be  given. 

• 
Let  ABCD,  EFGH  be  two  parallelograms  which  have  the 
unequal,  but  given,  angles  ABC,  EFG  ;  and  as  BC  to  FO,  fo 
make  £F  to  the  ftraight  line  M.    If  the  ratio  of  the  parallclo- 
/   gram  AC  to  EG  be  given,  the.i'atio  of  AB  to  M  is  given. 

At  the  point  fi  of  the  ftraight  line  BC  make  the  angle 
CBK  equal  to  the  angle  EFG,  and  complett  the  parallelogram 
KBCL.  Ahd  becauie  the  ratio  of  AC  to  EG  is  given,  and  that 
»  35*  I*  ^C  is  equal  *  to  the  parallelogram  KC,  therefore  the  ratio  of 
KC  to  EG  is  given;  and  KC,  EG  are  equiangular;  tbere- 
b  €$.  aat  fore  as  BC  to  FG,  fo  is  »  £F  to  the  ftraight  line  to  which  KB 
has  a  given  ratio,  viz.  the  fame  which  the  parallelogram 
KC  has  to  £G :  But  as  BC  to  FG,  fo  is  £F  to  die  firaqgbt 
Hue  M^  therefore  KB  has  a  given  ratio  to  M ;  and  the  ratio 

of 
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of  AB  to  BK  is  given,  becaufe  the  triangle  ABlt  is  given  in  c  4j.  dar 
Ipecies^ ;  therefore  the  ratio  of  AB  to  M  is  given  '.    -  d  9.  d«r. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa^ 
rtllelogram  AC  to  EG  is  given ;  for  Gnce  the  ratio  of  K^  to 
BA  is  given,   as  alfo  the  ratio  of  AB 
to  M,  the  ratio  of  KB  to  M  is  given  ^ ; 
and  becaufe  tlie  parallelograms  KC,  EO 
are  equiangular^   as  BC  to  FG,   fo  is        J^         ^vA  v  k*  j  * 

«»  EF  to  the  ftraight  line  to  which  KB        **^ ^^^      ^  ^^'  ^" 

has  the  lanie  ratio  which  the  parallelo* 

Srram  KC  has  to  £0  }  but  as  BC  to  FG, 
o  is  EF  to  M  i  therefore  KB  is  to  M, 
as  the  par^iUelogram  KC  is  to  EG  -,  and 
the  ratio  of  KB  to  M  is  given,  therefore  the  ratio  of  the  paral- 
lelogram KC,  that  is,  of  AC  to  EG,  is  given. 

CoE.  And  if  two  triangles  ABC,  EFG  have  two  equal  ^S^ 
angles,  or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if 
as  Be  a  fide  of  the  nrft  to  FG  a  fide  of  the  fi^cond,  fo  the  other 
fide  of  the  fecond  EF  be  made  to  a* ftraight  line  M  ;  if  the  ratio 
of  the  triangles  be  given,  the  ratio  of  the  other  fide  of  the  firft 
to  the  ftraight  line  M  is  given. 

Complete  the  paralleiograms  ABCD,  EFGH;  and  becaufe 
the  ratio  of  the  triangle  ABC  to  the  triangle  EFG  is  given,  the 
ratio  of  the  parallelogram  AC  to  EG  is  given  *,  becaufe  the  pa*-  ^  i5*  S* 
rallelograms  are  double  f  of  the  triangles  i  and  becaufe  BC  is  to  f  41*  '• 
FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  63d  dat. 
if  the  angles  ABC,  EFG  are  equal ;  but  if  they  be  unequal, 
but  given  angles,  the  ratio  of  AB  to  M  is  given  by  this  propofi«> 
tion. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 
rallelogram AC  to  EG  is  given  by  the  fame  propofitions ;  and 
therefore  the  f atio  of  the  triangle  ABC  to  EFG  is  given. 

PROP.    LXV.  6B. 

TV  two  equiangular  parallelograms  have  a  given  ratio  to 
one  another^  and  if  one  fide  has  to  one  (ide  a  given 
ratio }  the  other  fide  ihall  alfo  have  to  the  other  fide  a 
given  ratio. 

Let  the  two  equiangular  parallelograms  AB,  CI>  have  a  gi- 
ven ratio  to  one  another,  aadk^j||^yb  £B  have  a  given  ratio 
to  the  fide  FO  ;  the  other  fir  %  a  given  ratio  to  the 

odicr  fide  CF. 

^f  Becaufe 


and  EB  is  to  FD,  as  FC  to     a  C 

EG,    therefore    the    ratio    of 
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Becaufe  the  two  eqaiangutar  parallelograms  AB,  CD  have  a 
given  ratio  to  one  another;  as  £B»  a  fide  of  the;  firft,  is  to  FD, 
•  ^3«  dat.  a  fide  of  the  fecond,  fo  is*  FC,  the  other  fide  of  the  fecond,  to 
the  ftraight  line  to  which  A£,  the  other  fide  of  the  firft,  has 
the  fame  given  ratio  which  the  firft  parallelogram  AB  has 
to  the  other  CD.  Let  this  ftraight  line  be  EG  }  therefore  the 
ratio  of  A E  to_^EG  is  given  j, 

\Ji 

FC  to  EG  is  given,  becaufe  17  /  /n  wi- 

the ratio  of  EB  to  FD  is  gi-  *^^  *     "  ' 

ven;  and  becaufe  the  ratio  of  Q 
AE  to  EG,  as  alfo  the  ratio 
of  FC  to  EG  is  given ;  the         ft  KL 
b  9.  dat.    fatio  of  AE  to  CF  is  given  *>. 

•  The  ratio  of  AE  to  CF  may  be  found  thus  :  Take  a  ftraight 
line  H  given  in  magnitude ;  and  becaufe  the  ratio  of  the  pa- 
rallelogram •  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the 
fame  with  it.  And  becaufe  the  ratio  of  FD  to  EB  is  given, 
make  the  ratio  of  K  to  L  the  fame  :  The  ratio  of  AE  to  CF  is 
the  fame  with  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  fo  FC 
to  EG,  therefore,  by  ioverfion,  as  FD  to  EB,  fo  is  EG  to  FC ; 
and  as  AE  to  EG,  fo  is  *  (the  parallelogram  AB  to  CD,  and  fo 
is)  H  to  K ;  but  as  EG  to  FC,  fo  is  (FD  to  EB,  and  fo  is}  K 
to  L ;  therefore,  ex  aequali,  as  AE  to  FCj  fo  is  H  to  L. 


«p.  PROP.    LXVI. 

IF  two  parallelograms  haye  unequal,  but  given  angles, 
and  a  given  ratio  to  one  another ;  if  one  (ide  has  to 
one  fide  a  given  ratio,  the  other  fide  Has  alfo  a  given  ra- 
tio to  the  other  fide. 

Let  the  two  parallelograms  ABCD,  EFGH  which  have  the 
given  unequal  angles  ABC,  £FG,  have  a  given  ratio  to  one  as- 
other,  and  let  the  ratio  of  ,BC  to  FG  be  given ;  the  ratio  alfo  of 
AB  to  £F  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBE 

equal  to  the  given  angle  EFG,  and  complete  the  parallelo- 

gram  BKLC ;  and  becaufe  each  of  the  angles  BAK,  AKB  is 

a  43.  dtt.   Si^ci^y  ^^e  triangle  ABK  is  given  *  in  fpecies ;  therefore  the 

r^tio  of  AB  to  BK  is  given  j  and  becaufe,  by  the  bypotbefis, 

the 
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tkc  radd  of  the  parallelograin  AC  to  EG  is  glren*  and  that  AC 

is  equal  «>  to  BL  j  therefore  the  ratio  of  BL  to  EG  is  given  :  b  35.  1. 

And  becaufe  BL  is  equiangular  to  EG,  and  bjr  the  hypothcfis^ 

the  ratio  of  BC  to  FG.  \s  given  j  therefore  «  the  ratio  of  KB  to  c  65.  dat. 

EF  is  given,  and  the  ratio  of  KB 

to  B A  is  given  ;  the  ratio  therc-^  -_-—,—._-_ 

fore  *  of  AB  to  EF  is  ^iven,  \  |  \  |  d  9.  dit. 

The  ratio  of  AB  to  EF  may  be 
found  thus :  Take  the  ftraight  line 
MN  given  in  poGtion  and  magni- 
tude ;  and  make  the  angle  NMO 
equal  to  the  given  angle  BAK| 
and  the  angle  MNO  equal  to  the 
given  angle  EFG  or  AKB  :  And 
becaufe  the  parallelogram  BL  is  equiangular  to  EG,  and  has  a 

fiven  ratio  to  it,  and  that  the  ratio  of  BC  to  FG  is  given  j  find 
J  the  6<th  dat.  the  ratio  of  KB  to  EF;  and  make  the  ratio  of 
NO  to  OP  the  fame  with  it :  Then  the  ratio  of  AB  to  EF  is  the 
fame  with  the  ratio  of  MO  to  OP :  For  fince  the  ti'iantrle  ABK 
is  equiangular  to  MON,  as  AB  to  BK,  fo  is  MO  to  ON  5  and 
as  KB  to  EF,  fo  is  NO  to  OP  5  therefore,  ex  aequali,  as  AB  t» 
EF,  fo  is  MO  to  OP.  ^ 

PK6P.     LXVIl.  JO. 

IF  the  fides  of  two  equiangular  parallelograms  havc^**^^ 
given  ratios  to  one  another  j  the  parallelograms  fhall 
have  a  given  ratio  to  one  another* 

Let  ABCD,  ElfGH  be  two  Equiangular  parallelograms,  and 
let  the  ratio  of  AB  to  EF,  as  ajfo  the  ratio  of  BC  to  FG,  be  gi- 
ven $  the  ratio  of  the  ^aralieiogr aiii  AC  to  EG  is  given. 

Take  a  ftraight  line  K  given  in  magnitude,  and  becaufe  the 
ratio  of  AB  to  EF  is  given, 
make  the  ratio  of  K  to  L  the  A 
fame  with  It  1  therefore  L  is     V 

given  ■ ;  And  becaufe  the  ratio    ^^  \p  \^  ^         •  *•  «1»^* 

of  BC  to  FG  is  given,  make 
the  ratio  of  L  to  M  the  faihe  x 
Tbetefore  M  is  given  * ;  and 

K  is  given,  wherefore  •>  the    M  ■  "  b  !•  <l*t. 

ratio  o?  K  to  M  is  given  :    Bur  the  p^Arailelogram  AC  is  to  the 
parallelogram  £G|  as  the  ftraight  line  K  to  the  ftraight  line  M, 

D  d  a  ^J^        as 
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as  is  demonftrated  in  the  23d  prop,  of  b.  6.>  Elem.  tberefere  tbe 
ratio  of  AC  to  EG  is  given. 

From  this  it  is  plain  how  the  ratio  of  two  equiangular  paral- 
^        lelograms  may  be  found  when  the  ratios  of  their  6des  are  given. 


70.  PROP.    Lxvm. 

scff  N.      vp  the  fides  of  twp  parallclograois  which  have  onequali 
but  given  aoglcs^  have  given  ratios  to  one  another } 
the  parallelograms  {ball  have  a  given  ratio  to  one  an- 
other. 

« 

Let  two  parallelograms  ABCD,  EFGH  which  have  the  given 
unequal  angles  ABC»  EFG  have  the  ratios  of  their  Gdes,  viz.  of 
AB  to  EF,  and  of  BC  to  FG,  given}  the  ratio  of  the  parallelo- 
gram AC  to,  EG  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK 
equal  to  the  given  angle  EFG}  and  complete  the  parallelo- 
gram KBCL :   And  becaufe  each  of  the  angles  BAK|  BKA  is 

•  4;.  dat.  giveui  the  triangle  ABK  is  given  *  in  fpecies :   Therefore  tbe 
ratio  of  AB  to  BK  is  given ;  and  the  ratio  of  AB  to  £F  is  gi- 

^  9.  dau     ven,  wherefore  ^  the  ratio  of  BK  to  £F  is  given  :   And  tbe 
ratio  of  BC  to  PG  is  given  }  w      a  T    H  T7    U 

and  the  angle  KBC  is  equal  \^         JJ  U   ti    It 
to  the  angle  EFG;   there-    V^ 

c  s;.  d»t.  fore '  the  ratio  of  the  paral-      A 
lelogram  KC  to  EG  is  gi-       "^^ 


4  55. 1.     ven  :   But  KC  is  equal  *  to  ^^ 

AC}  therefore  the  ratio  of  \^   n 

AC  to  EG  is  given.  ^^  *^ 

The  ratio  of  the  parallelogram  AC  to  EG  may  be  found 
thus  :  Take  the  ftraight  line  MN  givan  in  pofition  and  roagni- 
f  udei  and  itiake  the  angle  MNO  equal  to  the  given  angle  KAB, 
and  the  angle  .NMO  equal  to  the  given  angle  AKB  or  FEH : 
And  becaufe  the  ratio  of  AB  to  EF  is  gtven«  make  the  ratio  <^ 
NO  to  P  the  fame ;  alfo  make  the  ratio  of  P  to  Q^the  fame 
with  jthe  given  ratio  of  BC  to  FG,  the  parallelogram  AC  is  to 
EG.  as  MO  to  Q. 

Becaufe  the  angle  KAB  is  equal  to  the  angle  MNO»  and 
the  angle  AKfi  equal  to  the  angle  NMO ;  the  triangle  AKB  is 
equiangular  to  NMO  :  Therefore  as  KB  to  BA|  £0  is  MO  to 
ON  I  and  as  BA  to  EF,  fo  is  NO  to  P }  wherefore,  ex  ae- 
qualii  as  KB  to  EF,  fo  is  MO  to  P ;  AndBCis  toFG^  as  P 

to 
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to  Q>  and  the  parallelograms  EC,  EG  are  equiangular  $  there* 
fore,  aa  was  ihown  in  prop.  67.  die  parallelc^ram  KC9  chat  is, 
AC^  is  to  EG,  as  MO  to  Q^ 

Cor.  1.  If  two  triangles  'ABC,  DEF  hare  two  equal  angles,     7c- 
or  two  unequal,  but  given  angles  ABC,  DEF,  and  if  the  ratios 
of  the  fides  about  the(e  angles,  viz. 
the  ratios  of  AB  to  D£,  and  of  BC 
to  £F  be  given ;  the  triangles  fliall 
have  a  given  ratio  to  one  another. 

Complete  the  parallelograms  BG,    -^ ^    -s — — —, 

£H  ;  the  ratio  of  BG  to  EH  is  gi-    B  V     £        F 

▼en*  I  and  therefore  the  triangles  which  are  the  halves^  of  a  67.  or  68. 

them  have  a  given "■  ratio  to  one  another.  .  **•*• 

CoR.  a.  If  the  bafes  BC,  EF  of  two  triangles  ABC,  DEF  have  *  it  j.* 
a  given  ratio  to  one  another,  and  if  alfo  the  ftraight  lines  AG,     ;». 
Do  which  are  drawn  to  the  bafes  from  the  oppofite  angles, 
either  in  equal  angles,  or  unequal,   but  given  angles  AGC^ 
DHF  have  a  given  ratio  to  one  f^   /^  L    D 

another  j  the  triangles  ihall  have    -    '  -   '  - 

a  given  ratio  to  one  another. 

Draw  BK,  EL  parallel  to  AG,    _     _  .,...-— ^ 

DH,  and  complete  the  parallc-  B    O       C       E    H    F 
lograms  KC,  LF.    And  becaufe  the  angles  AGC,  DHF,  or 
their  equals,  the  angles  KBC,  LEF  are  either  equal/  or  unequal, 
but  given ;  and  that  the  ratio  of  AG  to  DH,   that  is,  of  KB  to 
LE,  is  given,  as  alfo  the  ratio  of  BC  to  EF;  therefore*  the  ra-  a  67.or6«. 
tio  of  the  parallelogram  KC  to  LF  is  given ;  wherefore  alfo  the     <^t* 
ratio  of  the  triangle  ABC  to  DEF  is  given  \  r  ^,^  ,, 

*lu'  5. 
PROP.    LXIX.  4t. 

TF  a  parallelogram  which  has  a  given  angle  be  applied  to 
one  fide  of  a  rediliocal  figure  given  in  fpecies ;  if  the 
figure  have  a  given  ratio  to  the  prallelograni,  the  paraU 
Iclogram  is  given  in  fpecies. 

Let  ABCD  be  a  reCUlineal  figure  given  in  fpecies,  and  to  one 
fide  of  it  AB,  let  the  parallelogram  ABEF  having  the  given 
angle  ABE  be  applied ;  if  the  figure  ABCD  has  a  given  ratio  to 
the  parallelogram  BF|  the  parallelogram  BF  is  given  in  fpecies. 

Through  the  point- ^^r^w  AG  parallel  to  BC»  and  through 
the  point  C  draw  ^  AB,  and  produce  G  A,  CB  to 

th« 


4aa 

•  3«  def. 


b  53.  a«c 

€  9.  dat. 

d  35.  X* 
«  I.  6. 
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the  points  H,  K;  becaufe  the  angk  ABC  it  gtircn*,  aod  (ht 
ratio  of  AB  to  BC  is  given,  the  figure  ABCD  being  giTcnir 
fpecies ;  therefore,  the  parallelogram  BG  is  given  *  in  fpedei. 
And  becaofe  upon  the  fame  ftraight  line  AB  the  two  re&U'md 
figures  BD,  BG  given  in  fpecies  are  defcribed»  the  ratio  c: 
,BP  tp  BG  is  given  ^ ;  and,  by  hypothefis^  the  xztio  rf 
.BD  to  the pajiHdegram  BF  is  given  ;  wherefore*  the  ratio d 
BP,  that  is ',  of.  the  parallelogram  BH,  to  BG  is  giveOi  aod 
therefore*  Ihe  ^ratio  of  the  ftraight  line  KB  to  BC  is  given; 
^znA  thQ  r;^t)o^>BC  to  BA  is  given,  wherefore  the  ratit  of 
KB  caBA  is'given  ^  :  And  becaufe  the  angle  ABC  is  given,  tbe 
adjacent  angle  ABK  is  given ;  and  the  angle  ABE  is  gifCD, 
therefore  the  remaining  angle  KBE  is  given.  The  angle  EKB 
is  alfo  given »  becaufe  it  is  equal  to  the  angle  ABK  $  therefore 
the  triangle  BKE  is  given  in  fpecies,  and  confequently  the  u* 
tio  of  £B  to  BK  is  ghren  \  and  the  ratio  of  KB  to  B A  is  given, 
wherefore^  the  ratio  of  £B 
to  BA  is  given  \  and  the 
angle  ABE  is  gi  v^,  there* 
fore  the  paraiielQgram 
BF  is  given  *  in  fpecies. 

A  paralfelogfam  fimi« 
lar  to  BF  may  be  found 
^hus  ;  lake  a  ftraight  line  IJ  tji  fr  p 
LM  given  in  ppfition  and  **  ^  ^  t^  _  ^.  — 
magnitude  \  and  becaufe  the  angles  ABK,  ABE  are  given, 
inake  the  angle  NLM  equal  to  ABK,  and  the  angle  NLO 
equal  to  ABE*  And  bepaufe  the  ratio  of  PF  to  BDisgi^^^* 
inake  the  ratio  of  LM  to  P  the  fame  with  it;  and  becaufe  the 
ratio  of  the  figure  BD  to  BG  is  given,  find  this  ratio  by  the 
53d  dat.  and  make  the  ratio  of  F  tpQ^the  fame.  Alfo,  becau/e 
the  ratio  of  CB  to  BA  is  given,  make  the  ratio  of  Q^to  R  the 
fame ;  and  take  LN  equal  to  R  ;  through  the  point  M  draw  CM 
para^llel  to  LN,  and  complete  the  parallelogram  NLO^;  then 
this  is  fimilar  to  the  parallelogram  BF« 

Becaufe  the  angle  ABK  is  equal  to  NLM,  and  the  angle 
ABE  to  NLO  the  angle  KBE  is  eqpal  to  MLO;  and  the 
angles  BKE,  LMO  are  equal,  becaufe  the  angle  ABK  is  e; 
.  qual  to  NLM;  therefore,  the  triangles  BKE,  LMO  arc  equi- 
angular to  one  another  ;  vrherefore  as  BE  to  BK,  fo  is  hO  to 
LM ;  and  becaufe  as  the  figure  BF  to  BD,  fo  is  the  ftraight 
line  LM  to  P ;  and  as  BD  to  BG,  fo  is  P  to  Qj  ex  aeqnA 
as  BF,  that  is  ^  BH,  to  Bp,  fo  is  LM  to  (^:  But  BH  is  to 


1 


DATA.  433 

S6,  as  KB  to  BC ;  as  therefore  KB  to  BC,  fo  is  LM  to  0^$  • 
andbecaufe.BE  is  toBK  as  LO  toLM;  and  asBKtoBC, 
£0  is  LM  to  O  :  And  as  BC  to  BA,  fo  Q^  was  made  to  R  ^  there- 
fore, ex  aequali,  as  BE  to  BA»  fo  is  LO  to  R,  that  is  to  LN  ; 
and  the  angles  ABE.  NLO  are  equal ;  therefore  the  paralle^ 
logram  BF  il  fimilar  to  LS. 

PROP.      LXX.  «*.  7«. 

TF  two  ftraight  lines  have  a  given  ratio  to  one  another,  Sec  n. 

and  upon  one  of  them  be  defcribed  a  redilineal  figure 
given  in  fpecies,  and  upon  the  other  a  parallelogram  ha- 
ving a  given  angle  ^  if  the  figure  have  a  given  ratio  to 
the  paralielogram,  the  parallelogram  is  given  in  fpecjes^ 

Let  the  two  ftraight  lines  AB,  CD  have  a  given  ratio  to  one  ' 
another,  and  upon  AB  let  the  figure  AEB  given  in  fpecies  be 
defcribed,  and  upon  CD  the  parallelogram  DF  having  the  given 
angle  FCD ;  if  the  ratio  of  AEB  to  DF  be  given,  the  paialle- 
logram  DF  is  given  in  fpecies. 

Upon  the  ftraight  line  AB,  conceive  the  parallelogram  AG 
to  be  defcribed  fimilar,  and  Cmilarly  placed  to  Fit)  ;  and  becaufe 
the  ratio  of  AB  to  CD  is  given,  and  upon  them  are  defcribed 
the  fimilar  rc£lilineal  figures  AG, 
FD  ;  the  ratio  of  AG  to  FD  is  gi- 
ven * ;  and  the  ratio  of  FD  to  AKB  J^y 
is  given ;  therefore  ^  the  ratio  of 
AEB  to  AG  is  eiven  ;  ^nd  the  angle 
ABG  is  given,  becaufe  it  is  equal  to 
the  angle  FCD  ^  becaufe  therefore 
the  parallelogram  AG  which  has  a 

given  angle  ABG  is  applied  to  a  fide  ir  IT  1 

AB  of  the  figure  AEB  given  in  fpe-  H  fW  Xj 

cies,  and  the  ratio  of  AEB  to  AG  is  given,  the  parallelogram 
AG  is  given  ^  in  fpecies  j    but  FD  is  fimilar  to  AG  j  therefore  c  69.  4ait 
FD  is  given  in  fpecies. 

A  parallelogram  fimilar  to  FD  may  be  found  thus :  Take  a 
ftraight  line  H  given  in  magnitude ;  and  becaufe  the  ratio  of 
the  bgure  AEB  to  FD  is  given,  make  the  ratio  of  H  to  K  the  . 
fame  with  it:  Alfo,  becaufe  the  ratio  of  the  ftraight  line  CD  to. 
AB  is  given,  find  by  the  54th  dat.  the  ratio  which  i\ie  figure 
TD  defcribed  upon  CD  has  to  the  figure  AG  defcribed  upon. 
AB  fimilar  to  FD  ;  and  make  the  ratio  of  K  to  L  the  fame 
with  this  ratio  :' And  becaufe  the  ratios  of  H  to  K,  and  of  K 

D  d  4  ta 
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b  9.  dt*;    to  L  tre  gtvcn>  the  ratio  of  H  to  L  is  given  ^  %  kcaare,  tb€ra> 
fore,  as  AEB  to  FD,  fo  is  H  to  K 1  and  as  FD  to  AG,  fo  is 
K  to  L  $  ez  aeqaali,  as  AEB  to  AG,  fo  is  H  to  L ;  there- 
X  fore  the  ratio  of  AEB  to  AG  is  given  ;  and  the  Bgnte  AEB 

is  given  in  fpecieSi  and  to  its  fide  Afi  the  parallelogram  AG 
is  applied  in  the  given  angle  A6G ;  therefore  by  the  6g^h  dat. 
a  parallelogram  may  be  fouiid  fimilar  to  AG :  Let  this  be  the 
parallelogram  MN  ;  MN  alfo  is  fimilar  to  FD  i  for,  by  the  con« 
ftrudion,  MN  is  fimilar  to  AG,  and  AG  is  fimilar  tp  FD  I 
therefore  the  parallelogram  FD  is  fimilar  to  MN. 


8«.  PROP.    LXXI. 


IF  the  extremes  of  three  proportional  flraight  lines  have 
given  ratios  to  the  extremes  of  other  three  propor* 
tional  flraight  lines ;  the  means  (hall  alfo  have  a  given 
ratio  to  one  another :  And  if  one  ca^treme  has  a  given  ra- 
tio to  one  extreme,  and  the  mean  to  the  mean  ;  likcwife 
the 'other  extreme  (hall  have  to  the  other  a  given  ratio. 

Let  A|  By  C  be  three  proportional  ftraight  lines,  and  D»  £9 
F  three  other  ;  and  let  the  ratios  of  A  to  D,  and  of  C  to  F  be 
given ;  then  the  ratio  of  B  to  £  is  alfo  given* 

Becaufe  the  ratio  of  A  to  D,  as  alfo  of  C  to  F  is  given,  the 

a  6t.  dat.  ratio  of  the  redanglc  A,  C  to  the  re£langle  D,  F  is  given* ; 

b  17.  6,     but  the  fquare  of  B  is  equal  ^  to  the  reAangle  A»  C  ;  and  the 

fquare  of  £  to  the  rejlangle  ^  p^  F ;  therefore  the  ratio  of  the 

c  58.  dat.  fquare  of  B  to  the  fquare  of  £  is  given  i  wherefore  ^  alfo  the  ra* 

tio  of  the  (traight  line  B  to  £  is  givei^. 

Next,  let  tne  ratio  of  A  to  D|  and  of  B  to£  be  gi* 
ven ;  then  the  ratio  of  C  to  F  is  alfo  given. 

Becaufe  the  ratio  of  B  to  £  is  given,  the  ratio  of 

d  54*  dtt.  the  fquare  of  B  to  the  fquare  of  £  is  given  ^  ;  thert- 

fore**  the  ratio  of  the  rediangle  A,  C  to  the  redang!e 

P,  F  is  given  $  a^d  the  ratio  of  the  fide  A  to  the  fide 

P  is  given  ;  therefore  the  ratio  of  the  other  fide  C  to 

p  (j.  ittu  the  other  F  is  given  ^ 

Cor.  ^nd  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  fo|ir  other  proportionals*  given  ratios,  and  Qne  of 
the  means  a  g^iven  ratio  to  one  of  the  means  1  the  other  mean 
(hall  have  a  given  ratio  to  the  other  mean,  as  may  be  ^own  in 
the  fame  manper  as  in  the  foregoing  propofition* 

FRQP, 
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PROF.      LXXS.  I 

TF  foar  ftfsigfat  finec  be  i^eportion^i  t  s«  Ae  firft  is  to 
tbe  ftrai^t  line  to  which  the  fc«ond  has  a  enca  ra- 
tio, fo  is  the  third  to  a  ftrai^t  tine  to  which  the  fourth 
has  a  given  ratio. 

Lot  A,  B,  C,  D  be  fow  proportieinl  llrugfat  lines*  viz-  as 
A  to  B,  fo  C  to  D }  as  A  18  to  ac  ftratght  line  to  which  B  has 
a  given  ratio,  (o  is  C  to  t  ftrtight  line  to  which  D  has  a  given 
ratio. 

Let  E  be  the  ftraigbt  line  to  which  B  has  a  given    I 
ratio,  and  as  B  to  E,  fo  make  D  to  F :   The  ratio  of 
B  to  E  is  given  *,  and  therefore  the  ratio  of  D  to  F  ( 
and  becaufe  as  A  to  B,  fo  is  C  to  D ;  and  as  B  to  £    [    .    _ 
foDto  ¥i  thcrcroict  ex  aequali,  as  A  to  £,  fo  is  ^BEI 
C  to  F ;  and  E  is  the  ftrsigfat  line  to  which  B  has  a  C  9? 
given  ratio,  and  F  that  to  wbicfa  U  faai  a  given  ratio;  j* 
thcTcfore  as  A  is  to  the  ftraight  line  to  which  B  has 
a  given  ratio,  fo  i*  C  to  a  line  to  which  D  has  a  given   | 
ratio.  ■  ■  ■ 


PROP.    Lxxm. 


Sj. 


IF  four  flraight  lines  be  proportionals ;  as  the  firll  is  tosst  k. 

the  ftraight  line  to  which  the  feconid  bu  a  given  ra- 
tio, fo  is  a  ftraigbt  Hoc  to  which  the  third  has  a  given 
ratio  to  the  fourth. 


Let  tbe  ftraight  line  A  betoB,  aiCtoDtaaAt 
ftraight  liae  to  which  B  has  a  given  ratio,  fo  is  a 
ftraight  line  to  which  C  has  a  givcoratio  to  D. 

Let  £  be  the  Itraight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  E,  fo  make  F  to  C  ^  becaufe  the 
ratio  of  B  to  E  is  given,  the  ratio  of  C  to  F  is  £<-  *  n  is< 
ven  I    And  becaufe  A  is  to  B,  as  C  to  D ;  and  as  fi  A  B  £ 
to  £,  fo  F  to  C }  thereiore,  ex  aequali  in  propoitiooc  ] 
perturbata ',  AiatoE^asFtoD;  that  is,  A  ia  *oJ^  I,  |t^|"  *i-  i> 
to  which  B  has  a  SJJ™  ratio>  as  Ff  to  whid  "^ 
a  ^iven  nMfii  is  t«  i>> 


J 


426  EUCLID'S 


44.  PROP.    LXXIV. 

IF  a  triangle  ha^  a  given  obtufe  angle ;  the  exce6  of 
the  fquare  of  the  fide  which  fubtends  the  obtufe 
angle,  above  the  fquares  of  the  fides  which  contain  it, 
ihall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  obtufe  angle  ABC ;  and 
produce  the  ftraight  line  CB,.  and  from  the  point  A  drav 
AD  perpendicular  to  fiC :  The  excefs  of  the  fquare  of  AC  a- 

•  !».  a.  bovc  the  fquares  of  AR,  BC,  that  is  ■,  the  double  of  the  rcfl- 
angle  contained  by  DB»  BC,  baa  a  given  ratio  to  the  triangle 
ABC. 

'Bccaafe  the  angle  ABC  is  given,  the  angle  ABD  is  alfo  gi- 
ven ;  and  the  angle  ADB   is  given ;   wherefore  the    triangle 

b  43.  dtt.  ABu  is .  given  •*  in  fpecies;  and  therefore  the  ratio  of  AD  to 

c  !•  ^  PB  IS  given  :  And  as  AD  to  DB,  fo  is  ^  the  r^angle  AD^ 
Be  to  the  reAangle  DB^  BC  $  wherefore  the  ratio  of  the  re£bngle 
A£)}BC  to  the  redangle  DB,  BCis  given,  asalfo  the  ratioof  twice 
the  re£tsngle  DB,  BC  to  the  re&angle  AD, 
BC :  But  the  ratio  of  the  redangle  AD, 
BC  to  the  triangle  ABC  is  given,  becaufe 

A  41.  I*     it  is  double  ^  of  the  triangle  i  therefore 
the  ratio  of  twice  the  re£iangle  DB,  BC 

f  9.  dat,     to  the  triangle  ABC  is  given  * ;  and  twice ^ 

the  re£bingle  DB,  BC  is  the  excefs  *  of     D     O        C 
the  fquare  of  AC  above  the  fquare9  of  AB»  BC ;  therefore  this 
excefs  has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excefs  to  the  uiangle  ABC  maybe 
found  thus  :  Take  a  ftraight  line  £F  given  in  pofition  and  mag- 
nitude ;  and  becaufe  the  angle  ABC  is  given,  at  the  point  F 
of  the  ftraight  )ipe  Ef,  make  the  angle  EFG  equal  to  the  angle 
ABC;  produce  GF,  and  draw  EH  perpendicular  to  FG  ;  then 
t^e  ratio  of  the  excefs  of  the  fquare  of  AC  above  the  fquares 
<i  Ap,  ^C  to  the  triangle  ABCi  is  the  fame  with  the  ratio  of 
quadfruple  the  ftraight  line  HF  to  HE. 

•  Becaufe  the  angle  ABD  is  equal  to  the  angle  EFH,  and 
ttie  angie  ADB  id  EHF,  each  being  a  right  angle  ;  the  tri- 

1 4*  ^       angle  ^PB  is  equiangular  to  EHF ;  therefore  ^  as  BD  to  DA, 

sG0r.4*5«  ^*rH  to  HE;  and  as  quadruple  of  BP  to  DA,  ft>  is  >  qua- 
Aruj^e  df  FH  to  HE :  But  as  twice  BD  is  to  DA,  fo  is^  twice 
the  dtdftngle  DB,  BC  to  the  reAangle  AD,  BC  ;  and  as  DA 

k  C.  5«      t6  tl^  hklf  of  it|    fo  is  ^  the  re^angle  AD»  BC  to  its  half  the 

trianglt: 


/ 
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•     « 

criaaglc  A9C;  therefore^  ex  aeaaali»  as  twice  BD  is  to  the  half 
pf  DA|  that  is,  as  quadrople  of  BD  is  to  D A»  that  is,  as  qua- 
druple of  FH  to  HE,  fo  is  twice  the  refiangle  DB,  BC  to  the 
triangle  ABC. 

PROP.    LXX V,  6^ 

IF  a  triangle  has  a  given  acute  angle,  the  fpace  by  which 
the  fquare  of  the  iide  fubtending  the  acute  angle  is 
lefs  than  the  fquares  of  the  (ides  which  contain  it^  ihali 
baye  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC,  and 
draw  AD  perpendicular  to  BC|  the  fpace  by  which  the  fquare 
pf  AC  is  lefs  than  the  fquares  of  AB,  BC,  that  is  *,  the  double  a  13.  s« 
of  the  reftangle  contained  by  CB,  BD,  has  a  given  rati6  to  the 
triangle  ABC 

Bccaufe  the  angles  ABD,  APB  are  each  of  them  given, 
the  triangle  ABD  is  given  in  fpecies  ;  and  therefore  the  ratio 
of  BD  to  DA  is  given  :  And  as  BD  to  DA,  A 

fo  is  the  re£langle  CB,  BD  to  the  re£langle 
CB,  AD }  therefore  the  ratio  of  thefe  rect- 
angles is  givenf  as  alio  the  ratio  of  twice  the 
reSangle  <?fi,  BD  to  the  reaangle  CB,  AD ; 

but  the  re£tangle  CB,  AD' has  a  given  ratio — 

to  its  half  the  triangle  ABC  ;  therefore  <»  the  H  J)  O  b  9.  d«|, 

ratio  of  twice  the  re&angle  CB,  BD  to  the  tri;AngIe  ABC  is  gi- 
ven ;  and  twice  the  reCiangle  CB,  BD  is  *  the  fpace  by  which 
the  fquare  of  AC  is  lefs  than  the  fquares  of  AB,  BC  ;  there- 
fore  the  ratio  of  this  fpace  to  the  triangle  ABC  is  given  ;  And 
the  ratio  nay  be  found  as  in  the  preceding  propoGtion- 

LEMMA. 

IF  from  the  vertex  A  of  an  ifofceles  triangle  ABC,  any  ftraight 
line  AD  be  drawn  to  the  bafe  BC,  the  fquare  of  the  fide 
AB  is  equal  to  the  rectangle  BD,  DC  of  the  fegments  of  the  bafe 
together  with  the  fquare  of  AD;  but  if  AD  be  drawn  to  the 
bafe  produced,  the  fquare  of  AD  is  equal  to  the  re^ngle  BD, 
DC  together  with  the  fquare  of  AB. 

Cas.  1.  Btfea  the  bafe  BC  in  £,  and 
join  AE  which  will  be  perpendicular  '  to 
BC ;  wherefore  the  fquare  of  AB  is  equal 
>  to  the  fquares  of  AE,  £B  ;  but  the  fquare 
of  EB  is  equal  *  to  the  reaangle  BD,  ^^ 

together  with  the  fquare  of  DE }   there-  «^-/'J^*      \^  \ 

foic  the  fquare  of  A^  is  equal  to  the  ]}  dDS     C 
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^  47>  I-  fqoares  of  AE|  ED,  that  is,  to  ^  the  fqoare  ot  AD«  toijedier 
with  the  re£langle  BD^  DC ;  the  other  cafe  is  ihowo  in  the  fiunc 
way  by  6.  2.  Elem. 

47.  PROP.    LXXVL 

IF  a  triaogle  have  a  gtveo  angle,  the  ejrccfs  of  the  fijoarc 
of  the  i&aight  line  which  is  equal  to  the  two  fides  that 
contain  the  given  angle,  above  the  fquare  of  the  third  fide, 
(hall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  the  ezcefs 
of  th^  fquare  ot  the  ftraight  line  which  is  equal  to  BA,  AC  to« 
gcther  above  the  fquare  of  BC,  (hall^iave  a  given  ratio  to  the 
triangle  ABC. 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC  and 
produce  it  to  E,  and  through  the  point  B  draw  BE  parallel  to 
AC  }  join  AE,  and  draw  AF  perpendicular  to  DC ;  and  be- 
caufe-  AD  is  equal  to  AC,  BD  is  equal  to  BE ;  and  BC  is 
drawn  from  the  vertex  B  of  the  ifofceles  triangle  DBE,  there- 
for^, by  the  Lemma,  the  fquare  of  BD,  that  is,  of  BA  and 
AC  together,  is  equal  to  the  redlangle  DC,  C£  together  with 
tI|C  fquare  of  BC ;  and,  therefore,  the  fquare  of  BA,  AC  to- 
gether>  that  is,  of  BD,  is  greater  than 
the  fquare  of  fit!  by  the  reSangle  DC, 
CE;  and  this  re&angle  has  a  given 
*  ratio  to  the  triangle  ABC  :    Becaafe 

the  angle  BAC  is  given,  the  adjacent 
angle  CAD  is  given;  and  each  of  the 
angles  ADC,  DC  A  is  given,  for  each 
•5-&3»«  z.  of  them  is  the  half  *  of  the  given  angle 
BAC;  therefore  the  triangle  ADC  is 
b4J-dat.   given  **  in  fpecies;  and  AF  is  drawn 

from  iu  vertex  to  the  bafe  in  a  given  angle ;  wherefore  the  ratio 
c  so.  <lat.   of  AF  to  the  bafe  CD  i$  given  ^ ;  and  as  CD  to  AF,  fo  is  '  the 
*  '•  ^-       reOanele  DC,  CE  to  the  reftangle  AF,  CE  •,  and  the  ratio  of 
c  41*  X*      the  rectangle  AF,  CE  to  its  half  ^  the  triangle  ACE  is  given } 
therefore  the  ratio  of  the  re£langle  DC,    CE  to  the  triangle 
f  s7.  x«      ACE,  that  is  f,  to  the  triangle  ABC,  is  given  <s  and  the  reflangle 
a  9.  dac*    PC,  CE  is  the  ezcefs  of  the  fquare  of  BA,  AC  together  abo?e 
the  fqoare  of  BC  }  therefore  the  ratio  of  this  ezceft  to  the  tri- 
angle ABC  U  given. 

The  ratio  v^ich  the  re£hngle  DC,  CE  has  to  the  triangle 
APC  is  found  thus  t  Take  the  ftraight  line  GH  given  in  poG- 

tion 
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tion  $mi  mgnitude,  and  at  the  point  G  in  GH  make  the  angle 
HGK  equal  to  tke  given  an^Ie  CAD,  and  take  GK  equal  to 
GH,  join  KHy  and  draw  GL  perpendicular  to  it :  Then  the 
ratio  of  HK  to  the  half  of  GL  is  the  fame  with  the  ratio  of 
the  re£langte  DC,  CE  to  the  triangle  ABC  :,  Becaufe  the  angles 
HGK«  DAC  at  the  irertices  of  the  ifoTcelea  triangles  GHK, 
ADC  are  equal  to  one  anodier,  tbefe  triangles  are  fimilar;  and 
becaafe  GLy  AF  are  perpendicular  to  the  bafes  HK»  DC,  as    7 
HK  to  GL,  fo  is  ^  (DC  to  AF,  and  fo  is)  the  redan^e  DC«  ^C 
CE  to  the  refkangle  AF»  C£ ;  hut  as  GL  to  its  half,  fo  is  the    ^ 
redangle  AF,  CE  to  its  half,  which  is  the  triangle  ACE,  or 
the  triangle  ABC  ;  therefore,  ex  aequali,  HK  is  to  the  half  of 
the  ftraignt  line  GL,  as  the  re£iangle  DC,  CE  is  to  the  triangle 
ABC 

CoE*  And  if  a  triangle  hare  a  given  an^e,  the  fpace  fay 
which  the  fquare  of  the  ftraight  line  which  is  the  difference  of 
the  fides  which  contain  the  given  angle  is  lefs  than  the  fijuare 
of  the  third  fide>  Ihall  have  a  given  ratio  to  the  triangle.  This 
is  demonftrated  the  fame  way  as  the  prec^Sliag-  propofition,  by 
help  of  the  fecond  cafe  of  the  Lemma.      ■"'  *^ 

PROP.  Lxxnni   .,  «. 

|F  the  perpcndicuhr  ^rawn  from  a  given  angle  of  aSccK. 

triangle  ta  the  -  oppd^te  fide,  or  bafe,  has  a  given  ra- 
tio to  the  bafey  the  triangle  is  givea  in  fpedcs. 

liCt  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
the  perpendicular  AD  drawn  to  the  bafe  BC,  have  a  given  ratio 
to  it,  the  triangle  ABC  is  given  in  fpecies. 

If  ABC  be  an  ifofceles  triangle,  it  is  evident*  that  if  any  ^5.9cs%t. 


B     KPC 


£    O   H  M  F 

one  of  its  angles  be  given,  the  reft  are  aifo  given  $  and  there- 
fore the  triangle  is  given  in  fpecies,  without  the  confideration 
of  the  ratio  of  the  perpendicular  to  the  bafe,  which  in  this  cafe 
is  given  by  prop.  co. 

But  when  AjBC  is  not  an  ifofceles  triangle,  take  any 
line  £F  given  in  pofiuon  and  ipagmiudci  and  npoii  y 
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the  fegment  of  a  circle  EGF  containing  an  angle  eqoal  to  the 
given  angle  BAC^  draw  GH  bife&ing  EF  at  right  anglcsj  and 

i'oin  EG|  GF  :  Then,  fince  the  angle  EGF  it  equal  to  the  angle 
}ACy  and  that  EGF  is  an  ifofceles  triangle,  and  AJBC  ia  not, 
the  angle  FEG  is  not  equal  to  the  angle  CBA :  Draw  EL  ma- 
king the  angle  FEL  equal  to  the  angle  CBA ;  join  FJL,  aad 
draw^LM  perpendicular  to  EF ;  then,  becaufe  the  triangles  ELF, 
BAG  are  equiangular,  as  alfo  are  the  triangles  ML£,  DAB, 
as  ML  to  LE,  fo  is  DA  to  AB;  and  as  LE  to  EF,  fo  is  AB  to  BCj 
wherefore,  ex  aeqaali,  as  LM  to  EF,  fo  is  AD  to  BC  i  and  bc« 
caufe  the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio  of  LM 

b  a  4at.  to  EF  is  given  ;  and  EF  is  given,  wherefore  ^  LM  alfo  is  given. 
Complete  the  parallelogram  LMFKj  and  becaufe  LM  is  given, 
FK  is  given  in  magnitude ;  it  is  alfo  given  in  poGtion,  and 

c  30.  dAt.  the  point  F  is  given,  and  confequently  ^  the  point  K ;  and  be- 
caufe  through  K  the  fltaight  line  KL  is  drawn  parallel  to  EF 

4  3x.  dtt.  which  is  given  in  pofition,  therefore  '  KL  is  given  in  pofition ; 
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and  the  circumference  ELF  is  given  in  pofition ;  therefore  the 

•  »8.  4at.    point  L  is  given  *•     And  becaufe  the  points  L,  E,  F  are  given, 

f  ap.  dii.     tjjg  ftraight  lines  LE,  EF,  FL  are  given  f  in  magnitude ;  tbcrc- 

s  4«.  dat  fore  xh^  triangle  LEF  is  given  in  fpecies  *  (  and  the  triangle 

ABC  is  fimilar  to  LEF,  wherefore  alfo  ABC  is  given  in  fpecies. 

Becaure  LM  is  lefs  than  GH,  the  ratio  of  LM  to  EF,  that 

18,  the  given  ratio  of  AD  to  BC,  muft  be  lefs  than  the  ratio  of 

GH  to  EF,  which  the  ftraight  line,  in  a  fegment  of  a  circle  con« 

taining  an  angle  equal  to  the  given  anglc^  that  bifeds  the  bafe 

of  the  fegment  at  right  angles,  has  unto/the  bafe. 

Co R.  I.  If  two  triangles,  ABC,  LKj^bave  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
bafe  BC,  as  the  perpendicular  LM  to  the  bafe  EF,  the  trianeles 
ABC,  LEF  are  emiUt       .       ...  ^ 

Defcribe  the  circle  EGF  about  the  triangle  ELF^  and  draw 
,LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicu- 
lar to  EF  I  becaufe  the  angles  ENF^  ELF  are  equaij  and  that 

the 
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the  angle  EFN  is  eqnal  to  the  alternate  angle  FNL,  that  is',  to 
the  angle  F£L  in  the  fame  fegment ;  therefore  the  triangle 
N£F  18  (imilar  to  LEF ;  and  in  the  fegment  EGF  there  can  * 
be  no  other .  triangle  upon  the  bafe  EFj  which  has  the  ratio  of 
its  perpendicular  to  that  bafe  the  fame  with  the  ratio  of  LM 
or  NO  to  EF,  becanfe  the  perpendicular  muft  be  greater  or 
lefs  than  LM  or  NO ;  but,  as  has  been  (hewn  in  the  preceding 
demonftration,  a  triangle  fimilar  to  ABC  caq  be  defcribedin 
the  fegment  EGF  upon  the  bafe  £F»  and  the  ratio  of  its  perpen- 
dicular to  the  bafe  is  the  fame,  as  was  there  (hewn,  ii^itfa  the  ra- 
tio of  AD  to  BC,  that  is,  of  LM  to  £F ;  therefore  that  triangle 
muft  be  either  LEF,  or  NEF,  which  therefore  are  firailar  to  thp 
triangle  ABC.  . 

Cor.  2.  If  a  triangle  ABC  has  a  given  angle  BAC,  and  if  the 
ftraight  line  AR  drawn  from  the  given  angle  to  the  oppodte 
fide  BC,  in  a  given  angle  ARC^  has  a  given  ratio  t,o  QC,  tHe  . 
triangU  ABC  is  given  in  fpecies. 

Draw  AD  perpendicular  to  BC  ;  therefore  the  triangle 'ARD 
is  given  in  fpecies ;  wherefore  the  ratio  of  AD  to  AR  is  given  ;  , 

and  the  ratio  of  AR  to  BC  is  given,  and  confequently  ^  the  ra-  h  p.  au« 
tio  of  AD  to  BC  is  given  ;  and  the  triangle  ABC  is  therefore 
given  in  fpecies  *.  >  77-  dit» 

CoR.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  ftraight  lines  dr^wa  from  thefe 
angles  to  the  bafes,  making  with  them  given  and  equal  angles, 
have  the  fame  ratio  :tO  the  bafes,  each  to  each  ;  then  the  tri*  / 
anglf  8*  arp  fimilar ;  for  having  drawn  perpendiculars  to  the  bafes 
frbm  the  equal  angles^  as  one  perpendicular  is  to  its  bafe,  fo  is 
the  other  Co  its  bafe  ^  ;  wherefore,  by  Cor.  i.  the  triangles  arc  ^  C4.  6. 
fimilar.  C***  ^' 

A  triangk  fimilar  to  ABC  nuy  be  found  thus  :  Having  de- 
fcribed  the  fegment  EGF  and  drawn  the  ftraight  line  GH  as 
was  directed  in  the  propofition,  find  FK  which  has  to  £F  the 
given  ratio  of  AD  to  BC  ;  and  place  FK  at  right  angles  to  £F 
from  the  point  F  \  then  becaufe,  as  has  been  (hewn,  the  ratio 
of  AD  to  BC,  that  is,  of  FK  to  £F,  muft  be  lefs  than  the  ra- 
tio of  GH  to  £F ;  therefore  FK  is  lefs  than  GH  $  and  confe* 
quently  the  parallel  to  EF  drawn  through  the  point  K,  muft 
meet  tne  circumference  of  the  fegment  in  two  points :  Let  L  be 
cither  of  them,  and  join  £L,  Lr,  and  draw  LM  perpendicular 
to  EF|  then,  becaufe  the  angle  BAC  is  equal  to  the  angle  ELF» 
and  that  AD  is  to  BC,  as  KF,  that  is,  LM  to  EF|  the  triangle 
ABC  is  fimilar  to  the  triangle  LEF,  hj  Cor.  1. 

PROIk 
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r 


a  triangle  have  one  angle  given,  and  if  the  ratio  d 
the  redangle  of  the  fides  which  contain  the  gii^ea  angk 
to  the  fquare  of  the  third  fide  be  gifen,  the  triajnglc  i 
given  in  (pedes. 

Let  the  trisngle  ABC  have  the  given  angle  B AC«  and  let  tk 

ratio  of  the  re&angle  BA,  AC  to  the  fquare  of  BC  be  gives  i 

the  triangle  ABC  is  given  in  fpecies. 

From  the  point  A»  draw  AD  perpendicular  to  BC,  the  red- 
a  4t«  r-     angle  AD,  BC  has  a  given  ratio  to  its  half  *  the  triangle  ABC ; 

and  becaufe  the  angle  B  AC  is  given»  the  ratio  of  the  triangle 
^  ^*  ^  ABC  to  the  re£bn|le  B A,  AC  is  given  ^  i  and|  by  the  hypo- 

thefisy  the  ratio  of  the  re£bngle  BA,  AC  to  the  fquare  <^  BC  is 
c  9.  dat.  gj^g^ .  (ij^reforc  «  the  ratio  of  the  re&ngle  AD,  BC  to  rfjc 
4  t.  6.  iqaare  of  BC,  that  is»  '  the  ratio  of  the  ftraight  line  AD  to  BC, 
c  77.  dai.  h  given  ;  wherefore  the  triangle  ABC  is  given  in  fpeciea  K 

A  triangle  fimilar  to  ABC  may  be  found  thus :   Take  1 

ftraight  line  EF  given  iq  pofidon  and  magnitude,  and  nufa 

the  angle  FEG  equal  to  the  given  angle  BAC,  and  draw  FH 

perpendicular  to  EG,  and  BK  perpendicular  to  AC  $  therefore 

the  triangles  ABK,  EFH 

are  fimilar,  and  the  re£k 

angle   AD,   BC,  or   the 

rcSangle  BK,  AC,  which 

is  equal  to  it,   is  to  the 

re&angle  BA,  AC,  as  the 


ftraight  line  BK  to  BA,  iTririCT 
that  is,  as  FH  to  FE.  Let  "  I'    N 


the  eiven  ratio  of  the  redlanele  BA,  AC  to  the  fquare  of  BC 
be  the  fame  with  the  ratio  of  the  ftraight  line  EF  to  ¥L  %  thcrr* 
fore,  ex  aequali,  the  ratio  of  the  re&angle  AD,  BC  to  the 
fquare  of  BC,  that  is,  the  ratio  of  the  ftraight  line  AD  to  BC, 
is  the  fame  with  the  ratio  of  HF  to  FL  s  and  becaufe  ^D  is 
not  greater  than  the  ftraight  line  MN  in  the  fegment  9f  the 
circle  defcril^ed  about  the  triangle  ABC,  which  bifeds  BC 
^t  right  aneles;  the  ratio  of  AD  to  BC,  that  is,  of  HF 
to  FL,  muft  not  be  greater  than  the  ratio  of  MN  to  BC: 
Let  it  be  fo,  and,  by  the  77th  dat  find  a  trianrie  OPQ, 
which  has  one  of  its  angles  FOQ^  equal  to  Uie  given 
angle  BAC,  and  the  ratio  of  the  perpendicular  OR, 
drawn  fr^m  that  angle  to  the  bafe  PO  the  fame  with  the 
ratio  of  HF  to  FL  i   then  the  triangte  ABC  is  fimilar  to 

OPQ. 
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OPQJ  Bectafe,  as  has  been  fhown,  the  rstio  of  AD  to  BC  ts 
the  fame  Willi  the  ratio  of  (HF  to  FL,  that  is,  by  the  conftruc 
Cion,  with  the  ratio  of)  OR  to  PQj  aftd  the  angle  BAG  is 
«qttal  10  the  angle  POQ:  therefore  the  triangle  ABU  is  fimilar  f  t  i.  Cor, 
to  the  triangle  POQ:,  /  ^^  ^•«- 

Othervfifff 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  re£langle  BA«  AC  to  the  fquare  of  BC  be 
£iven ;  the  triangle  ABC  is  given  in  fpecies. 

Becaufe  the  angle  BAC  is  given,  the  excefs  of  the  fquare 
of  both  the.  fides  BA,  AC  together  above  the  fqcrare  of  the 
third  fide  BC  has  a  given*  ratio  to  the  triangle  ABC,  Let  the  •  76.  dat* 
figure  D  be  equal  to  this  eiccefs ;  therefore  the  ratio  of  D  to 
the  triangle  ABC  is  given  ;  and  the  ratio  of  the  triangle  ABC 
to  the  re^angle  BA^  AC  is  given  ^,  becaufe  BAC  is  a  ^\yftn  b  Cor.  4«. 
angle  %  and  the  M^angle  BA,  AC  has  A.       .      I        1     ***'' 

a  given  ratio,  td  the  fqfuare  of  BC ;  y\      '     j  ^^    j 

wherefore  1  sht  jatio    of  D    to   the         X    \         j  D    I  c  ««•  «^«- 

fqyare  of  BC.is  given  \  and,  by  com-     >^  x      I J 

pofition  *,   the  ratio  of  the  ihace  D  ]B    .    *        C  *  ^'  ^*'* 

together  with  the  fquare  of  BC  to  the  fquare  of  BC  is  given  ; 

but  D  together  with  the  fquare  of  BC  is  equal  to  the  fquare  of 

both  BA  and  AC  together  $  therefore  the  ratio  df  the  fquare  of 

BA,  AC  together  to  the  fquare  of  BC  is  given  ;  and  the  ratio 

of  BA,  AC  together  to  BC  is  therefore  given  ^ }  and  the  angle  e  59-  ^jt. 

BAC  is  given,  wherefore  ^  the  triangle  ABC  is  given  in  fpecies.  f  48^  dtt. 

The  compofitiou  of  this,  which  depends  upon  thofe  of  the       ' 
76th  and  48th  propofitions,  is  more  complex  than  the  prcce* 
ding  compofition,  which  depends  upon  that  of  prop.  77.  whidi 
is  eaf]r. 

I 

PROP.    LXXIX^  K. 

IP  a  triangle  have  a  given  angle,  and  if  the  ilraight  line  ^®  ^• 
drawn  from  that  angle  to  the  bafe,  making  a  given 
angle  with  it,  divides  the  bale  into  fegments  which  have 
a  given  ratio  to  one  another  ;  the  triangle  is  given  in 
fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC»  and  let 
the  ftraight  lipe  AD  drawn  to  the  bafc  BC  making  the  given 
angle  MiB^  divide  BC  into  the  fegments  hD^  DC  which  have 

£  c^  a 
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^  gi^^n  ratio  to  one  aaotber  $  tbe  triangle  ABC  if  given  in  fy^det. 

*  5'  4-  D^fcribe^  the  circle  BAC  about  the  trianelet  and  from  it$ 

centre  £,  draw  EA,  £B|  ECt  CD ;  becaufe  the  angle  BAC  u 

^  29-  3*  given,  the  angle  BEG  at  the  centre,  which  is  the  double  ^  of  it, 
IS  given.     And  the  ratio  of  BE  to  EC  if  giTen,  becaufe  they 

e  44.  dae.  j^g  equal  to  one  another  ;  therefore  •  tbe  triangle  BEC  is 
given  in  fpeciesi  and  the  ratio  of  EB  to  BC  given ;  alfo  the 

d  7'  d«t.     |-;it,o  of  CB  to  3I>  if  given  4,  becaufe  the  ratio  of  BD  to  DC 

e  s^  dat.  is  giyrn  ;  therefore  the  ratio  of  EB  to  BD  is  given  ^,  and  tbe 
angle  £BC  is  given,  wherefore  the  triangle  EEtD  is  given  ^ 
in  fpecicf,  and  the  ratio  of  EB,  that  if,  of  EA  to  ED,  if  there- 
fore given  ;  and  the  angle  EDA  if  given,  becaufe  each  of  the 
angles  BDE*  BDA  if  given ;  therefore  the  triangle  AED  is 

f  47,  dat.  given  f  in  fpccies,  apd  the  angle  AED  gir 
ven  ;  alfo  the  angle  DEC  is  given,  be- 
caufe  e^^ch  of  the  ai^gles  B£D,  BEC  is 
given  ;  therefore  the  angle  AEC  is  given, 
and  t^e  ratio  of  EA  to  EC,  which  are 
eqtial,  is  given  ;  and  the  triapgle  AEC  is 
therefore  given  f  in  fpecjes,  ap^  the  angle 
ECA  given  ;  and  the  angle  ECB  is  givePi 
wherefore  the  angle  ACB  is  givefi,  and  the  angle  BAC  is  alb 

g  43.  dat,    given  }  therefore  ^  the  triangle  ABC  is  given  in  fpecics. 

A  triangle  fimilar  to  ABC  may  be  found,  by  taking  a  ftraight 

line  given  inpofition  and  magnitude,  and  dividing  it  in  the 

given  ratio  which  the  fegmepts  BD,  DC  are  required  to  have 

^    to  one  another ;  theni  if  upon  that  ftraight  line  a  fegmcnt  of  a 

circle  be  dclcribed  containing  an  angle  equal  to  the  given  angle 

BAC,  and  a  ftraight  line  be  drawn  from  the  point  of  divifion  in 

an  angle  equal  to  the  given  fingle  ADB,  and  from  the  point 

where  it  meets  the  circumference,  ftraight  lines  be  drawn  to 

'the  extremity  of  tbe  firft  line,  thcfe,  together  with  the  firft  line, 

{hall  contain  a  triangle  fimilar  to  ABC,  a^  may  e^dly  be  (hown. 

The  demon ftration  may  be  alfo  made  in  the  manner  of  that 

of  the  77th  prop,  and  that  of  the  77th  may  be  made  in  the 

manner  of  this* 


h.  PROP.     LXXX. 

'  •        •       .  '« 

IF  the  fides  about  an  angle  of  a  triangle  have  a  gtven 
ratio  %o  one  another,  apd  if  the  perpendicular  drawn 
ironri  that  angle  to  the  bafe  has  la  given  ratio  to  the  bafe ; 
tbe  triangle  is  given  in  fpecics. 
.*■''■■'•"  Ltt 
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Let  the  fides  £A,  AC,  about  the  angle  BAC  of  the  triang'e 
ABC  have  a  givep  ratio  to  one  another,  and  let  the  perpendicu- 
lar AD  bav,e  a  given  ratio  to  the  bafe  BC  ;  the  triangle  ABC  it, 
given  in  Tpeciet. 

Firft,  let  the  tides  A6,  AC  be  equal  to  one  another,  there- 
fore the  pcrpcndicuUr  AD  blfcfls  *  the  bafe  J^  *  ^-  i> 
BC  ;  and  the  ratio  of  AD  to  BC,  and  there-            /N. 
fore  to  its  half  DB,  is  given;  and  the  angle     1 /l    >.' 
ADB  is  given  j  wherefore  the  triangle  •  ABD,       /     '    ,\      *  <*■  ^'■ 
and  confequeotlf  the  triangle  ABC,  is  given  '   ^       J^     ^   b  44.  du. 
in  fpeciei. 

But  let  the  Udes  be  unequal,  and  BA  he  greater  than  AC  i 
and  make  the  an^Ie  CAE  equal  to  the  angle  ABC  -,  becaufe 
the  angle  AEB  is  common  to  the  iriingles  AE3,  CEA,  they 
are  GmiUr;  therefore  as  AB  to  B£,  fo  is  CA  lo  AE,  and,  bv 
perOiutatian,  as  BA  to  AC,  fo  is  BE  to  £A,  and  (o  is  EA 
to  EC }  and  the  ratio  of  BA  to  AC  is  given,  therefore  the 
ratio  of  BE  to  EA,  and  the  ratio  of  EA  to  EC,  as  alfo  the 
ratio  of  BE  to  EC  is  given  °  ;  wherefore  the  ratio  of  £B  to  c  a-  du. 
BC  is  given  ' ;  and  the  ratio  of  AD  to  BC  A  "^  *-  ^"• 

is  given  by  the  bypcHhclis,   therefore  ■=.  the  „-*| 

ratio  of  AD  to  BE  is  given ;  and  the  ratio  2 .  ',,f^^\ 
of  BE  to  EA  was  fliown  to  be  given ;  where-  jf'fy^/  \ 
fore  the  ratio  of  AD  to  AE  is  given,  and  T|Trjtf»  *y  m 
ADE  18  a  right  angle,  therefore  the  triangle  **  '*'  SUU 
ADE  is  given '  in'fpeaies,  and  the  angle  AEB  given  %  the  ra-  '  *^-  •<"• 
tio  of  BE  to  EA  is  likewife  giVen,  Therefore  ^  the  triangle  ABE 
is  given  in  (pecies,  and  confequcntly  the  aogle  EAB,  as  alfo 
the  angle  ABE,  that  is,  the  angle  CAE,  is  given  ;  therefore  the 
angle  BAC  is  given,  and  rte  angle  ABC  being  alfo  given,  the 
triangle  ABC  is  given'  ia-fpecies.  .  f«.  d«. 

How  to  hnd  a>triangle  which  (hall  have  the  thin^  which 
are  mentioned  to  be  given  in  the  propofition,  is  evident  in 
the  hid  cafe;  and  to  6nd  it  the  more  ealily  in  the  other 
cafe,  it  is  to  be  obferved  that,  if  the  llraight  line  £F  equal  to 
EA  he  placed  in  EB  towards  B,  the  point  F  divides  the  bafe 
BC  into  the  fegmems  BF,  FC  which  have  to  one  another  ihe 
ratio  of  the  fides  BA,  AC ;  becaufe  BE.  EA,  or  EF,  and 
EC  were  fhown  to  be  proportionals,  therefore  •  BF'  is  to  FC,  •  rg.  5. 
as  BE  to  EF,  or  EA,  that  is,  i%  BA  to  AC  -,  an^i  AC  t  iniiot 
be  Icfs  than  the  altitude  of  ihc  triangle  ABC,  hut  it  m  .y  be 
E  e  2  ^^^.      ct)ual 
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equaltoic;  irMch,  if  it  bei  the  triangle^  tti  thU  cafe,  m  allb 
the  ratio  of  the  fideSi  may  be  thot  round }  having  gireti  the 
ratio  of  the  perpendieular  to  the  bafe.  Take  the  ftraight  line 
GH  given  in  pofition  and  magnitude,  for  the  bafe  of  the  tri» 
angle  to  be  found  ;  and  let  the  given  ratio  of  the  perpcndicn- 
lar  to  At  bafe  be  that  of  the  ftraight  line  K  to  GH,  that  is, 
let  K  be  equal  to  the  perpendicular  ^  and  fuppofe  GLI{  to  be 
the  triangle  which  ia  to  be  found,  therefore  having  made  the 
angle  HLM  eqaal  to  LGH,  it  is  required  that  LM  be  per- 
pendicular to  GM,  and  equal  to  K;  and  becaufe  UM,  ML, 
MH  are  proportionals,  as  was  (hown  of  BE,  £A>  EC,  the 
tt€tzng\c  GMH  is  equal  to  the  fquare  of  ML.  Add  the  com- 
mon  fquare  of  NH,  (having  bife£ted  GH  in  N),  and  the  fquare 
pf  NM  is  equal  t  to  the  fquares  of  the  given  ftraight  lines  NH 
and  ML,  or  K  \  therefore  the  fquare  of  MM,  and  its  fide 
NM,  is  given,  at  alfo  the  point  M^  viz.  by  taking  xlfb  ftraight 
line  NM,  the  fquare  of  ifhich  is  equal  to  the  fquar^  of  NH, 
ML.  Draw  ML  equal  to  K,  at  right  angles  to  OM  ;  and  be* 
caufe  ML  is  given  in  pofitipn  and  magnitude,  therefore  the 
p^int  L  is  given ;  join  LG,  LH ;  then  the  triangle  LGH  is 
that  which  was  to  be  founi.  for  the  fquare  of  NM  is  equal  to 
the  iquares  of  NH  and  ML,  and  taking  away  the  common 
fquare  of  NH,  ^e  red- 
angle  GMH  is  equal  <  to 
ihe  fquare  of  ML  ;  there* 
fore  as  GM  to  ML,  fo  is 
ML  to  MH,  and  the  tri- 
angle LQM  is  ^  therefore 
equiangular  to  HLM,  and 
the  angle  HLM  equal  to 
the  angle  LGM,  and  the 
ftraight  line  LM,  drawn  from  the  vertex  of  the  triangle  making 
the  single  HLM  equal  to  LGH,  is  perpendicular  to  the  bafe  and 
equal  to  the  given  ftraight  line  K,  as  was  required ;  and  the 
ratio  of  the  fides  GL,  LH  is  the  fame  with  the  ratio  of  GM  to 
ML,  that  ih  With  the  ratio  of  the  ftraight  line  which  Is  made 
up  of  GN  the  half  of  the  given  bafe  and  of  NM,  the  fquare  of 
which  is  equal  to  the  fquares  of  GN  and  JC,  to  the  ftraight 
line  K. 

And  whether  this  ratio  of  GM  to  ML  is  greater  or  le& 
than  the  ratio  of  the  fides  of  any  other  triangle  upon  the  bafe 
pH,  apd  of  which  tjbe  altitude  ia  equal  to  the  ftraight  line  K, 

thai 
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IKai  t8»  CDC  Vertex  of  which  is  in  the  parallel  to  GH  drawti 
through  the  point  L,  may  be  thus  found.  Let  dGH  be  any 
fuch  triangle^  add  draw  OP,  making  the  angl^  HOP  equal  to 
the  angk  OGH ;  therefore*  as  before,  GP,  PC,  PH  are  pro^ 
po^tiona^8f  and  PO  cannot  b^  equal  to  LM,  becaufe  the  re£t« 
angle  OFH  would  be  equal  to  the  re£bangle  C^MH,  which 
is  impoffiUe  i  for  the  point  P  cannot  fall  upon  M,  becaufe  O 
would  then  fall  on  h  \  nor  can  PO  be  Icfa  than  LM,  therefor^ 
it  14  greater ;  and  conff  quemly  the  redangle  GPH  is  greater 
than  the  re^angle  GMH,  and  the  ftraight  line  GP  greater 
than  GM  ;  Therefore  the  ratio  of  OM  to  MH  is  greater  ths^n 
the  ratio  of  GP  to  PH|  and  the  ratio  of  the  fquare  of  GM 
to  the  fquai e  of  ML  is  therefore  i  greater  than  the  ratio  of  the  i  a.  Cor^ 
fquare  of  GP  t9  the  fquare  of  FO,  and  the  ratio  of  the  ftraight  ao.  6.  '^ 
line  GM  to  ML  greater  than  the  ratio  of  GP  to  PO.  But  as 
GM  to  ML,  fo  is  GL  to  LH;  and  aa  GP  to  PO,  fo  is  GO 
to  OH  i  thefcfore  the  ratio  of  GL  to  LH  is  greater  than  the 
ratio  of  GO  to  OH  s  wherefore  the  ratio  of  GL  to  LH  is  the 
greateft  of  all  otbera  |  and  confeqgently  the  given  ratio  of  the 
greater  fide  to  the  lefs  muft  not  be  greater  than  this  ratio* 

3ut  if  the.  ratio  of  the  fidep  be  not  the  fame  with  this  greats 
eft  ratio  of  GM  to  ML,  it  muft  neceflarily  be  lefe  than  it : 
Let  any  lefs  ratio  be  given,  and  the  fame  things  being  fuppo^  . 
fed,  viz.  that  GH  is  the  bafe,  and  K  equal  to  the  altitude  of 
the  triangle,  it  may  be  foupd  aa  follows.  Divide  GH  in  the 
point  Q ,  fo  that  the  ratio  of  GQ^to  QH  may  be  the  fame 
with  the  given  ratio  of  the  fides  {  and  as  GQ^to  QH,  fo  make 
GP  to  PQi  and  fo  will '  tCi  be  to  PH  i  wherefore  the  fquare'  <9-  5* 
of  GP  is  to  the  fquare '  of  PQi' as  >  the  ftraight  lino  GP  to 
PH :  And  becaufe  GM,  ML,  MH  are  proportionals,  the  fquare 
of  GM  i«  to  the  iouane  of  ML;  aa &  the  ftraight  line  GM  to  MH : 
But  the  ratio  of  GQ^to  QH,  that  is,  the  ratio  of  GP  to  PC^» 
is  lefs  than  the  ratio  of  GM  to  ML ;  and  therefore  the  rdtio 
of  the  fquare  of  GP  to  the  fquare  of  PQ^is  lefs  than  the  ratio 
of  the  fquare  of  GM  to  that  of  ML ;  and  confeqnently  the 
ratio  of  the  ftraieht  line  GP  to  PH  is  lefs  than  the  ratio  of 
GM  to  MH }  and,  by  4ivSfion,  the  ratio  of  GH  to  HP  is  lefs 
than  that  of  GH  to  HM  {  wherefore  ^  the  ftraight  line  HP  isk  xo.  i* 
grater  than  HM,  and  the  reAangle  GPH^  that  is^  the  ftquare 
9f  ^PQ^  greater  tha&  the  re£bngie  GMH,  that  is,  than  the 
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fquarc  <rf  ML,  and  the  ftraight  line  PQ^  i«  therefore   frrcater 
than  ML.     Draw  LR  parallel  to  GP,  and  from  P  draw  PR  at 
right  angles  to  GP :  Becaofe  PQJs  greater  than   ML,  or  PR, 
the  circle  dcfcribed  from  the  centre  P,  at  the  diilance  PQ, 
mud  neceffai-ily  cat  LR  in  two  points  ;  let  thefe  be  O,  S,  and 
join  OG,  OH ;  SG,  SH ;  each  of  the  triangles  OGH.  SGH 
have  the  things   mentioned  to  be  given  in  the  propofitton: 
Join   OP,  8P  5  and  becaufe  as  GP  to  PQ.  or  PO,  fo  is  PO 
to  PH,  the  triangle  OGP  is  equiangular  to  HOP  5  ms,  there- 
fore, OG  to  GP,  fo  is  HO  to  OP,  and,  by  permutation,  as 
GO  to  OH.  fo  is  GP  to  PO,  or  TQj  and  fo  is  GQ^  to  QH : 
Therefore  the  triangle  OGH  has  the  ratio  of  its  fides  GO,  OH 
the  fame  with  the  given  ratio  of  GQjto  QH  ;  and  the  perpen* 
dicular  has  to  the  bafe  the  given  ratio  of  K  to  GH,  becaufe  the 
perpendicular  is  equal  to  LM,  or  K  :  The  like  maybe  (hewn  in 
the  fame  Wav  of  the  tciangle  SGH. 

This  conftrudiion  by  >vhich  the  triangle  OGH  is  found,  is 

^ihorter  than  that  which  would  be  deduced  from  the  deiDon- 

ihation  of  the  datum,  by  reafon  that  the  bafe  GH  is  given 

^  JO  petition    and  magnitude,    which  was  not  fuppofed  in  the 

demondration :  The  fame  thing  is  to  be  obfcrved  in  the  aext 

propbiition* 


M.  PROP.     LXXXL 

i 

IF  the  fides  about  an  angle  of  a  triangle  be  unequal 
and  have  a  given  ratia  to  one*  another,  and  if  the 
perpendicular  from  that  angle  to  the  -  bafe  divides  it  into 
fcgments  that  have  a  given  ratio  to  one  another,  the 

'  triangle  is  given  in  fpecies. 

Let  ABC  be  a  trianglef  the  fides  of  which  about  the  angle 

BAG  are  unequal,  and  have  a  given  ratio  to  one  another,  and 

let  the  perpendicular  AD  to  the  bafe  fiC  divide  it  into  the  feg* 

.^  ments  BD,  DC  which  have  a  given  ratio  to  one  anothe^j  the, 

triangle  ABC  is  given  in  fpecxes- 

Let  AB  be  greatc^r  than  AC»  and  make  the  angle  CA£ 

.  equal  to  the  angle  ABC;  and  becaufe  the  angle  AEcTis  com- 

a  4.  ^f       mon  io  the  triangles  AB£|  CA£,  they  are  *  equiangular  to 

one  another :  Therefore  as  AB  to  B£^  fo  is  CA  to  ^^  and, 

by 
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hj  permutatioiit  as  AB  to  AC,  fo  BE  to 

£A,  and  fo  is  £A  to  EC  :  But  the  tatio  of 
BA  to  AC  is  given,  therefore  the,  ratio 
of  BE  CO  £A,  as  alfo  the  ratio  of  E  A  to 
EC,  is  given }   wherefore  ^  the  ratio  of 
BE  to  EC,  as  alfo  <"  the  ratio  of  EC  to 
CB  is  given  :  And  the  ratio  of  BC  to  (JD 
is  given  <*,    becaufe  the   ratio  of  BD  to 
DC  is  given  ;  therefore  ^  the  ratio  of  EC 
to  CO  is  given,  and  confequently  ^  the  Q*        KLH 
ratio  of  DE  to  EC:  And  the  ratio  of  EC 
to  EA  was  (hewn  to  be  given,  therefore  ^  the  ratio  of  DE  to  E  A 
is  given  :  And  ADE  is  a  right  angle,  wherefore  ^  the  triangle  e  4^«  ^« 
ADE  is  given  in  fpecies,  and  the  angle  AED  given  :  And  the 
ratio  of  C£  to  EA  is  given,  therefore  ^  the  triangle  A  EC  is  gi-  f  44-  ^t* 
ven  in  fpecies,  and  confequently  the  angle  ACE  is  givtn,  as 
alfo  th^  adjacent  angle  ACB.     In  the  fame  manner,  beCaufe  the 
ratio  of  BE  to  EA  is  given,  the  triangle  BEA  is  given  in  fpe- 
cies, and  the  angle.  ABE  is  therefore  given :  Aiid  the  angle 
ACB  is  given  j  wherefore  the  triangle  ABC  is  given  ■  in  fpe*  g  43.  dat. 
cies. 

But  the  ratio  of  the  greater  fide  BA  to  the  other  AC  mod 
be  lefs  than  the  ratio  of  the  greater  fegment  BD  to  DC  :  Be* 
caufe  the  fquare  of  BA  is  to  the  fquare  of  AC,  as  the  fquarea 
of  BD,  DA  to  the  fquares  of  DC,  DA  i  and  the  fquares  of 
BD,  DA  have  to  the  fquares  of  DC»  DA  a  lefs  ratio  than  the 
fquare  of  BD  has  to  the  fquare  of  DC  ft  becaufe  the  fquare  of 
BO  is  greater  than  the  fquare  of  DC  ;  therefore  the  fquate  of 
BA  has  to  the  fquare  of  AC  a  lefs  ratio  than  the  fquare  of  BD 
has  to  that  of  DC  :  And  confequently  the  ratio  of  BA  to  AC 
is  leis  than  the  ratjo  of  BD  to  DC 

This  being  premifed,  a  triangle  which  (hall  have  the  things 
mentioned  to  be  given  in  the  prdpofition,  and  to  which  the 
triangle  ABC  is  fimilar,  may  be  found  thtis  :  Take  a  (Iraight 
line  GH  given  in  pofition  and  magnitude,  and  divide  it  in  K, 
fo  that  the  ratio  of  GK  to  KH  may  be  the  fame  with  the  given 
ttiio  of  BA  to  AC  :  Divide  alfo  GH  in  L,  fq  that  the  ratio 
''        '  .  of 


t  IfiA  be  fTMlfr  than  B,  a^d  C  toy 
Ml  A  masafaidc;  then' A  tod  C  toge- 
ther have'td  B  t^d  G  together  a  lefs 
raticnblto  *A  tnrto  B« 

Let  A  be  to  B-as  C  to  D,  tnd  be- 
caaie  A  ii  greater  thaa  B,  C  if  greater 


£e4 


than  D  :  Bat  at  A  is  to  B,  Co  A  and  C 
to  B  and  O  ;  ao4  A  and  C  ba?c  to  It 
and  C  a  iefi  ratio  than  A  and  C  have 
to  B  and  D,  becauia  C  is  greater  thaa 
D,  therefore  A  and  C  baye  to  B  tad 
C  a  1^  ratio  tbaa  A  to  B. 
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of  GL  to  LH  may  |be  the  fame  with  the  gi^a  ratio  to  of  BD  t0 
DC|  and  draw  LM  at  right  angles  to  GH  :  And  beesafe  the 
ratio  of  the  frdcs  of  a  triangle  is  lefs  than  the  ratio  of  the  fe^ 
ments  of  the  bafc,  as  has  been  ihewni  the  ratio  of  'GK  to  KH 
is  lefs  than  ^e   ratio  of  6L  to  LH ;  wherefore  the  pcrint  L 
mua  fall  betwixt  K  and  H  :  Alfo  make  as  GK  to  KH,  fo  GN 
^  '9"  5*     to  NK,  and  fo  (hall  ^  NK  be  to  NH.    And  from  the  centre  N, 
,.    at  the  di fiance  NK,  defcribe  a  circle,  and  let  its  circamference 
meet  LM  in  O/  and  ioin  OG,   OH  ;  then  OGH  is  the  tri- 
angle  which  was.  to  be  defcribed  :  Becaufe  GN  is  to  NK«  or 
NO,  as  NO  to  NH,  the  triangle OGN  is  eoaiangnlar  to  HON  ; 
therefore  as  OG  to  GN,  fo  is  HO  to  ON,  and,  hj  permuta- 
tion, as  GO  to  OH,  fo  is  GN  to  NO,  or  NK,  that  is,  m  GK 
to  KH,  that  is,  in  the  given  ratio  of  the  fides,  and,  by  the  coih 
flrudion,  GL,  LH  have  to  one  another  the  given  ratio  of  the 
^meots  of  the  bafe. 
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IF  a  parallelogram  given  ta  fpecics  and  magnitade  be 
tncreafed  or  diminifHcd  by  a  gnomon  given  in  mag* 
Bitudcy  the  fides  of  the  gnomon  arc  given   in  magnt* 
tude. 

Pirft,  let  the  paralfelogram  AB  given  in  fpecies  and  magnn 
tude  be  increafed  by  the  given  gnomon  ECBOFG,  eaeh  of  the 
ftraight  lines  G£,  JjF  is  giiren. 

Becaufe  AB  is  given  in  fpecies  and  magnitude,  and  that  the 

gnomon  ECBDFG  is  given,    therefore  the  whole  fpaee  AG 

is  given  in  magnitude  :  But  AG  is  alfo  given  in  fpecies,  bf« 

. .    caufe  it  is  fimiiar  *  to  AB ;  therefore  the  fides  of  AG  are  gi« 

^Silni  veni»:  Each  of  the  ftraight  lines  AE,  AF 

cs4*6.    is  therefore  given  ;  and  each  of  the  ftraight 

V  60.  4it.  ji^gg  £A,  AD  is  given  ^  therefore  each  of 

«  4-  die     the  remainders  EC,  DF  is  given  ^ 

Next,  let  the  parallelogram  AG,  given  in 
fpecies  and  magnitude,  be  diminiflied  by  the 
given  gnomon  ECBDFG,  eaeh  of  the  ftraight 
lines  C£,  DF  is  given* 

^ecaufe  the  parallelogram  AG  is  given,  aa 
alfo  its  gnomon  ECBDFG|  the  remaining  fpace  AB  is  given  in 

magnitode : 


d      A     t      A. 
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mmfrfiiciicle  :  Bat  it  is  tlfo  given  in  fpedes;  bectufe  it  is  fimilar  *  Cs*  tSet 
to  AG ;  therefore  ^  its  fides  CA,  AD  arc  given,  and  each  of  the  •  V*  "* 
ftraigbt  lines EAj,  AF  isgtvm ;  therefore  EC,  DF are  each  of  ^  ^.^^ 
them  given. 

The  gnomon  and  its  fides  CE>  DF  may  be  found  thus  in 
the  firft  eafe-    Let  H  be  tfie  given  fpace  to  which  the  gnomon 
muft  be  made  equal,  and  find  '  a  parallelogram  fimilar  to  AB  d  a|.  ^ 
and  equal  to  the  figures  AB  and  H  together,  and  place  its 
fides  AE,  AF  from  the  point  A,  upon  the  ftraight  lines  AC, 
ADf  and  complete  the  ^rallelogram  AG»  which  is  about  the 
fame  diameter  *  with  AB ;  becaufe  therefore  AG  is  equal  to  c  $6,  4. 
both  AB  and  Hy  take  away  the  common  part  AB,  the  lemain* 
ing  gnomon  ECBDFG  is  equal  to  the  remaining  figure  H  \ 
therefore  a  gnomon  equal  to  H,  and  its  fides  CE,  DF  are  found  ;  . 
And  in  like  manner  they  may  be  found  In  the  other  cafe,  in 
which  the  given  figure  H  inuft  be  lefs  than  the  figure  F£  from 
which  it  is  to  be  taken. 


p  R  q  P.    LXXXIU. 
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IF  a  parallslogram  eqaal  to  a  given  fpace  be  applied  to 
a  given  ftraight  line,  deficient  by  a  parallelogram  given 
in  fpccicsi  the  fides  of  the  dcfcA  are  given. 

Lee  the  parallelogram  AC  equal  to  a  given  fpace  be  applied 
to  the  given  ftraight  line  AB,  deficient  by  the  parallelogrant 
BDCL  given  in  fpecies,  each  of  the  ftraight  lines  CD,  DB  are 
given**  ^    . 

BifcA  AB  in  E }  therefore  JEA  is  given  in  m^nitnde,  up<* 
on  £B  defcribe  *  the  parallelogram  £F  fimilar  to  uL  and  fiml-  a  tt.  6. 
larly  placed  }  therefore  £F  is  given  in 
fpeeiei,  and  is  about  the  iame  diameter  ^ 
with  DL ;  let  BCG  be  tbe  dianJeter,  and 
conftrud  th^  figure;  therefore,  becaufe 
tbe  figure  £F  given  in  fpecies  is  defcri- 
bfd  opoo  the  given  ftraight  line  BB,  i:\    »%  •■» 

£F  is  given  «  in   magnitude,   and  the  A^        Ei   D  B      e  56.  du. 

fnomon  £LH  is  e^fual  ^  to  the  given  ^  ^^^ 

gure  AC;  therefore  *  fiace  £Fis  diminilhed  by  die  given     43/1. 
gnomM  BLH»  the  fides £K,  FU  of  the  gnomon  are  given;  but «  S^s  du. 
SK  is  equal  to  DC,  and  FH  to  SB  i  wherefore  CD,  ^^  ^c 
each  of  them  given. 

This 
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ThU  demonftxadon  is  the  analjGa  of  the  proUeoi  in  tb 
2Sch  prop,  of  book  6*  the  conftruAioo  and  demon ftration  (^ 
which  propoGtion  is  the  compo&tion  of  the  analyfis  ;  and  be- 
caufe  the  given  fpace  AC  or  its  eqnal  the  gnomon  £LH  Is  to 
be  taken  from  the  figure-  EF  defcribed  upon  the  half  o£  AB  b- 
milar  to  BC,  therefore  AC  muft  not  be  greater  than  EF,  ai  is 
{hewn  in  the  27th  prop.  b.  6. 


59' 
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PROP.     LXXXIV. 

• 

IF  a  parallelogram  equal  to  a  given  (pace  be  applied  to 
a  given  ftraight  line^  exceeding  by  a  parallelogram 
given  in  fpecies ;  the  fides  of  the  exccfs  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied 
to  the  given  ftraight  line  AB,  exceeding  by  the  parallelogram 
BDCL  given  in  fpecies ;  each  of  the  ftraight  lines  CDf  Do  are 
given. 

Bife£l  AB  in  E  J  therefore  £B  is  given  in  magnitude  :  U/)oa 
£B  defcribe  *  the  parallelogram  £F  (Imilar  to  LD»  and  fimilar- 
Ij  placed ;  therefore  EF  is  given  in  fpeciesi  and  is  about  the 
lame  diametef  ^  with  LD.    Let  CBG  be  g^      V   XJ 


the  diameter,  and  conftrud  the  figisre  t 
Therefore,  becaufe  the  figure  EF  given 
in  fpecies   is   defcribed  upon  the  givenj^ 
ftraight  line  £B,  EF  is  given  in  magni*     [ 
c  s6.  a«t.  tude  ®,  and .  the  gnomon  ELH  is  equal 
4  3^*  »n4  jQ   the  _given  figure  <*  AC  ;    wherefore, 
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fince  EF  is  increafed  by  the  given  gnomon  ELH,  its  fides  £K, 
c  8a.  fUu   FH  are  given  ^  ;  but  £k  is  equal  to  CD,  and  FH  to  BD ;  there^ 
fore  CD,  DB  are  each  of  them  given. 

This  demonfiration  is  the  anaiyfia  of  the  problem  in  the  29th 
prop,  book  6.  the  conftruftion  and  demonftration  of  which  is 
the  compofttion  of  the  anaiyfis. 

'  Cor.  If  a  parallelogram  given  in  fpecies  be  applied  to  a  gi- 
ven ftraight  line,  exceeding  by  ,a  parallelogram  equal  to  a  given 
fpace  ;  the  fides  of  the  parallelogram  are  given. 
,  Let  the  parallelogram.  ADC£  given  in  fpecies  be  applied  to 

the  given  ftraight  line  •  AB  exceeding  by  the  parallelogram 
BDCG  equal  to  a  given  fpace ;  the  fides  AD>  DC  of  the  paral- 
iclogram.  are  given. 

Draw 


\ 

. 
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Drav  the  diame^r  DH  of  the  parallelogram  AC^  and  con> 
ftfn^  the  figure.     Bccaufe  the  parallelogram  AK  is  equal '  to  ■  43.  i. 
BC   which    is    given,    therefore  AK  ia     Bt  g^        f^ 

KiTen  \  and  BK  is  fimilar  ''  to  AC,  there-      |^ — 1        k  >«. «. 

fore  BK  is  given  in  fpeciet.     And  Gncc 
the   parallelogram  AK  given  in  magnt-  rr 
tude  is  applied  to  the  given  ftraight  line  *^ 

AB,  exceeding  by  the  parallelogram  BK        -^ 

given  in  fpcciei,  therefore,  hy  this  pro-     A  B     D  : 

pofition,  BD,  DK  the  fides  of  the  exceCs  are  given,  and  the 
nraigfat  line  AB  is  given  j  therefore  the  whole  AO,  at  alfo  DC, 
to  which  it  has  a  given  ratio,  is  given. 

P    R    O    B. 

To-  apply. a  parallelogram  fimilar  to  a  given  one  to  a  given 
llcaight  liac  AB,  exceeding  by  a  parallelogram  equal  to  a  ghren 
fpace.\ 

To  the  given  (trajght  line  AB  apply  "  the  parallelogram  AK  c  «9.  6. 
equaLto  the  gi*cn  fpace,  exceeding  by  the  parallelogram  BK  !!• 
miisr  ta'cheoitc^given.     Draw  DF  the  diameter  of  BK,   and 
through  the  point  A  draw  A£  parallel  to  BF  meeting  DV  pro- 
duced in  E,  and  complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal '  to  AK,  that  is,  to  the  given 
fpace  ;  and  the  parallelogram  AC  is  fimilar ''  to  BK  -,  therefore 
the  parallelogram  AC  is  applied  to  the  llraight  line  AB  fimilar 
10  the  one  given  and  exceeding  by  the  parallelogram  BC  which 
is  equal  to  the  giveq  fpace.  :*'■ 

PROP.    LXSXV.  84. 

IF  two  (Iratgbt  lines  contain  a  parallelogram  given  in 

magnitude,  in  a  giTco  angle  ;  if  the  difference  of  the 

ftraight  lines  be  given,  they  Ihall  each  of  thetn  be  given. 

Let  AB,  BC  contain  the  parallelogram  AC  given  in  magni- 
tude, in  the  given  angle  ABC,  and  let  the  cxccfs  of  BC  above 
AB  be  given  i  each  of  the  Araight  lines  AB,  BC  is  given. 

Let  DC  be  the  gifen  exccfs  of  BC  above 
BA,  therefore  the  remainder  BD  is  equal 
to  BA.  Complete  the  parallelogram  AD  ; 
and  bccaufe  AB  is  equal  to  BD,  the  ratio 
of  AB  to.  BD  is  given  1  and  the  angle  ABD  _ 

is  given,  therefoic  the  parallelogram  AD  is  B  O 

given  in  fpecies}  and  bccaufe  the  given  p^i.-illi^lo^iam  APi 
applied  to  the  given.ftcaight  line  DC,  cxc^cJmL'  Lv  the  pital 
•.letogram  AD  given  io  fpecies,  the  fidci  oft"-  -iven  • 

Tcfoi 
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therefore  BD  is  giTen ;  and  DC  is  girea,  wherefore  the  iAdtc 
BC  is  givisn  :  And  AB  is  given»  therefore  AB,  BC  arc  each  ei 
,    them  given* 

fa.  PROP.    LXXXVL 

IP  two  ftraight  lines  contain  a  parallelogram  given  io 
magnitude,  in  a  given  angle ;  if  both  of  cbcm  togc« 
ther  be  given,  they  (hall  each  of  them  bc^ given. 

Let  the  two  ftraight  lines  AB,  BC  eonuin  the  parallelogrtm 
AC  given  in  magnitude,  in  the  given  angle  ABC,  and  let  Afi, 
BC  together  be  given  ;  each  of  the  ftraight  lines  AB,  BC  is  givca. 

Produce  CB|  and  make  BD  equal  to  AB,  and  complete  the 
parallelogram  ABD£*     Becaufe  DB  is  equal  to  BA,  and  the 
angle  ABD  giveq,  hecaufe  the  adjacent  an-      E         ^ 
gle  ABC  is  given,  the  parallelogram  AD  is       III 
given  in  fpecies :  And'  hecaufe  AB,  BC  to«      /  j     I 

gether  are  given»  and  AB  is  equal  to  BD ;    /  /     / 

therefore  DC  is  given :  And  becaufe  the  gi*  n         R     C 
ven  parallelogram  AC  is  applied  to  the  given 
ftraight  line  DC,  deficient  by  the  parallelogram  AD  given  in 
p  tj,  to*   fpecies,  the  fides  AB,  BD  of  the  defeat  are  given  *  ;  and  DC 
is  givenv  wherefore  the  remainder  BC  i$  given  \  and  each  of  the 
ftraight  lines  AB,  BC  is  therefore  given. 

I,.  PROP.    LXXXVII. 

TF  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle  j   if  the  excc&  of  the 
iquare  of  the  greater  above  the  fquare  of  the  leflcr  be 
given,  each  of  the  ftraight  lines  fliall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralle- 
Ic^am  AC  in  the  given  angle  ABC }  if  the  excefs  of  the  fquare 
ofBC  above  the  ^uare  of  BA  be  given ;  AB  and  BC  art 
each  of  them  given. 

Let  the  given  ezcefs  of  the  fquare  of  BC  above  the  fquare 
hf  B  A  be  the  re£tangle  CB,  BD ;  take  this  firom  the  fquare 

s.a*  ^  o^  BC,  the  remainder,  which  is  *  the  re&Migle  BC,  CD  is  e- 
qual  to  the  i))ttare  of  AB^  and  becaufe  the  angle  ABC  of 
the  parallelogram  AC  is  given,   the  ratio  of  ^e*  redfamgle 

b6k  dat.  of  the  fides  AB,  BC  to  the  parallelogram  AC  is  given  ^ ;  and 
AC  is  given,  therefore  the  reAangle  AB,  BC  is  given ;  and 
the  re(^9nglc  CB^  BD  is  given  i  Iheredre  the  iratio  of  the  reS« 
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;>tigla  CB,  BD  t6  tht  re^ngle  AB,BC,thit  i>*,  Acrttioof  AiB  •  »•  ^•- 
ftraigbtline  DB  to  BA  h  given;  therefore  *  the  ratio  of  the*i4.*t- 
rqaare  of  DB  to  the  fquare  of  BA  is  gU  ^ 

ven :    And  the  ffjuare  of  QA  it  equal  to 
xhe  reaafigle  BC,  CD  t  wherefore  the  fa- 
cto of  the  redangle  Be,  CD  to  the  fauare  _^ 
of  BD  If  gitcn,  aa  alfo  the  ratio  ot  four  T|   pn  '  C 
times  the  rcAangle  BCt  CD  to  the  fquare  *    *   "^     ^ 
of  BD ;  and,  by  cotnpofition  •,  the  ratio  of  four  times  the  reft-  *  ^*  *••  ' 
angle  BCy  CD  together  with  the  fquare  of  BC  to  the  fquare 
of  BD  it  given  :   But  four  times  tlie  reftangle  BC,  pD  toge- 
ther  with  the  fquare  of  BD  is  equal '  to  the  fquare  of  the  ftraight  f  t.  «• 
lines  BC,*CD  tab-n  together ;  therefore  the  |ratio  of  the  fquare  ' 
of  BC,  CD  together  to  the  fquare  of  BD  is  given ;  wherefore 
^  the  ratio  of  the  rtraight  line  BC  together  with  CD  to  BD  is  »  *••  ^*' 
given :  And,  by  compoCtioni  the  ratio  of  BC  together  with 
CD  and  DB,  that  is,  the  ratio  of  twice  BC  to  BD,  is  given; 
therefore  the  ratio  of  BC  to  BD  is  given,  as  alfo^  the  ratio  of 
f he  fquare  of  BC  to  the  reftangle  CB,  BD :  But  the  redangte 
CB,  BD  is  given,  being  the  given  etcefs  of  the  fquares  of  BC^ 
BA  ;  therefore  the  fquare  of  BC,  and  the  ftraight  line  BC  is 
given  :  And  the  ratio  of  BC  to  BD,  as  alfo  of  BD  to  B 4  has 
been  fliown  to  be  given  i  therefore  ^  the  ratio  of  BC  to  BA  is  ii  9*  ^* 
given  %  and  BC  is  given,  wherefore  BA  is  given. 

The  preceding  demonftratton  is  the  analydsof  this  problem,  vi2« 
A  parallelogram  AC  which  has  a  given  angle  ABC  being  gi- 
ven in  magnitude,  and  the  excefs  of  the  fquare  of  BC  one  of 
its  fides  a£>ve  the  fquare  of  the  other  BA  being  given ;  to  finci  . 
the  fides  :  And  the  coqipofition  is  as  follows. 

Let  EPG  be  the  given  angle  to  which  the  angle  ABC  is  re- 
quired to  be  equal,  and  from  any  point  £  in  FE^  draw  JLG 
perpendicular  to  FG ;  let  the  re&« 
angle  EG,  GH  be  the  given  fpace 
to  which  the  parallelogram  Av  is 
to  be  madeequal ;  and  the  re^ngle 
HG,  GL,  be  the  given  ezceft  of  the 

fquaretofBC,  BA  /    •  ,/ A"  w      JL*      ««^« 

Take,  in  the  ftraight  line  GE»       PG    L    O      HN 
G^  equal  to  F£,  ahd  make  GM  double  of  GlK  ;  joia.  ML, 
and  in  GL  produced,  take  LN  equal  to  LM :  BifeA  GNf  in  0» 
and  between  GU,  GO  find  a  meaa  proportional  BC :    A»  OO 
to  pL|  {q  make  CB  to  BD  §  and  ma^e  i|ie  aogte  CBA  ^oal 

tp 


to  CPEy  and  u  LG  to  G^  fo  nuke  DB  to  BA  i  and  oomphte 
the  parallelogram  AC :  AC  is  equal  to  thei  re&aogle  £Gj  GH, 
and  tho  ezcefs  of  the  fqaarea  of  CB»  BA.  ii  equal  to  the  rect- 
angle BG,  GL. 
Becaufe  at  CB  to  BD«  fo  is  OG  to  GL,  the  fquare  of  C6 

•  !•  f-  is  to  the  redangle  CB,  BD  as  ^  the  refiangle  HG»  GO  to 
the  redangle  HG»  ,GL :  And  the  fquare  of  CB  is  eqaal  to  the 
re£langle  HG,  GO,  becaufe  GO^  BC,  GH  are  proporttoaals; 

^  B«.-5«     therefore  the  re&angle  CB,  BD  is  equal  ^  to  HG,  GLr.    Asd 

becaufe  as  CB  to  BD,  fo  is  OG  to  GL  i  twice  CB  is  to  BD, 

as  twice  OG,  that  is,  GN,  to  GL ;  and,   by  divifion^  as  BC 

^    together  with  CD  is  to  BD,  fo  is  NL,  that  is,  LM,  to  LG : 

e  as.  tf.  Therefore  *  the  fquare  of  BC  together  with  CD  is  to  the  fquare 
of  BD,  as  the  fquare  of  ML  to  the  fquare  of  LG :  But  the 

i^*'-  fquare  of  BC  and  CD  together  is  equaH  to  four  times  the 
re^an|;le  BC,  CD  together  with  the  fquare  of  BD  ;  therefore 
four  times  the  re£iangle  BC,  CD  together  with  the  fquare  of 
BD  is  to  the  fquare  of  BD,  as  the  fquare  of  ML  to  the  fquare 
of  LG  :  And,  by  dividon,  four  times  the  reflangle  BC,  CD  is 
to  the  fquare  of  BD,  as  the  fquare  of  MG  to  the  fquare  of 
GL  ;  wherefore  the  re£langle  BC,  CD  is  to  the  fquare  of  BD, 
as  (the  fquare  of  KG  the  half  of  MG  to  the  fquare  of  GL, 
that  is,  as)  the  fquare  of  AB  to  the  fquare  of  BD,  becaufe  as 
LG  to  GK,  fo  DB  was  made  to  BA  :  Therefore  *»  the  redas- 
gle  BC,  CD  is  equal  to  the  fquare  of  AB.  To  each  of  thefe  add 
the  reAangle  CB,  BD,  and  the  fquare  of  BC  becomes  equal 
to  the  fquare  of  AB  together  with  the  redangle  CB,  BD ; 
therefore  this  redangle,  that  is,  the  given  reClangle  HG,  GL 
]S  the  ezcefs  of  the  fquares  of  BC,  AB.  From  the  point  A, 
draw  AP  perpendicular  to  BC,  and  becaufe  the  angle  ABP 
is  equal  to  the  angle  EFG,  the  triangle  ABP  is  equiaogahr 
to  EFG  :  And  DB  waa  made  to  BA,  as  LG  to  GE  )  therefore 
9S  the  reAangle  CB,  BD  to  CB,  BA|  fo  is  the  reaangle  UQ, 
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GL  M  HG,  GK  ;  and  ^s  the  reftangle  CB,  BA  to  AP,  BC, 
iff  M,  (tlK  ftnight  liae  BA  to  AP,  and  fo  i<  FE  or  GK  n 

EG, 
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EOs  and  fo  ts)  tbe  ttOmde  H6,  GKto  H6,  GE  $  tbereforrt 

cz  ae^ttallf  as  the  rdEbngle  C3»  BD  to  AP,  BC,  fo  is  the  rtGtr 

angle  HG,  GLto  EQ/GH:  Apd  the  rca^gle  CB»  BD  i«      .     .  , 

equal  to  ^Gt  GL;  th^efore^the.reaa&gle  AP,  BC,  that  is^ 

ehe  parallelogram  AC,  is  equal  to  the  given  reAangle  EG,  .GH»    .  ^ 

p 
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PROP.    LXXXVHL  N.    ^ 

IF  two  ftraigbt  llnc^  contain  a  paraUdqgram  given  in 
magnitude,  in  a  given  angle ;  if  the  fum  of  the  fquares .   v    -  t 
of  its  ^cs  be  givcOy  the  fides  fliall  each  of  them  be  given* 

I 

m 
J 

Let  the  two  ftraight  lines  AB,  BC  contain  the  parallelogram  «* 

ABCD  given  in  magnitude  in  the  given  angle  ABC,  and  let  the 
fum  of  the.fquares  of  AB,  BC  be  given ;  AB,  BC  are  each  of 
them  given.  • 

Firft,  let  ABC  be  a  right  angle ;  and  bcpaufe  twice  the  reSt* 
angle  contained  by  two  equal  ftraight  lines  is  equal  to  both 
their  fquares ;  but  if  two  ftraight  lines  are  un»    jj  TX  : 

crqual,  twice  the  reflangle  contained  by  them  is  ^  j^ 
iefs  than  the  fum  of  their  fquares,  as  is  evident  weA  \fm 
from  the  7th  prop.  b.  2.  Elem.  therefore  twice     ■*  ^ 

the  given  fpace,  to  which  fpace  the  re^angle  of  which  the  fides 
are  to  be  found  is  equal,  muft  not  be  greater  than  the  given 
fum  of  the  fquares  of  the  fides :  Ax|d  iftwice  that  fpace  be  e« 
qual  to  the  given  fum  of  the  fquares,  the  fides  of  the  re£tanglc 
muft  neceQjirily  be  equal  to  one  another :  Therefore  in  this 
cafe  defcribe  a  fquare  ABCD  equal  to  the  given  re^angle,  anii 
its  fides  AB,  BC  are  thofe  which  were  to  be  found  :  For  the 
reflangle  AC  is  equal  to  the  given  fpace,  and  the  fum  of  the 
fquares  of  its  fides  AB,  BC  is  equal  to  twice  the  re£langle  AC» 
that  is»  by  the  hypothefis,  to  the  giveii  fpace  to  which  the  fum 
of  the  fquares  was  required  to  be  equal. 

But  if  twice  the  given  reflangle  be  not  equal  to  the  given 
fum  of  the  fquares  of  the  fides,  it  muft  be  Iefs  than  it,  as 
has  been  (hown.  Let  ABCD  be  the  rectangle,  join  AC  and 
draw  BE  perpendicular  to  it,  and  complete  the  reAangle 
AEBP,  and  defcribe  the  circle  ABC  about  the  triangle  ABC ; 
AC  is  its  diameter  * :  And  becaufe  the  triangle  AlBC  is  fimi- 1  Cor.  s*  4« 
lar  ^  to  AEB,  as  AC  to  CB,  fo  is  AB  to  BE ;  therefore  the  b  g.  <, 
refiangle  AC,  BE  is  equal  to  AB,  BC }  and  the  rectangle  AB, 

BC 
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BC  is  gtTefit wherefore  AC, BE i$  given :  Addbecaafe  die  &i 
of  the  ^uares  of  AB^  BC  is  giveiiy  the  f<|ttar6  of  AC  which  s 

e'49.  I.  equal  ^  to  that  fam  is  given  %  and  AC  itftlf  is  therefore  gim 
in  magnitude ;  Let  AC  be  likewUh  givfn  in  pofitfon^  mud  tk 

i  3a.  dat.  point  A  ;  therefore  AF  is  given  '  in  po-       k  rx 

fition  :  And  the   redangle  AC,   Blf  ia  — ^ 

given,  as  has  beeii  fhews,  and  AC  is 

m  6x.  4ac   gi^^Qf  wherefore  *  BE  is  given  in  mag- 
nitude, as  alfo  AF  which  is  e(|ual  to  it ;  F  w 
and  AF  is  mifo  given  in  pofition,    and      '" 

f  30  dat    the  point  A  is  given  %  wbere£ore  '  the 

point  F  is  given,  and  the  ftraight  line  ^       ^  IT  1 

g  31    .It.  FB  in  pofition  s :  And  the  circumference "       r^  MXh 

fc  a  <  dML  ABC  IS  given  in  pofition,  wherefore  ^  the  point  B  is  gifcn : 
*  And  the  points  A,  C  are  given ;  therefore  the  ftraight  lines  AB* 

I  av.  dat.   BC  are  jp;tven  >  in  pofition  and  magnitude. 

The  fides  AB,  BC  of  the  reAangle  may  be  found  thus :  Ui 
the  reftangle.  GH,  GK  be  the  given  fpace  to  which  the  rcfi- 
angle  AB,  BC  is  equal ;  and  let  GH,  GL  be  the  given  reel- 
angle  to  which  the  fum  of  the  fquares  of  AB,  BC  is  equal: 

k  14*  a.  pinj  k  a  fquare  ec^ual  to  the  redangle  GH,  GL :  And  let  io 
fide  AC  be  given  in  pofition ;  upouACas.a  diameter  defcribe 
the  femtcircle  ABC,  and  as  AC  to  GH,  fo  make  GK  to  AF, 
and  from  the  point  A  place  AF  at  right  anglea  to  AC  :  That- 

1 16.  6.  fore  the  re£tangle  C\  AF  is  equal  ^  to  &H,  GK ;  and,  bj 
theliypothcfis,  twice  the  re£langle.GH,  GK  is  lefs  than  GB» 
GL,  that  is,  than  the  fquare  of  AC  ;  wherefore  twice  tbc 
reftangle  CA,  Af  is  Icfs  than  the  fquare  of  A^,  and  the 
re£langle  CA,  AF  itfelf  lefs  than  half  the  fquare  of  AC,  thx 
is,  than  the  reAangIc  contained  by  the  diameter  AC  and  its  half; 
wherefore  AF  is  lefs  than  the  femidiamcter  of  the  circle,  and 
confequently  the  ftraight  line  drawn  through  the  point  F  parallel 
to  AC  muft  meet  the  circumference  in  two  points  :  Let  B  be 
either  of  theih,  and  join  AB,  BC,  and  compfetq.  the  re&angle 
ABCD  ;  ABCD  is.  the  re£langle  which  was  to  be  found  :  Draw 

P  34*  s*  BE  perpendicular  to  AC^  therefore  BE  is  equal  ^  to  AF,  and 
hecaufe  the  angle  ABC  in  a  fj^micircle  is  a  right  angle,  the  rc£l- 

h  ••«.  angle  AB,  BC  is  equal  ">  to  AC,  BE,  that  is,  to  the  rcdangic 
CA9  AF,  which  is  equal  to  the  given  redangle  GH,  GK :  And 
the  fquares  of  AB^  BC  are  together  equal  ^  to  the  fquare  ot 
ACj(  thaf  is,  to  the  giyea  tcftangte  GH,  GL. 

'  ■  .      .  ^: 
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fiat  if  the  giyen  angle  ABC  of  the  parallelogram  AC  be  not' 
a  right  angle,  in  this  cafe,  becaufc  ABC  is  a  given  angle,  the 
ratio  of  the  re6iangle  contained  by  the  fides  AB,  BC  to  the  pa- 
rallelogram AC  is  given  "  $  and  AC  is  given,  therefore  the  reift-  n  64.  dat. 
angle  AB,  BC  is  given ;  and  the  fum  of  the  fquares  of  AB»  BC 
18  given  ;  therefore  the  fides  AB,  BC  are  given  bj  the  prece*, 
ding  cafe. 

The  fides  AB»  BC  and  the  parallelogram  AC  may  be  found 
thus :  Let  £FG  be  the  given  angle  of  the  parallelogram,  and 
from  any  point  £  in  F£  draw  EG  perpendicular  to  FG  ;  and 
let  the  re&angle  EG,  FH  be  the  given  fpace  to  wfaich  the  pa- 
rallelogram is  to  be  made  equal,  and  let  EF,  m  j^ 
FK  be  the  given  reftangle  to  which  the  ^  *^ 
fum  of  the  fquares  of  the  fides  is  to  be  equal.         /                / 

And,  by  the  preceding  cafe,  find  the  fides      J^^ X 

of  a  reaangle  which  is  equal  to  the  given  "D  T 
redangle  EF,  FH,  and  the  fquares  of  the 
fides  of  which  are  together  equal  to  the  gi- 
ven re£tangle  EF,  FK ;  therefore,  as  was 
(hewn  in  that  ckfe,  twice  the  re£langle  EF, 
FH  muft  not  be  greater  than  the  re£langle 
£F,  FKi  let  it  be  fq,  and  let  AB,  BC  be 
the  fides  of  the  redangle  joined  in  the 
angle  ABC  equal  to  the  given  angle  EFG ; 
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and  complete  the  parallelogram  ABCD,  which  will  be  that 
which  was  to  be  found  :  Draw  AL  perpendicular  to  BC,  and 
becaufe  the  angle  ABL  is  equal  to  EFG,  the  triangle  ABL  is 
equiangular  to  EFG ;  and  the  parallelogram  AC,  that  is,  the 
redangle  AL,  BC  is  to  the  reftangle  AB,  BC  as  (the  ftraight 
line  AL  to  AB,  that  is,  as  EG  to  EF,  that  is,  as)  the  re£^angle 
EG,  FH  to  EF,  FH  ;  and,  by  the  conftruaion,  the  reftangle 
AB,  BC  is  equal  ro  EF,  FH,  therefore  the  reftangle  AL,  BQ, 
or,  its  equal,  the  parallelogram  AC,  is  equal  to  the  given  red- 
angle  EG,  FH  $  and  the  fquares  of  AB,  BC  are  together  equalj 
by  conftrudion,  co  the  given  redangle  EF,  FK. 


Ff 
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•o.  PROP.    LXXXIX. 

IF  two  ftraight  lines  contain  a  given  parallelogram  in  2 
given  angle,  and  if  the  ezcefs  of  the  fquare  of  one 
of  them  above  a  given  fpace,  has  a  given  ratio  to  the 
fquare  of  the  other ;  each  of  the  (Iraight  lines  ihall  be 
given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  gtvtn  parall^ 
logram  AC  in  the  given  angle  ABC,  and  let  the  excels  of  the 
fquare  of  BC  above  a  given  fpace  have  a  given  ratio  to  tbc 
fquare  of  AB,  each  of  the  ftraight  lines  AB»  BC  is  given. 

Becaufe  the  excefs  of  the  fquare  of  BC  above  a  given  fpace 
hu  a  giv^n  ratio  to  the  fquare  of  BA,  let  tbc  reClangle  C6, 
BD  be  the  given  fpace ;  uke  this  from  the  fquare  of  BC,  the 
a  9*  a.       remainder,  to  wit,  the  reAangle  ^  BC,  CI)  has  a  given  ratio 
to  the  fquare  of  BA :  Draw  A£  perpendicular  to  BC,  and  let 
the  fquare  gf  BF  be  equal  to  the  redangle  BC,  CD,  then  be- 
caufe the  angle  ABC,  as  alfo  BEA,  is  given,        py 
b  43.  dat.  the  triangle  ABE  is  given  ^  in  fpecies,  and     ^/ 
the  ratio  of  AE  to  AB  given :  And  becaufe      ya 
the  ratio  of  the  reAangle  BC,  CD,  that  is,    /  j  f 
of  tbe  fquare  of  BF  to  the  fquare  ofBA,  i*^v\T\ 
given,  the  ratio  of  tbe  ftraight  line  BF  to  BA 
c  5S.  d««  is  ^iven  '  \  and  the  ratio  of  AE  to  AB  is  given,  wherefore  ^  tbe 
a  9.  dat.     ^2^)^  ^f  ^£  to  BF  is  eiven  \  as  alfo  the  ratio  of  the  rcAangk 
c  35- 1*      AE,  BC,  that  is,  *  of  the  parallelogram  AC  to  the  rcAangie 
FB,  BC  %  and  AC  is  given,  wherefore  the  reAangle  FB,  BC  is 
'  given*    The  excefs  ofthe  fquare  of  BC  above  the  fquare  of  BF, 

that  is,  above  the  re£langle  BC,  CD,  is  given,  for  it  is  equal '  to 
the  given  re^^angle  CB,  ^\^\  therefore,  becaufe  the  redangle 
contained  by  the  ftraight  lines  FB,  BC  is  given,  and  alfo  the 
excefs  of  tbe  fquare  of  BC  above  the  fquare  of  BF;  FB,  BC 
f  S7.  dat«  are  each  of  them  given  ^ ;  and  tbc  ratio  of  FB  to  BA  is  given ; 
therefore,  AB,  BC  are  given. 

7he  Compofitkn  is  ds  fellows. 

Let  GHK  be  the  given  angle  to  which  the  angle  of  the  pa* 
rallelogram  is  to  be  made  equal,  and  from  any  point  G  in 
HG,  draw  GK  rtrpcndicular  to  HK  i  let  GK,  UL  be  the  red- 

angle 
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I. 

angle  to  which  the  parallelogrim  is  to  Jbe       |^ 

made  equal,  and  let  LH,  HM  he  the  red-    ^y. 

angle  equal  to  the  given  fpace  which  is  to     ^1 

be  taken  from  the  fquare  of  one  of  the  fides ;    /I... 

and  let  the  ratio  of  the  remainder  to  the  |}  Jj^fj^  Jj 

fquare  of  the  other  fide  be  the  fame  with  the 

ratio  of  the  fquare  of  the  given  ftraight  line  NH  to  the  fquare 

of  the  given  ftraight  line  HG. 

By  help  of  the  87th  dat.  find  two  ftraight  lines  BC,  Bl? 
which  contain  a  re&angle  equal  to  the  given  rectangle  NH^ 
HL,  and  fuch  that  the  ezcefs  of  the  fquare        v. 
of  BC  above  the  fquare  of  BF  be  equal  to      ^^Z 
the  given  reAangle  LHj  HM;  and  join  CB,     ^71  / 

BF  in  che  angle  FBC  equal   to  the  given     / 1  ,  y 

angle  GHK :  And  as  NH  to  HG,  fo  make  R  R  Tl  C 
FB  to  BA,  and  complete  the  parallelogram 
AC,  and  draw  A£  perpendicular  to  BC ;  then  AC  is  equal  to 
the  redangle  GK,  HL  \  and  if  from  the  fquare  of  BC,  the  gi<^ 
vcn  redlangle  LH,  HM  be  taken,  the  remainder  fliall  have  to 
the  fquare  of  BA  the  fame  ratio  which  the  fquare  of  NH  has  to 
the  fquare  of  HG. 

Becaufe,  by  the  conftru£lion,  the  fquare  of  BC  is  equal  to 
the  fquare  of  BF  together  with  the  re£lang!e  LH,  HM ;  if 
from  the  fquare  of  BC  there  be  taken  the  reSangle  LH,  HM, 
there  remains  the  fquare  of  BF  which  has  <  to  the  fquare  of  §  %%•  6. 
BA  the  fame  ratio  which  the  fquare  of  NH  has  to  the  fquare 
of  HG,  becaufe,  as  NH  to  HG,  fo  FB  was  made  to  BA  i  but 
as  HG  to  GK,  fo  is  BA  to  AE,  becaufe  the  triangle  GHK  is 
equiangular  to  ABE  ;  therefore,  ex  aequali,  a9  NH  to  GK  fo  is 
FB  to  A£ ;  wherefore  ^  the  redangle  NH,  HL  is  to  the  red*  >*  *'  ^ 
angle  GK,  HL,  as  the  redangle  YE,  BC  to  AE,  BC ;  but  by 
the  conftrudion,  the  redangle  NH,  HL  is  equal  to  FB,  BC ; 
therefore  ^  the  rcftangle  GK,  HL  is  equal  to  the  rcdangle  AE,  ^  X4*  5* 
BC,  that  is,  to  the  parallelogram  AC. 

The  analyfis  of  this  problem  might  have  been  made  as  in  the 
86th  prop,  in  the  Greek,  and  the  compoGtion  of  it  may  be  made 
as  that  which  is  in  prop.  87th  of  this  edition. 
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I 

TF  two  ftraight  line?  contain  a  given  parallcfogram  In 
a  given  angfr,  and  if  the  fquarc  of  one  of  them  to. 
gether  with  the  fpace  which  has  a  giveo  ratio  to  the 
fquare  of  the  other  be  given,  each  of  the  ftraight  lines 
fhall  be  given. 

Let  the  tw©  ftraight  lines  AB,  BC  contain  the  given  paralle- 
logram AC  in  the  given  angle  ABC,  and  let  the  fquare  of  BC 
tojirether  with  the  fpace  which  has  a  given  ratio  to  the  fquare  of 
AB  he  pven,  AB.  BC  arc  each  of  them  given. 
V        Let  the  fquare  of  BD  be  the  fpace  which  has  the  given  ratio 
*  to  the  fquare  of  AB  ;  therefore,  by  the  hypotheGs,  the  fquarc 

of  BC  together  with  the  fquare  of  BD  is  given.     From  the 
point  A,  draw  AE  perpendicular  to  BC^  and  beVaufe  the  angles 
a  43*  dat.   j\BE,  BE  A  are  given,  the  triangle  ABE  is  given  •  in  fpccics; 
therefore  the  ratio  of  BA  to  AE  is  given  :  And  becaufe  the  ra- 
tio of  the  fquare  of  BD  to  the  fquare  of  BA  is  given,  the  ra- 
il 5^,  dat.   jjo  Qf  xh^  ftraight  line  BD  to  BA  is  given  *^^  and  the  ratio  of 
c  9.  dat,     B^  ^o  ^£  ;g  g]yg„ ,  therefore  •  the  ratio  of  AE  to  BD  is  gi- 
ven,  as  ^Ifo  the  ratio  of  the  rcdtangle  AE,  BC,  that  is,  of  the 
parallelogram  AC  to  the  rectangle  DB,  BC ;  and  AC  is  giveo, 
therefore  the  reAangle  DB,  BC  is  grveu  j  and  the  fquare  ct 

Ml 
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BE         ^ 

d  8S.  dat,  BC  together  with  the  fquare  of  BD  is  given ;  therefore  *  be- 
caufe the  reflangie  contained  by  the  two  ftraight  lines  DB,  BC 
is  giv«n,  and  the  fum  of  their  fquarcs  is  given  :  The  ftraight 
lines  DB,  BC  are  each  of  them  given  ;  and  the  ratio  of  DB  to 
BA  is  given  ;  therefore  AB,  BC  are  given. 

7'he  compofition  is  as  follows* 
Let  FGH  be  the  given  angle  to  which  the  angle  of  the  pa- 
rallelogram is  to  be  made  equal,  and  from  any  point  F  in  oF 
draw  FH  perpendicular  to  GH;  and  let  the  redangle  FH, 
GK  be  that  to  which  the  parallelogram  is  to  be  made  equal  *, 
and  let  the  r«£tangle  KG^  GL  be  the  fpace  to  which  the  fquarc 

of 
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of  one  of  th^  (ides  of  the  parallelogram  together  with  the  fpace 
which  has  a  given  ratio  to  ;he  fquare  of  the  other  fide,  is  to  be 
made  equal ;  and  let  this  given  ratio  be  the  fame  which  the  fquare 
of  the  given  ftraight  line  MG  has  to  the  fquare  of  GF. 

By  the'88th  dat.  find  two  ftraight  lines  DB,  BC  which  con- 
tain a  re£tangle  equal  to  the  given  rectangle  MG,  GK,  and 
fuch  that  the  fum'  of  their  fquares  is  equal  to  the  given  reGt* 
angle  KG,'  GL ;  therefore,  by  the  determination  of  the  pro- 
blem in  that  propofition,  twice  the  re£kangle  MG,  GK  muft 
not  be  greater  than  the  rectangle  KG,  GL.  Let  it  be  fo,  and 
join  the  ftraight  lines  DB,  BC  in  the  angle  DBC  equal  to  the 
given  angle  FGH.;  and,  as  MG  to  GF,  fo  make  DB  to  BA, 
and  complete  the  parallelogram  AC :    AC  is  equal  to  the  re£t- 


OH      jc  r. 

BE 

angle  FH,  GK  ;  and  the  fquare  of  BC  together  with  the  fquare 
of  BD,  which,  by  the  conftrn£lion,  has  to  the  fquare  of  B  A  the 
given  ratio  which  the  fquareof  MGhas  to  the  fquare  of  GF,  is 
equal,  by  the  conftru£tion,  to  the  given  redangle  KG,  GL- 
Draw  AE  perpendicular  to  BC. 

Bccaufc,  as  DB  to  BA,  fo  is  MG  to  GF  ;  and  as  B  A  to  AE;, 
fo  GF  to  FH  ;  ex  aequali,  as  DB  to  AE,  fo  is  MG  to  FH  ; 
therefore,  as  the  redlanglc  DB,  BC  to  AE,  BC,  fo  is  the  reft- 
angle  MG,  GK  to  FH,  GK  i  and  the  reaangle  DB,  BC  ia 
equal  to  the  re^angle  MG,  GK ;  therefore  the  re&angle  A£, 
BC,  that  is»  the  parallelogram  AC,  is  equal  to  the  rcdlanele 
FH,  GK. 

PROP.    XCL  zz. 

IF  a  ftraight  line  drawn  within  a  circle  given  in  magni- 
tude cuts  off  a  fcgmcnt  which  contains  a  given  angle  ; 
the  ftraight  line  is  given  in  magnitude. 

U  the  circle  ABC  given  in  magnitude,  let  the  ftraight  line 
AC  be  drawn,  cutting  off  the  fegment  A£C  whi^h  contains  the 
given  angle  A£C  }  the  ftraight  line  AC  is  given  in  magnitude. 

Take  D  the  centre  of  the  circle*,  join  AD  and  produce  it  a  z.  3« 

F  f  3  to 
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to  E,  anc(  join  EC  t  The  angle  ACE  being 

31*  3-     2  |.jg(|t  b  angle  is  given ;  and  tbe  angle 

c  4S'  au.    ^Eg  j3  gj^^„  .   therefore  «  the  triangle 

ACE  18  given  in  fpecicS)  and  the  ratio  of 

£A  to  AC  is  therefore  giveA  ;  and  EA  is 
d  5.  def.     given  ^  in  magnitude,  becaufe  the  circle  is 

given  in  magnitude  $  AC  is  therefore  gi- 

yen  *  in  magnitude^ 
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89,  PROP.     XCII. 

IF  a  ftratght  line  given  in  magnitude  be  drawn  within  a 
circle  given  in  magnitude,  it  (hall  cut  off  a  fegmcot 
containing  a  given  angle. 

Let  the  ftraight  line  AC  given  in  magnitude  be  drawn  with* 
in  the  circle  ABC  given  in  magnitude  ;  it  fliall  cut  off  a  fegmest 
containing  a  giyen  angle. 

Take  D  the  centre  of  the  circle,  Join 
AD  and  produce  it  to  E,  and  join  EC  : 
And  becaufe  each  of  the  ftraight  lines  E A, 
and  AC  is  given,  their  ratio  is  given  ^  ;  and 
the  aiigle  ACE  is  a  right  angle,  therefore 
4«.  dat,  ^^  triangle  ACE  is  given  >  in  fpecies, 
and  confequ^ntly,  the  angle  AEC  is  given. 


a  I.  daf. 
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PROP.     XCIII. 


IF  from  any  point  in  the  circumference  of  a  circle  gi* 
yen  in  pofition  two  ftraight  lines  be  drawn  meeting 
the  circumference  and  containing  a  given  angle ;  if  the 
point  in  which  one  of  them  meets  the  circumference  again 
be  given,  the  point  in  which  the  other  m^cts  it  is  alfo  gi- 
ven. 

From  any  point  A  in  the  circumference  of  a  circle  ABC  givfn 
in  pofition,  let  AB,  AC  be  drawn  to  the  circumference  making 
the  given  angle  BAC  ;  if  the  point  B  be 
given,  the  point  C  is  alfb  given. 

Take  D  the  ccptrc  of  the  circle,  and 

join  BD,  DC  ;  and   becaufe  each  of  the 

a  «p.  dit,   points  B,  D  is  given,  BD  is  given  ■  in  po- 

fition  ;  and  becaufe  the  angle  BAC  is  gi- 

VCHi  the  angle  BDC  is  giv^n>>,  therefore 

becaufe 
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becaufe  the  ftraight  line  DC  is  drawn  to  the  given  ppint  D  in 
the  fttaight  line  BD  given  in  pofition  in  the  given  angle  BDC, 
DC  18  given  *  in  pofition  :     And  the  circumference  ABC  is  gi-^  3»*  <J«'« 
vcn  in  pofition,  therefore^  the  point  C  is  given*  <1  is*  dat. 


PROP.     XCIV. 


91. 


IF  frona  a  given  point  a  ftraight  line  be  drawn  touching 
a  circle  given  in  pofition  \  the  ftraight  line  is  given  in 
pofition  and  magnitude. 

Let  the  ftraight  line  AB  be  drawn  from  the  given  point  A 
touching  the  circle  BC  given  in  pofition  %  AB  is  given  in  pofi- 
tion and  magnitude. 

Take  t>  the  centre  of  the  circle,  and  join  DA,  DB  :  Becaufe 
each  of  the  points  D,  A  is  given,  the  ^ 

ftraight  line  AD  is  given  »  in  pofition  #*^,x'^~*^^— •w        *  *^  ^* 
and  magnitude  :    And  DBA  is  a  right  •»  y^      /xvv^\    ^  '*'  ^' 
angle,  wherefore  DA  is  a  diameter  *  of  /  (/     ^^sA   ^^^•^•4- 

the  circle  DBA,  defcribed  about  the  tri*  (  Jl   >■    ■■]     ^j 

angle  DBA  ;  and  that  circle  is  therefore  V         ■**       y       A 
given  *  in  pofition  :  And  the  circle  BC  is     \^^    ^^  d  6-  ^ef« 

given  in  pofition,  therefore  the  point  B       ^^ 

18  given  ^  :    The  point  A  is  alfo  given  ;  therefore  the  ftraight «  28.  dat. 
line  AB  is  given  *  in  pofition  and  magnitude. 


PROP.    XCV. 


91. 


IF  a  ftraight  line  be  drawn  from  a  given  point  without 
a  circle  given  in  pofition  ;  the  re&angle  contained  by 
the  fegments  betwixt  the  point  and  the  circumference  of 
the  circle  is  given. 

Let  the  ftraight  line  ABC  be  drawn  from  the  given  point  A 
without  the  circle  BCD  given  in  pofi- 
tion, cutting  it  in  B,  C  •,  the  rediangle 
BA,  AC  is  given. 

From  the  point  A,  draw  •AD  touch- (j^ 
ing  the  circle ;   therefore  AU  is  given 
>>  in  pofition  and  magnitude :     And  be- 
caufe AD  is  given,  the  fquare  of  AD  is 
given  ^  which  is  equal  ^  to  the  redlangle  BA,  AC :    Therefore  c  $6.  da^ 
Ac  reAangle  BA,  AC  is  given.  ^  Stf.  3. 

Ff4  PROP. 
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93-  PROP.    XCVI. 

t 

TF  a  ftraight  line  be  drawn  through  a  given  point  with* 
in  a  circle  given  in  pofition,  the  redangle  contained  by 
the  fegmcnts  betwixt  the  point  and  the  circumference  of 
the  circle  is  given. 

Let  the  ftraight  line  BAC  be  drawn  through  the  given  poJot 
A  within  the  circle  BC£  given  in  pofition }  the  reAangle  BA, 
AC  \^  given. 

Take  D  the  centre  of  the  circlci  join 
AD  and  produce  it  to  the  points  £,  F. 
Becaufe  the  points  A,  D  are  given^  the 

•  %f*  dtt.    ftraight  line  AD  is  given  *  in  pofition  } 

and  the  circle  BEC  is  given  in  pofition;       .         .  . 

b  »8.  d»t*   therefore  the  points  E,  F  arc  given  ^,  and  "BV   /x.  J^ 

the  point  A  Is  given,  therefore  EA,  AF 
are  each  of  them  given  * )  and  the  rcGt^ 
QRgle  £A»   AF  is  therefore  given  ;  and  it  is  equal  ^  to  the  rect- 
angle BA,  ACf  which  confequentlyisgiveiv 


c  35.  3* 
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PROP.    XCVII. 

IF  a  ftraight  line  be  drawn  within  a  circle  given  in 
magnitude  cutting  oflF  a  fegment  containing  a  given 
single  ;  if  the  angle  in  the  fegment  be  bifcftcd  by  a  ftraight 
line  produced  till  it  meets  the  circumference,  the  ftraight 
lines  which  contain  the  given  angle  fliall  both  of  them  to- 
gether have  a  given  ratio  to  the  ftraight  line  which  bifeds 
the  angle :  And  the  reOangle  contained  by  both  thefe 
lines  together  which  contain  the  given  angle,  and  the  pare 
of  the  bifefting  line  cut  off  below  the  bafc  of  the  ft-gmenr, 
ihall  be  given. 

Let  the  ftraight  line  BC  be  drawn  within  the  circle  ABC  gi- 
ven in  magnitude  cutting  off  a  fegment  containing  the  given 
angle  BAC,  apd  let  the  angle  BAC  be  bifeftcd  by  the  ftraight 
line  AD  5  BA  together  with  AC  has  a  given  ratio  to  AD  ;  and 
the  rcftangle  contained  by  BAand  AC  together,  and  the  ftraight 
line  ED  cut  off  from  AD  below  BC  the  bafe  of  the  fegment,  is 
given." 

Join  BD  ;  and  becaufe  BC  is  drawn  Within  the  circle  ABC 

given 
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riven  m  magnitude  cuttinf;  off  the  fegment  BAC»  containing 
He  giTcn  angle  BACi  BC  is  given*  in  magnitude  :   By  the  *  9<*  ^>^ 
ancic  reafon  BD  is  given  ;  therefore^  the  ratio  of  BC  to  BD  b  i.  dM. 
I  s  i^iven :   And  becaufe  the  angle  BAC  is  bifeded  by  AD,  as 
BA.   tp  AC,  fojs^  BE  to  EC;  and,  by  permutation,  as  AB  ^  3-^ 
to  S£|  fo  is  AC  to  CE;  wherefore^  as  BA  and  AC  together  d  is.  5, 
to  BC,  fo  is  AC  to  C£ :   And  becaufe  the  angle  BAE  is  equal 

to     EAC,   and  the  angle    ACE.to^^vj        y^ ^^v^        « »i.  5» 

A.13B|  the  triangle  ACE  is  equiangu-  ^ 

lar    to  the  triangle   ADB  ;   therefore 

as  AC  to  CE,  fo  is  Ai}  to  DB  :   But 

as  AC  to  CE,  fp  is  BA  together  with 

AC  to  BC ;  as  therefore  B A  and  AC  ^"^5;:^^ — ^^^ 

to    BC,   fo  is  AD  to  DB  ;  and,  by 

permutation,  as  BA  and  AC  to  AD, 

fo  is  BC  t^  BD  :   And  the  ratio  of  BC  to  BD  is  given,  the^^^ 

fore  the  ratio  of  BA  together  with  AC  to  AD  is  given. 

Aifo  the  rectangle  contained  by  B  A  and  AC  together,  and 
IDE  is  given. 

Becaufe  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
as  BD  to  DE,  fo  is  AC  to  CE ;  and  as  AC  to  CE.  fo  is  BA 
and  AC  to  BC  ;  therefore  as  B  A  and  AC  to  BC,  fo  is  BD  to 
IDE  ;  wherefore  the  reAangle  contained  by  BA  and  AC  toge- 
ther, and  D£,  is  equal  to  the  reaangle  CB,  BD  :  But  CB,  BD 
i^^ivcn  ;  therefore  the  reAangle  contained  by  BA  and  AC  to* 
gcthcr,'"Sttid  DE,  is:  given. 

OthervJt/i* 

Produce  CA,  and  make  AF  equal  to  AB,  and  join  BP; 
and  becaufe  the  angle  BAC  is  double*  of  each  of  the  angles  r.  ^ 
BFA,  BAD,  the  angle  BFA  is  equal  to  BAD  ;  and  the  angle  *7  3*.  i. 
BCA  is  equal  to  BDA»  therefore  the  triangle  FCB  is  equiangu- 
lar to  ABD  :  As  therefore  as  FC  to  CB,  fo  is  AD  to  DB  ;  and, 
by  permntation,  as  FC,  that  is,  BA  and  AC  together  to  AD» 
fo  is  CB  to  BD  :  *  And  the  ratio  of  CB  to  BD  is  given,  there* 
fore  the  ratio  of  BA  and  AC  to  AD  is  given. 

And  becaufe  the  ^ngie  BFC  is  equal  to  the  angle  DAC, 
that  is,  to  the  angle  DBC,  and  the  angle  ACB  equal  to  the 
angle  ADB ;  the  triangle  FCB  is  equiangular  to  BDE,  as 
therefore  FC  to  CB,  fo  is  BD  to  DE;  therefore  the  reAangle 
contained  by  FC|  that  is,  BA  and  AC  together^  and  D£  is  e« 

qual 
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qual  to  the  rcCtrnglc  CB,  BD,  which  it  given,  and  therefore 
the  re&angle  contained  by  BA,  AC  together,  and  DE  is  givcc 


P.  PRO  P.   xcvin. 

TF  a  (traight  line  be  drawn  within  a  circle  given  in  mag* 
nitude,  cutting  off  a  fegmcnt  containing  a  given  angle ; 
if  the  angle  adjacent  to  the  angle  in  the  (egment  be  bi- 
feded  by  a  ftraight  line  produced  till  it  meet  the  circum- 
ference again  and  the  bafe  of  the  fegmcnt ;  the  cxccfs  of 
the  ftraight  lines  which  contain  the  given  angle  (hall  have 
a  given  ratio  to  the  fegmcnt  of  the  bifc£ting  line  which  is 
'  within  the  circle ;  and  the  redangle  contained  by  the  iame 
excefs  and  the  fegmcnt  of  the  bife&ing  line  betwixt  the 
bafe  produced  and  the  point  where  it  again  meets  the  cir- 
cumference, (hall  be  given. 

Let  the  ftraight  line  BC  be  drawn  within  the  circle  ABC 
given  in  magnitude  cutting  oflF  a  fegment  containing  the  givea 
angle  BAC,  and  let  the  angle  CAF  adjacent  to  BAC  be  bifed- 
ed  by  the  ftraight  h'ne  DA£  meeting  the  circumference  again 
in  D»  and  BC  the  bafe  of  the  fegment  produced  in  E ;  the  cx- 
ccfs of  BA,  AC  has  a  given  ratio  to  AD }  and  the  redanglc 
which  is  contained  by  the  fame  excefs  and  the  ftraight  line  £D, 
is  given. 

Join  BD,  and  through  B,  draw  BG  parallel  to  D£  meeting 
AC  produced  in  G  ;  And  becaufe  BC  cuu  off  from  the  circle 
ABC  given  in  magnitude  the  feg- 
inent  BAC  containing  a  given  an- 
a  91.  <Ut.  gle,  BC  is  therefore  given  *  in  mag* 
nitude :  By  the  fame  reafon  BD  is 
given^  becaufe  the  angle  BAD  is  e- 
qual  to  the  given  angle  £ AF ;  there- jA 
fore  the  ratio  of  BC  to  BD  is  given  : 
And  becaufe  the  angle  QAE  is  equal 
to  EAF,  of  which  CAE  i^  equal  to  ^^G 

the  alternate  angle  AGB,  and  EAF  to  the  interior  and  oppoGre 
angle  ABG  ;  therefore  the  angle  AGB  is  equal  to  ABG|  and 
the  ftraight  line  AB  equal  to  AG  i  Iq  that  GC  is  the  excefs 

0* 
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,of  BA9  AC :  And  bebsufe  the  ande  BGC  is  equal  to  GAE» 
chat  is»  to  EAF^  or  the  angle  BAJD  ;  and  that  the  angle  BCG 
is  equal  to  the  oppofite  interior  angle  BDA  of  the  quadrilateral 
SCAD  in  the  circle ;  therefore  the  triangle  BGC  is  equiangu- 
lar to  BDA  :  Therefore  as  GC  to  CB.  ib  is  AD  to  DB  $  and» 
1>y  permutationi  as  GC  which  is  the  exceft  of  BA,  AC  to  AD» 
fo  is  CB  to  BD  :  And  the  ratio  of  CB  to  BD  is  given  %  there- 
fore the  ratio  of  the  excefs  of  BA,  AC  to  AD  is  gtven. 

And  becaufe  the  angle  GBC  is  equal  to  the  alternate  angle 
DEBy  and  the  angle  BCG  caual  to  BDE ;  the  triangle  BCG  it 
equiangular  to  BDE :  Therefore  as  GC  to  CB^  fo  is  BD  to  DE ; 
and  confequently  the  redlangle  GC,  DE  is  equal  to  the  re£lk- 
^ngle  CB,  BD  which  is  giyen,  becaufe  its  fides  CB,  BD  are  gi- 
ven :  Therefore  the  reAangle  contained  by  the  excefs  of  BA, 
AC  and  the  ftraight  line  DE  is  given. 

PROP.    XCIX.  W. 

TF  from  a  given  point  in  the  diameter  of  a  circle  gxrea 
tti  pofition,  or  in  the  diameter  produced,  a  ftraight 
line  be  drawn  to  any  point  in  the  circamference,  and 
from  that  point  a  ftraight  line  be  drawn  at  right  angles  to 
the  firft,  and  fro(n  the  point  in  which  this  meets  the  cir* 
cumfcrence  again,  a  ftraight  line  be  drawn  parallel  to  the 
firft  ;  the  point  in  which  this  parallel  meets  the  diameter 
is  given ;  and  the  rectangle  contained  by  the  two  parallels 
18  giren. 

In  BC  the  diameter  of  the  circle  ABC  given  in  pofition,  or 
in  BC  produced,  let  the  given  point  D  he  Ciiken,  and  from  D 
let  a  ftrai|;ht  line  DA  be  drawn  to  any  point  A  in  the  circum- 
ference, and  let  A£  be  drawn  at  right  angles  to  DA,  and  from 
the  point  E  where  it  meets  the  circumference  again  let  £F  be 
drawn  parallel  to  DA  meeting  BC  in  F ;  the  point  F  is  given^ 
as  alfo  the  reQangle  AD,  EF. 

Produce  £F  to  the  circumference  in  G,  and  join  AG :  Be- 
caufe GEA  is  a  right  angle,  the  ftraight  line  AG  is*  the  dia^aCor. 5,4, 
meter  of  the  circle  ABC  j  and  BC  is  alfo  a  diameter  of  it ; 
therefore  the  point  U  where  they  meet  is  the  centre  of  the 
circle,  and  confequently  H  is  given ;  And  the  point  D  is  given» 
vvhercfore  DU  is  given  in  magnit&de ;  And  bo^aufe  AD  is  pa* 

raUel 
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rallcl  to  FG,  and  GH  equal  to  HA ;  DH  is  equal*  to  HT^ 
AD  equal  to  GF :  And  DH  is  given,  therefore  HF  is  giw 


CF 


MS 


magnitude  1  and  it  is  alfo  given  in  pofition,  and  the  point 
c  30.  dit.  given,  thcrefotc  •  the  point  F  is  |]vcn. 

And  becaufe  ^he  ilraight  line  £FG  is  drawn  from  a  gr 
point  F  without  or  within  the  circle  ABC  given  in  pofiticm, 
d  95.  or  96.  therefore  <>  the  rcftangle  EF,  FG  is  given  :  And  GF  is  equal  to 
^^^         AD|  wherefore  the  re£langle  AD,  £P  i#  given. 


Qi.  P  R  O  P.    C. 

IF  from  a  given  point  in  a  ftraight  line  given  in  pofi* 
tion^  a  ftraight  line  be  drawn  to  any  point  in  the  cir- 
cumference of  a  circle  given  in  pofition ;  and  from  this 
point  a  ftraight  line  he  drawn  making  with  the  firft  an 
angle  equal  to  the  difference  of  a  right  angle  and  the  angie 
.contained  by  the  ftraight  line  given  in  pofition,  and  the 
ftraight  line  which  joins  the  given  point  and  the  centre  of 
the  circle  ;  and  from  the  point  in  which  the  fccond  line 
-fncets  the  circumference  again,  a  third  ftraight  line  be 
drawn  ^making  with  the  fecond  an  angle  equkl  to  that 
"which  the  firft  makes  with  the  fecond  :  The  point  in  which 
this  third  line  meets  the  ftraight  line  given  in  pofition  is 
given ;  as  alfo  the  redangte  contained  by  the  firft  ftraight 
'line  and  the  fegment  of  the  third  betwixt  the  circumfc^ 
.T^ence  and  the  ftraight  line  given  in  pofition,  is  given. 

•  Let  the  ftraight  line  CD  be  drawn  from  the  given  point  C 
:in  the  ftraight  line  AB  given  in  pofition,  to  the  circumference 
.of  the  circle  DEF  given  inpo/itioni  of  which  ^  ■~^* "Oil 

join  CG,  and  from  the  point  D  let  DF  be 

angle  CDF  equal  to  the  difference  of  ? 

angle  BCG|  and  from  the  point  F  let  F^ 
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the  angle  DFE  equal  to  CDF,  meeting  AB  in  H ;  The  point  H  is 
gi^en  ;  is  alfo  the  re£langle  CD,  FH. 
Let  CD,  FH  meet  one  another  in 
the  point  K,  from  which  draw  KL  D^ 
perpendicular  to  DF;  and  let  DC 
meet  the  circumference  again  in  M, 
and  let  FH  meet  the  fame  in  £,  and 
join  MG,  GF,  GH. 

Becaufe  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumfe- 
rences MF,  D£  are  equal*;  and  add- 
ing or  taking  away  the  common  part 
ME,  the  circumference  DM  is  equal 

to  £F ;  therefore  the  ftraight  line  DM 

18  equal  to  the  ftraight  line  EF,  and 

the  angle  GMD  to  the  angle  »  GFE  ; 

and  the  angles  GMC,  GFH  are  equal  £ 

to  one  another,  becaufe  they  are  ei- 
ther the  fame  with  the  angles  GMD, 

GFE,  or  adjacent  to  them :  And  be* 

caufe  the  angles  KDL,  LKD  are  toge* 

thcr  equal*  to  a  right  angle,  that  is, 

by  the  hypoth^fis,  to  the  angles  KDL, 


a  a6.  $. 
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GCB  J  the  angle  GCB  or  GCH  is  Cr^   C 
qual  to  the  angle   (LKD,  that  is,  to 
the  angle)  LKF  or  GKH  :  Therefore  the  points  C,  K,  H,  G 
are  in  the  circumference  of  a  circle ;  and  the  angle  GCK  is 
therefore  equal  to  the  angle  GHF ;  and  the  angle  GMC  is  e- 
qual  to  GFH.  and  the  ftraight  line  GM  to  GF ;  therefore  «»  CG  *  *6-  «• 
is  equal  to  GH»  and  CM  to  HF :  And  becaufe  CG  is  equal  to 
GH,  the  angle  GCH  is  equal  to  GHC  ;  but  the  angle  GCH  is 
given  :  Therefore  GHC  is  given,  and  confequently  the  angle 
CGH  is  given;  and  CG  is  given  in  pofition,  and  the  point  G  ; 
therefore  ^  GH  is  given  in  pofition  ',  and  CB  is  alfo  given  in  po-  e  3»*  d^u 
fition,  wherefore  the  point  H  is  given. 

And  becaufe  HF  is  equal  to  CM,  the  redangle  DC,  FH  is  e- 
qual  to  DC,  CM :  But  DC,  CM  is  given  ^,  becaufe  the  jfoint  i 9S'<^  9^* 
C  is  given ;  therefore  the  rediaiigle  DC,  FH  is  given. 
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DEFINITION      IL 

THIS  is  made  more  explicit  than  in  the  Greek  text,  to  pre* 
vent  a  miftake  which  the  author  of  the  fecond  demon^* 
ftration  ci  the  24th  propofition  in  the  Greek  edition  has  fallen 
into,  of  thinking  that  a  ratio  is  given  to  which  another  ratio  is 
Ihown  to  be  equali  though  this  other  be  not  exhibited  4n  given 
magnitudes*  See  the  ootes  on  that  propofition,  which  is  the 
I3ta  in  this  edition.  Befides,  by  this  definition,  as  it  is  now  gi- 
▼en,  fome  propoGtions  are  deraonftrated^  which  in  the  Greek 
are  not  lb  well  done  by  help  of  prop,  a. 

D  E  F.      IV. 


€< 


In  the  Greek  text,  def.  4.  is  thus:  '<  Points,  lines,  fpaces, 
and  angles  are  faid  to  be  given  in  pofition  which  have  aJways 
the  fame  fituation  ;"  but  this  is  imperfeA  and  ufelefs,  becaufe 
there  are  innumerable  cafes  in  which  things  may  be  given  accor- 
ding to  this  definition,  and  yet  their  p«fition  cannot  be  found ; 
for  tnftance,  Jet  the  triangle  ABC  be  given  in  pofition,  and  let 
it  be  propofed  to  draw  a  ftraight  line  BD  from  the  angle  at  B 
to  the  oppofite  fide  AC  which  (hall  cut 
off  the  angle  DBC  which  (hall  be  the 
feventh  part  of  the  angle  ABC  \  fuppofe 
this  is  done,  therefore  the  ftraight  line    ^ 
BO  is  invariable  in  its  pofition,  that  is,  J> 
has  always  the  fame  fituation ;  for  any  ^ 
other  ftraight  line  drawn  from  the  point  B  on  either  fide  of 
BD  cuts  off  an  aagle  greater  or  leffer  than  the  feventh  part  of 
the  angle  ABC ;  therefore,   according  to  this  definition,  the 
ftraight  line  BD  is  given  in  pofition,  asalfo^the  point  D  in  t  a8.  dat. 
which  it  meets  the  ftraight  line  AC  which  is  given  in  pofition. 
But  from  the  things  here  given,  neither  the  ftraight  line  BD 
nor  the  point  D  can  be  found  by  the  help  of  Euclid's  Ele- 
iliems  onlyi  by  which  every  thing  in  his  data  is  fuppofed  may 

be 
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be  foand.    This  definition  is  th  erefore  of  do  ufe.     We  hzrt  i- 
mended  it  by  adding,  *'  and  whi  ch  are  either  adlualljr  exhibi!: 
"  or  can  be  found  ***  for  nothing  is  to  be  reckoned  given,  wL. 
cannot  be  found,  or  is  not  aflually  exhibited. 

The  definition  of  an  angle  given  by  pofition  is  taken  out  i 
the  4th,  and  given  more  di(lin£ily  by  itfelf  in  the  definici' 
marked  A. 

D  E  F.    XL    XIL    XIII.    XIV.    XV. 

The  11th  and  i2th  are  omitted,  becaufethey  cannot  be  givei 
in  Englifli  fo  as  to  have  any  tolerable  fenfe;  and,  therefore, 
wherever  the  terms  defined  occur,  the  words  which  expreL> 
their  meaning  are  made  ufe  of  in  their  place* 

The  13th,  14th,  15th  are  omitted,  as  being  of  no  ofe. 

It  is  to  be  obferved  in  general  of  the  data  in  this  book,  th: 

they  are  to  be  underftood  to  be  given  geometricaliy,  noc  aiwa^s 

arithmetically,  that  is,  they  cannot  always  be  exhibited  in  nuin- 

bers  ;  for  inftance,  if  the  fide  of  a  fquare  be  given,  the  ratio  ct 

b  44,.  dat.  it  to  its,  diameter  is  given  ^  geometrically,  but  not  in  narobers ; 

c  »«  diL     and  the  diameter  is  given  ^  ;  but  though  the  number  of  any  t- 

qual  parts  in  the  fide  be  given,  fpr  example  lo.  the  number  cf 

them  in  the  diameter  cannot  be  given  :  And  the  like  holds  in 

many  other  cafes. 

PROPOSITION    I. 

In  this  it  is  (hovvn  that  A  is  to  B,  as  C  to  D,  from  this,  tbt 
A  is  to  C,  as  B  to  D»  and  then  by  permutation }  but  it  foliovs 
directly,  without  thcfe  two  fteps,  from  7.  5. 

PROP.    II. 

The  Limitation  added  at  the  end  of  this  propofition  between 

the  inverted  commas  is  quite  necefiary,  becaufc  without  it  the 

propofition  cannot  always  be  demonftrated  :  for   the  author 

having  faid*  **  becaufe  A  is  given,    a  magnitude  equal  to  it 

a  I.  def.     «*  can  be  found ' }  let  this  be  C  ;  and  becaufe  the  ratio  of  A 

b  a.  def.     **  to  B  is  given,  a  ratio  which  is  the  fame  to  it  can  be  found  ^' 

adds»    **  let  it  be  found,   and  let  it  be  the  ratio  of  C  to  6f 

How,    from   the    fecond     definition    nothing    more    follows 

than  that  fome    ratio,   fuppofe   the   ratio  of  £  to  Z,  can  be 

found,   which    is    the  fame  with    the    ratio  of  A  to  B;   aii<i 

when  the  author  fuppofcs  that  the  ratio  of  C  to  Aj  which  i^ 

alie 
«  See  Pr  Grtfory's  edition  of  the  data. 
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Silib  tbe  fame  with  the  ratio  of  A  to  B«  can  be  found,  he  ne- 
ceflarily  fuppofes  that  to  the  three  magnitudes  E,  Z,  C|  a 
fourth  proportional  A  may  be  found ;  but  this  cannot  always 
be  done  by  the  Elements  of  Euclid ;  from  which  it  is  plain 
Euclid  muft  have  underftood  the  Pcopofition  under  the  limita- 
tion which  is  now  added  to  his  text.  An  example  will  make 
this  clear ;   let  A  be  a  given  angle>         i^  1>      A 

and  B  another  angle  to  which  A  has       *^  ^     ^f^ 

a  given  fatioi  for  inflancC)  the  ratio 
of  the  given  ftraight  line  £  to  the  gi- 
ven one  Zj  then,  having  found  an 
angle  C  equal  to  A,  how  can  the 
angle  A  be  found  to  which  C  has  the 
fame  ratio  that  £  has  to  Z  ?  certainly 
no  way,  until  it  be  {hewn  how  to  find 
an  angle  to  which  a  given  angle  has 
a  given  ratio,    which  cannot  be  done 

by  Euclid's  Elements,  nor  probably  by  any  Geometry  known 
in  his  time.  Therefore,  in  all  the  propontions  of  this  book 
which  depend  upon  this  fecond,  the  above  men.tioned  limitation 
muft  be  under ftood^  though  it  be  not  explicitly  mentioned. 

PROP.    V. 

The  order  of  the  Propofitions  in  the  Greek  text  between 
prop.  4*  and  prop.  25.  is  now  changed  into  another  which  it 
more  natural,  by  placing  thofe  which  are  more  Ample  before 
thofe  which  are  more  complex ;  and  by  placing  together  thofe 
which  are  of  the  fame  kind,  fomeof  which  were  mixed  among 
other*  of  a  diflFerent  kind.  Thus,  prop.  la.  in  the  Greek  is  now 
made  the  5th)  and  thofe  which  were  the  2 ad  and  23d  are  made 
the  I  xth  and  lath,  as  they  are  more  fimple  thfin  the  propofitions 
concerning  magnitades,  the  excefs  of  one  of,  which  above  a  gi« 
ven  magnitude  has  a  giTen  ratio  to  the  other^  after  which  the£e 
two  were  placed ;  and  tbe  24tb  in  the  Greek  text  isj  for  the 
fame  reafon^  made  the  13th. 


p  R  ap.  VL  vn. 

Thefe  are.univerfally  true,  tho'  in  the  Greek  text  they  are  de- 
naonftrated  by  prop.  2«  which  has  a  limitation'  3  they  are  there- 
fore  now  (hewn  without  it. 

G  g  PROP. 
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PROP.   xn. 

In  the  23d  prop,  in  the  Greek  tezt,  which  here  is  the  iitk, 
the  words,  *'  ^  rw%  •vrvf  h,**  are  wrong  tranflated  by  Claod. 
Hardy,  in  his  edition  of  Euclid's  Data,  printed  at  Paris, 
ann.  162 j,  which  was  the  firft  edition  of  the  Greek  text; 
.%nd  Dt  Gregory  ibllows  him  in  tranfkting  them  bj  the 
words,  *'  etfi  non  ealdemt^  as  if  the  Greek  had  been  m  mmt  /ti 
%i  muttffi  as  in  prop.  9.  of  the  Greek  text.  EucIid^s  meaning 
18,  that  the  ralios  mentioned  in  the  propoGtion  mail  not  be  the 
ibnie^  for,  iP'thej  were,  the  propofition  would  not  be  troe. 
Whatever  ratio  the  whole  has  to  the  whole,  if  the  ratios  of  the 
parts  of  the  firft  to  the  parts  of  the  other  be  the  fame  with  this 
ratio,  -one  p>rt  of  the  firft  maj  be  double,  triple,  Sec.  of  the  0- 
ther  part  of  it;  or  have  anj  other  ratio  to  it,  and  confequentlj 
cannot  have  v/  given  ^atio  to  it ;  wherefore,  tbefe  words  oiuft 
be  rendered  by  **  non  autem  eafdem,**  but  not  the  fame  ration, 
asZambertus  has  tranflated  them  in  his  edition. 

PROP.    XUI. 

Some  very  ignorant  editor  has  given  a  fecond  demonftration 
of  this  propofition  in  the  Greek  text,  which  has  been  as  igno- 
rantly  kept  in  by  Claud.  Hardy  and  Dr  Gregory,  and  has  been 
retiilined  in  the  tranflations  of  Zambertus  and  others  ;  Carolus 
AenaldinuB  gives  it  only  :  The  author  of  it  has  thought  that  a 
ratio  was  given  if  another  ratio  couM  be  ihown  to  be  the  fame  to 
It,  though  this  laft  ratio  be  not  found  :  But  this  is  altogether  ab* 
furd,  bi^ule  from'  it  would  be  deduced  that  the  ratio  of  the 
fides  of  any  two  fquares  is  given,  and  the  ratio  of  the  diameters 
of  My  two  circka,  &c.  And  it  is  tur  be  obferved^  that  the  mo- 
derns firequently  uike  given  ratios,  and  ratios  that  are  always  the 
fame,  for  one  -and'  the  fame  thing  ;  and  Sir  Ifaac  Newton  has 
fallen  into  this  mil^ake  in  the  i7tfa  Lemma  of  his  Principia,  ed. 
IT  13$  and  in  other  places  1  b«t«bir&ouid  be  carefully  avoided, 
as  it  may  lead  into  other  errors.     . 

PROP.   xiy.  XV. 

Euclid    in   this  book  has  Teveral  propofitions  concerning 
magnitudes^  the  excefs  of  one  of  whicH  above  a  given  mag- 
nitude 


hilode  lias  a  givea  ratio  to  the  other ;  but  he  has  gi? dn  ndne         • 
concerning. magnitades  whereof  one  together  with  a  given 
magnitude  has  a  given  ratio  to  the  other ;  though  thefe  laft  oc- 
cur as  frequently  in  the  foludon  of  problems  as  the  firlt ;  the 
reafon  of  vrhich  is,  that  the  laft  mav  he  all  demonftrated  .b]f 
help  of  the  fiift ;  for,  if  a  magnitucle,  together  with  a  giveil 
magnitude  ba^  a^iKen  ratio  to  another  magoitudey  the  excefs  o£ 
this  other  abo?e  a  fiven  magnitude  (hall  nave  a  given  ratio  to 
the  BtBtf  and  qq  the  contrary^  as  we  have  demonftrated  in  prpp, 
14.    And  for  a  like  reafon  prop.  15.  has  been  added  to  thit 
dau.     One  example  vrill  make  the  thing  clear  1   fiypofe  it 
^were  to  be  demonftrated,  that  if  g  magnitjude  A  together  with  a 
given  magnitude  has  a  gjven  ratio  tp  apother  magnitude  B^ 
that  the  two  m^^^tudfs  A  and  9,  together  with  a  given  mag* 
nitttde,  have  a  given  ratio  to  that^ber  magnitude  B ;  whijch  is 
the  fame  propoution  with  refpe^  to  the  laft  kind  of  magnitude^ 
above  mentioned,  that  the  firft  part  of  prop.  i6.  in  this  edition 
is  in  re^peft  of  she  €rft  kind  :  This  is  ibown  thus ;  from  the  hy« 
pocbefisj  and  hy  the  firft  {lart  of  pcop.  14.  the  ^eaxefs  of  B  lAove 
a  given  roagnttnde  has  unto  A  a  gi^en  ratio  %  and|  therefore,  by 
the  firft  part  of  prop.  17-  the  eacefr  of  B  above  a  given  naagni- 
tude  has  unto  B  and  A  together  a  given  ratio ;  and  by  the  fe-^ 
cond  p^rt  of  prop.  14*  A  and  B  together  with  a  given  magni- 
tude has  unto  B  a  given  ratio ;  which  is  the  thir^  that  was  to 
be  demonftrated.    In  like  manner,  the  other  propofitions  con^ 
cerning  the  laft  kind  of  ipagoitudes  may  be  (hewn. 

PR  OR    XVh    XVII. 

In  the  third  part  of  ptop.  lb.  In  the  Greek  text,  whidh  is  thd 
i6th  in  this  edition^  after  the  ratio  of  £C  to  GB  has  been 
Aown  to  be^  ^^en }  from  this,  by  inverfion  and  converion  the 
ratio  of  BC  to  BE  is  demonftrattd  to  be  giveii  i  but  Wiihooc 
thefe  two  fteps,  the  concluGon  fliould  have  been  made  only  bv 
citing  the  6th  propofition.  And  in  like  manner,  in  the  fir/c 
part  of  prop*  1 1.  in  the  Greek,  which  id  this  edition  is  the  17th 
from  tfao  ratio  of  DB  to  BC  being  given,  the  ratio  of  DC  to  DB 
is  ihewn  to  be  givm,  by  invcrCon  and  compofition,  inftead  of 
citing  prop.  7.  and  the  fame  fault  oc^u^^  in  the  fecond  part  of 
th^  fame  pcop.  i  !• 

Q  «  3  VKOlf. 
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ip  R  o  P.  XXI.  xxn. 

Thefe  now  are  added,  as  being  wanting  to  complete  the  ful>- 
jc£t  treated  of  in  the  four  preceding  propofitions. 

PROP.  xxin. 

This,  which  is  prop.  20.  in  the  Greek  text,  was  feparated 
from  prop.  14.  15.  i6.  in  that  text,  after  which  it  fbould  hare 
been  immediatelj  placed,  as  being  of  the  fame  kind  ;  it  is  now 
put  into  its  proper  place  ;  but  prop.  21.  in  the  Greek  is  left  out, 
as  being  the  fame  with  prop.  14.  in  that  text,  which  is  here 
prop.  iS. 

PROP.    XXIV. 

This,  which  is  prop.  13.  in  the  Greek,  is  now  put  into  its 
proper  place,  having  been  disjoined  from  the  three  following  it 
in  this  edition,  which  arc  of  the  fame  kind. 

PROP.    XXVIIL 
This,  which  in  the  Greek  text  is  prop.  a;,  and  fcveral  pf  the 
following  propofitions  are  tlicre  deduced  from  def.  4.  which  is 
not  fttfficiem,  as  has  been  mentioned  in  the  note  on  that  defi* 
nition :  They  are  therefore  now  ihewn  more  expliddy* 

PROP.    XXXIV.    XXXVI. 

Each  of  theiSs  has  a  determination,  which  is  now  added,  which 
occaCons  a  change  in  their  demonltrations. 

PROP.    XXXVIl.    XXXIX.    XL.    XLL 

T^e  35th  and  36th  propofitions  in  the  Greek  text  are  joined 
into  one,  which  makes  the  jpth  in  this  edition,  becaufe  the  fame 
enunciation  and  demonftrat«on  ferves  both :  And  for  the  fame 
reafonprop.  37.  38.  in  the  Greek  are  joined  into  one,  which 
here  is  the  40. 

Prop.  37*  is  added  to  the  Data,  as  it  frequently  occurs  in  the 
folution  of  problems  ;  and  prop.  4i«  it  added  to  cooiplete  the 
reft. 

PROP.    XLIL 

This  is  prop^  39.  in  the  Greek  text,  where  "the  whole  con- 
ilru£lion  of  prop.  2a.  of  book  i.  of  the  elements  is  put,  without 
need,  into  the  demonftration,  but  is  now  only  cited. 

PROP.    XLV. 
This  is  prop*  42*  in  the  Greek,  where  the  three  (Iraight  lines 
made  ufe  of  in  the  conftruAion  are  faid,  but  not  fliewn,  to  be 
fttcli  that  any  two  of  them  ie  greater  than  the  third,  which  is 
now  done* 

PROP. 
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PROP.     XLVIL 
This  is  prop.  44.  in  the  Greek  text }  but  the  demonftration 
of  it  is  chaaged  into  another  wherein  the  fereral  cafes  of  it  are 
Ihewn^  whicby  though  neceflary,  is  not  done  in  the  Greek. 

PROP.     XLVIIL 
There  are  two  cafes  in  this  proportion,  arifing  from  the  two 
cafes  of  the  third  part  of  prop.  47*  on  which  the  48th  depends  ; 
and  in  the  compofition  thefe  two  cafes  are  explicitly  given. 

PROP.    LIL 

The  conftrudlion  and  demonftration  of  this,  which  is  prep. 
48.  in.  theGreek,  are  made  fomething  (horter  than  in  that  text. 

PROP.    Llil. 

Prop.  63.  in  the  Greek  text  is  omitted,  being  only  a  cafe  of 
prop.  49*  in  that  text,  which  is  prop.  53*  in  this  edition* 

PROP.  LVIII. 
This  is  not  in  the  Greek  text,  but  its  demondration  is  con* 
tained  in  that  of  the  firft  part  of  prop.  54.  in  that  text  i  which 
propofition  is  concerning  figures  that  are  given  in  fpecies :  This 
58tb  is  true  of  fimilar  figureSf  though  they  be  not  given  in 
^ecies,  and,  as  it  frequently  occurs,  it  was  necefl4ry  to  add  it. 

PROP.    LIX.    LXI. 

This  is  the  54th  in  the  Greek  ;  and  the  77th  in  the  Greck^ 
being  the  very  fame  with  it,  is  left  out,  and  a  fliorter  demon- 
ftration is  given  of  prop.  61. 

PROP.    LXIL 

This,  which  is  moft  frequently  ufeful,  is  not  so  the  Greek* 
and  is  neceflary  to  prop.  87.  88.  in  this  edition,  as  alfo,  though 
not  mentioned,  to  prop.  86.  87.  in  the  former  edit-ions.  Prop. 
^6*  in  the  Greek  text  is  made  a  corollary  to  it. 

PROP.     LXIV. 

This  contains  both  prop.  74*  and  73.  in  the  Greek  text ;  the 
firft  cafe  of  the  74tb  is  a  repetition  of  prop.  56.  from  which  it  is 
feparated  in  that  text  by  many  propofitions ;  and  as  there  is  no 
order  in  thefe  propofitions,  as  tbey  ftand  in  the  Greek,  they 
are  now  put  into  the  order  which  feemed  moft  convenient  and 
Qdtursl. 

Gg3  Ths 
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The  cleinoiiftra^ioo  of  tbe  firft  part  of  prop*  77.  in  the  Greek 
is  groUlj  vitiated.  Dr  Gregory  flifBi  chat  die  fentences  he  has 
indofed  betwist  two  ftarv  are  fuperfluoust  and  ought  to  be  can* 
celled  s  but  he  has  not  obferreri,  that  what  follows  them  ia  ab- 
Axrd,  being  to  prove  that  the  ratio  [See  l^is  figure]  of  Av  to 
r  K  is  given,  which  bj  the  hjpothefis  at  the  beginning  of  the 
propofition  is  ti^rcblj  given  1  fo  that  the  whole  of  this  pari 
was  to  be  alteredi  which  is  done  in  this  prqp.  64. 

PROP.    LXVII.    LXVHL 

Prop.  70.  in  the  Greek  test  is  divided  into  thefe  two»  for 
the  fake  of  diftinAoefs ;  and  the  demonfiration  of  the  6'fA  is 
rendered  ihorter  than  that  of  the  firft  part  of  prop.  7s*  in  the 
Greeky  by  means  of  prop.  23.  of  book  6.  of  the  elements. 

PROP.    LXX. 

This  is  prop.  62.  in  the  Greek  text ;  prop.  78.  in  that  text  is 
only  a  particular  cafe  of  it,  and  is  therefore  omitted. 

Dr  Gregory,  in  the  demonftration  of  prop.  02.  cites  the  49th 
prop.  dat.  10  prove  that  the  ratio  of  the  figure  AEB  to  the  pa« 
rallelogram  AH  is  given ;  whereas  this  was  ihewn  a  few  lines 
before :  And  befides,  the  49th  prop,  is  not  applicable  to  thefe 
two  figures  ;  becaufe  AH  is  not  given  in  fpeciesi  but  is  by  the 
ilep  for  which  the  ci^tion  is  broughtt  proved  to  be  given  in 
fpecies. 

PROP.    Lxxm. 

Prop.  83,  in  the  Greek  text  is  neitfier  well  enunciated  nor 
demonilrated.  The  73d,  which  in  this  edition  is  put  in  place  of 
it,  is  really  the  fame,  as  will  appear  by  confidering  [See  Dr 
Gregory^s  Edition]  that  A,  B,  r,  £  in  the  Greek  text  arc 
four  proportionals ;  and  that  the  propofition  is  to  (hew  that 
Af  which  has  a  given  ratio  to  £|  is  to  r,  as  B  is  to  a 
ilraight  line  to  which  A  has  a  given  ratio  ;  or,  by  inyerfioni 
that  r  is  to  A,  as  a  ilraight  line  to  which  A  has  a  given 
ratio  is  to  B ;  that  is,  if  the  pr^iportionals  be  placed  rn  thii 
order,  viz.  r,  £,  A,  B,  that  the  firft  r  is  to  A  to  which  the 
fecond  £  has  a  given  ration  as  a'  ftraight  line  to  which  the 
third  A  has  a  given  ratio  ia  to  the  fourth  B  ;  which  is  the 
enunciation  of  this  73d,  and  waS'  thus  changed  that  it  might 
be  made  like  ^0  that  of  prop.  72.  in  this  edition,   which  is 

the 
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■  • 

the  82d  in  the  Greek  text :  And  the  demonftratton  of  prop.  73. 
is  the  (ame  with  that  of  prop.  72.  onlj  making  ufe  of  prop.  23« 
inftead  of  prop.  22.  of  book  5.  of  the  Elements. 

PROP.    LXXVII. 

Tbi$  ts  put  in  place  of  prop.  79.  in  the  Greek  text)  which 
is  not  a  datum^  but  a  theorem  premifed  as  a  lemma  to  prop.  8o. 
in  that  text:  And  prop.  79.  is  made  cor.  i.  to  prop.  77.  in 
this  edition.  CU  Hardy,  in  his  edition  of  the  data,  takes  no* 
tice,  that  in  prop.  8o.  of  the  Greek  text,  the  parallel  KL  in  the 
figure  of  prop.  77.  in  this  edition,  muft  meet  the  circumference, 
but  does  not  aemonftrate  it,  which  is  done  here  at  the  end  of 
cor*  3.  of  prop.  77.  in  the  conftro£lion  for  finding  a  triangle 
fimilar  to  ABC. 

PROP.    LXXVIII. 

The  demonftratton  of  this,  which  is  prop.  8o«  in  the  Greek,  • 
is  rendered  a  good  deal  (horter  by  help  of  prop.  77. 

PROP.    LXXIX.   LXXX.  LXXXI. 

Thefe  are  added  to  Euclid's  data,  as  propoGtions  which  are 
often  ufefui  in  the  folution  of  problems. 

PROP.    LXXXIL 

This,  which  is  prop.  60.  in  the  Greek  text,  id  placed  before 
the  83d  and  84th,  which  in  the  Greek  are  the  58th  and  59th, 
becaufe  the  demonftration  of  thefe  two  in  this  edition  are  dedu- 
ced from  that  of  prop.  82.  from  which  they  naturally  follow. 

PROP.    LXXXVIII.   XC. 

Dr  Gregory,  in  his  preface  to  Euclid's  works,  which  he 
publiihed  at  Oxford  in  1703,  after  having  told  that  be  had 
fupplied  the  defers  of  the  Greek  text  of  the  data  in  innu« 
merable  places  from  fevernl  manufcrtpts,  and  correAed  CI, 
Hardy's  tranflatton  by  Mr  Bernard's,  adds,  that  the  86th  the- 
orem, ''  or  propoHcion,*'  feemed  to  be  lemarkably  vitiated,  ' 
but  which  could  not  be  reftored  by  help  of  the  manufcripts ; 
then  he  gives  three  diflFerent  tranflations  of  it  in  Latin,  ac« 
cording  to  which  he  thinks  it  may  be  read ;  the  two  firft  have 
no  diftinA  meaning,  and  the  third,  which  he  fays  is  the  beft, 
(hough  it  contains  a  true  propofitioui  which  is  the  90th  in  this  e- 

G  g  4  dition, 
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dition,  has  no  coonedion  in  the  leaft  with  the  Greek  text. 
And  it  18  ftrange  that  Dr  Gregory  did  not  obfenre^  that»  if 
prop.  86.  was  changed  into  this,  the  dcmonftration  of  the  86tk 
mud  be  cancelled,  and  another  put  in  its  place  :  But  the  truth 
is,  both  the  enunciation  and  the  demonftration  of  prop*  86. 
are  quite  entire  and  right,  only  prop.  87.  which  is  more  fimple, 
ought  to  have  been  placed  before  ic ;  and  the  de6ciency  which 
the  Do£ior  juftly  obferves  to  be  in  this  part  of  Euclid's  data, 
and  which,  no  doubt,  is  owing  to  the  careleflTnefs  and  ignorance 
of  the  Greek  editors,  fhould  have  been  fupplied,  not  by  chan* 
ging  prop.  86.  which  is  both  entire  and  neceflary,  but  by  add* 
jng  the  two  propoGtions,  which  are  the  88th  and  90th  in  this 
edition. 

PROP,  xcvni.   c. 

Thefe  were  communicated  to  mc  by  two  excellent  geometers, 
the  firft  of  them  by  the  Right  Honourable  the  Earl  of  Stanhope, 
and  the  other  by  Dr  Matthew  btewart ;  to  which  I  hare  added 
the  dcmonftrations. 

Though  the  order  of  the  propofitions  has  been  in  many  pla- 
ces changed  from  that  in  former  editions,  yet  this  will  be  of 
little  difadv^ntage,  as  the  antient  geometers  never  cite  the  dau, 
and  the  moderns  very  rarely. 


AS  that  part  of  the  compofition  of  a  problem  which  is  its 
conftruflion  may  not  befo  readily  deduced  from  the  ana- 
Jyfis  by  beginners  :  For  their  fake  the  following  example  is 
given,  in  which  the  derivation  of  the  feveral  parrs  of  the  con- 
ftruftion  from  the  analyfis  is  particularly  (hown,  that  they  may 
be  aflifted  to  do  the  like  in  other  problems. 

PROBLEM. 

Having  g'ven  the  magnitude  of  ^  parallelogram,  the  angle 
of  which  ABC  is  given,  and  al<b  the  excefs  of  the  fquare  of  its 
fide  BC  above  the  fquare  of  the  fide  AB;  to  find  its  fides,  and 
defcribe  it. 

The  analyfis  of  this  is  the  fame  with  the  demonftration  of  the 
87th  prop,  of  the  data,  and  the  conftruftion  that  is  given  of 
the  problem  at  the  end  of  that  proportion  is  thus  derived  from 
fhe  analyfis. 

Let 


EUCLID'S    data:  47^ 

Let  EFG  be  equal  to  the  given  angle  ABC,  and  becaufe 

in  the  analyfis  it  is  faid  that  the  ratio  of  the  reAangle  AB^ 
BC  to  the  parallelogram  AC  is  given  by  the  dad  pi^p.  dat* 
rhcreforci  from  a  point  in  F£|  the  perpendicular  EG  it  drawn 
:o  FG^  as  the  ratio  of  F£  to  EG  is  the  ratio  of  the  re£langle 
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AB,  BC  to  the  parallelogram  AC  by  what  ia  (hown  at  the  end 

of  prop.  62.     Next^  the  magnitude  of  AC  is  exhibited  by 

making  the  re£bang1e  EG,  GH  equal  to  it}  and  the  given 

excefs  of  the  fquare  of  BC  above  the  fquare  of  BA|  to  which 

excefs  the  rectangle  CB,  BD   is  equal,    is  exhibited  by  the 

redangle  HG»  GL  :    Then  in  the  analyfis,  the  redangle  AB 

BC  is  faid  to  be  given,  and  this  is  equal  to  the  rectangle  FE^ 

GH,  becaufe  the  redangle  AB,  BC  is  to  the  parallelogram  AC> 

as  (FE  to  EG,  that  is,  as  the  reAangle)  F£,  GH  to  EG,  GH ; 

and  the  paralleloeram  AC  is  equal  to  the  re&angle  EG,  GH, 

therefore  the  reaangle  AB,  BC,  is  equal  to  FE,  GH :    And 

conrequently  the  ratio  of  the  redangle  CB,  BD.  that  is,  of  the 

reaangie  HG,  GL,  id  AB,  BC,  that  is,  of  the  ftraight  line 

DB  to  BA,  is  the  fame  with  the  ratio  (of  the  redangleGL, 

GH  to  FE,  GH,  that  is)  of  the  ftraight  line  GL  to  FE,  which 

ratio  of  DB  to  BA  is  the  next  thing  faid  to  be  given  in  the 

analyfis  :   From  this  it  is  plain  that  the  fquare  of  FE  is  to  the 

fquare  of  GL,  as  the  fquare  of  BA,  which  is  equal  to  the 

re^aangle  BC,  CD,  is  to  the  fquare  of  BD  :  The  ratio  of  which 

fpaces  is  the  next  thing  faid  to  be  given :   And  from  this  it 

follows  that  four  times  the  fquare  of  FE  is  to  the  fquare  of  GL, 

as  four  times  the  rediangle  BC,  CD  is  to  the  fquare  of  BD ; 

and,  by  compofition,   four  times  the  fquare  of  FE  together 

with  the  fquare  of  GL,  is  to  the  fquare  of  GL,  as  four  times 

the  re£langle  BC,  CD  together  with  the  fquare  of  BD,  is  to 

the  fquare  of  BD,    that  is    (8*  6.)    as    the  fquare   of    the 

ftraight  lines  BC,  CD  taken  together  is  to  the  fquare  of  BD, 

which  ratio  is  the  next  thing  faid  to  be  given  in  the  analyfis: 

And  becaufe  four  times  the  fqi^are  of  FE  and  the  fquare  of 

pL  are  to  be  added  together }  therefore  in  the  perpendicuhr 

EG 
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EG  there  is  talcen  KG  equal  to  VE,  zni  MG  equal  to  tfa: 
dbiible  of  it,  becaufe  thereby  the  fqaares  of  MG»  GL,  thn 
U\  joining  ML»  the  fquare  of  ML  is  equal  to  four  times  the 
fquare  of  F£  and  to  the  fquare  of  GL  :  And  becaufe  th: 
fquare  of  ML  is  to  the  fquare  of  GL,  as  the  fquar«  of  the 
ftraigbt  line  made  up  of  BC  and  CD  is  to  the  fquare  of  BD, 
therefore  (22.  6.)  ML  is  to  LG,  as  BC  together  with  CD  is 
to  BD  i  and,  by  compoficion,  ML  and  LG  together,  that  11, 
producing  GL  to  N,  fo  that  ML  be  equal  to  LN,  tbe  ftraigbt 
line  NG  is  to  GL,  as  twice  BC  is  to  BD  1  and  by  taking  GO 
equal  to  the  half.of  NG;  GO  is  to  GL,  as  BC  to  BD»  the  ra* 
tio  of  which  is  faid  to  be.  given  ini  the  analy£s :  And  from  this 
it  follows^  that  the  redangle  HG,  GO  is  to  HG,  GL,  as 
the  iquare.of  BC  JS  to  tbe  ftdangle  CB,  BD  which  18  equal 
to  the  redangle  HG»  GL ;  and  therefore  the  fquare  ot  BC  is 
equal  .to  the  re£Ungle  HG9  GO ;  and  BC  is  coaicqoendy 
found  by  taking  a  ^ean  proportional  batwixt  HG  and  GO, 
as  is  faid  in  the  conl^ruflioo :  Ajai^  becaufe  it  was  fiiown  that 
GO  is  to  GL,  a^  BC.to  BD,  and  that  now.  the  three  firft  are 
found,  the  fourth  BD  is  found  by  ta»i6.  It  was  likewife  fhown 
that  LG  is  to  FEt  or  GK,  as  DB  to  B A,  and  the  three  firft  arc 
now  found,  and  thereby  the  fourth  BA«  Make  the  angle  ABC 
equal  to  £FG,  and  complete  the  pafallelogram  of  which  the 
fideis  are  AB,  BC,  .and  the  couftruftiofi  is  finifted  $  the  reft  of 
<    tbe  compolition  contains  the  detttonftratidn. 

AS  the  propofitlons  from  the  i  ^(h  to  the  28th  may  be  thought 
by  beginner^  to  be  lefs  ufefiir  than  the  reft,  becaufe  they 
cannot  fo  readily  fe^  hbw  they  are  to  be  made  ufe  of  in  the  folu- 
tioA  of  problems  i  on  this  account  the  two  following  problem!) 
are  added',  to  (how  that  they  are  equally  ufeful  with  the  other 
propofitions,  aAd  from  which  it  may  be  eafily  judged  that  many 
Other  problems  depend  upoxl  thefe  ptopoGtions, 

PROBLEM        1. 

TO  find  three  ffraigtit  lines  fuch,  that  the  ratio  of  the 
fird  to  the  fecond  is  given }  and  if  a  given  flraighc 
line  be  taken  from  the  fecond,  the  ratio  ot  tbe  remain* 
der  to  the  third  is  given ;  alfo  (he  redlangle  contained 
\}j  the  iirft  and  third  is  given, 
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r.et  AB  be  tlie  firft  ftratght  line,  CI^  tlie  fecond,  atid  EF  the 
third :  And  becaofe  the  ratio  of  AB  to  CD  is  giveni  4ind  that, 
if  a  given  ftrtiigfat  line  be  t^ken  from  CD,  the  ratio  of  the  re- 
maiiMer  to  EF  is  given  ;•  therefore*  the  exeeTs  of  the  firft  AB  •  *4.  ^ 
abonr  a  givitfn  ftraight  line  bai  a  given  ratio  to  the  third  EFr 
I^et  AH  it  that  given  ftraiglit  liner  therefore  AHj  the  escefd 
of  AB  above  it,  has  a  given  ratio  to  £Fi  ^nd^  ]^     J^ , 

confequently  ^  the  re£bngle  BA,  AH,  has  a  i     j         i  b  i.  9. 

givei^  r^tio  to  the  rectangle  AB,  EF,  whi^b  ..  - 

lafi  re£bangle   is    given   by  the  h ypothcfis  ;  C .    Cx,  P 
chereibre^  the  redangie  BA,  AH  is  given,^    ^  c  a.  dar. 

and  BH  the  excefs  of  iu  fides  is  given  %  where- "    ^ 
fore  the  fides  AB,  AH  arc  given**:  And  be- v     M^/f  w    f^  dZt.dttu 
caufe  the  ratios  of  AB  to  CO,  and  of  AH  to  ^     ?{^r'  ^ 
HF  are  given^  CD  and  £F  are  ^  given. 

The  Compofiticn. 

Let  the  given  ratio  of  KL  to  KM  be  that  which  AB  is  requi* 
red  to  have  to  CD  \  and  let  DG  be  (he^lven  ftratght  line  which 
i3  to  be  taken  from  CDj  and  let  the  given  ratio  of  KM  to  KN 
be  that  which  the  remainder  muft  have  to  £F ;  alfo  let  %ht  gi*. 
ven  re£kangle  NK,  KO  be  that  to  which  the  reflangle  AB»  £F 
19  required  to  be  equal :  Find  ^he  given  ftraight  line  BH  which' 
18  to  be  ta^en  from  AB,  which  i^  done»  as  plainly  appears  from 
prop.  24.  dat.  by  making  as  KM  to  KL,  fo  GD  to  HB«    To. 
the  given  ftraight  line  BH  apply  ^  a  redaogle  equal  to  LK,  KO.e  sp.  tf. 
exceeding  by  a  fquare,  and  let  ^A,  AH  be  its  fides :  Then  is 
AB  the  firft  of  the  ftraight  lines  required  to  be  found,  and  by 
making  as  LK  to  KM,  fo  AB  to  DC,  DC  wlU  be  the  fecond : 
And  ]aftly»  make  as  KM  to  KN^  fo  CO  to  EF,  and  EF  is  the 
{hird. 

For  as  AB  to  CD,  fo  is  HB  to  GD,  each  of  thefe  ratios  be* 
ing  the  fame  with  the  ratio  of  LK  to  KM ;  therefore  f  AH  is  ^  '9*  r* 
to  CG,  as  (ABto  CD,  that  is,  as)  LK  to  ICM ;  and  a9  CG^ 
to  £F»  fo  is  KM  to  KN  ;  wherefore,  ex  aequaK,  as  AH  td  EF;- 
fo  is  LK  to  KN.:  And  as  the  redangle  BA,  AH  to  the  re£lan« 
gle  BA,  EF,  fo  is  >  the  redangle  LK,  KO  to  the  reaangle  KN,  X  <•  ^« 
KO  :  And,  by  the  cohftrudion,  the  redangle  9^A,  AH  is  equal 
to  LK,  KO:  Therefore >  the  reaangle  Ap,  EF  is  equM  to  the  ^  U'S' 

fiven  rectangle  NK^,  KO  :  And  AB  has  to  CD  the  given  ratio  of 
X  to  KMi  and  from  CD  the  given  ftraight  line  GD  being  taken^ 
the  remainder  CG  has  to  £F  the  given  ratio  of  KM  to  KNl 
a  E.  D. 

?R0& 
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PROS.     IL 

TO  find  three  ftraight  lines  fuch,  that  the  ratio  of  the 
firft  to  the  fecond  is  given  ;  and  if  a  given  ftraigfat 
'   line  be  taken  from  the  fecond,  the  ratio  of  the  remain- 
der to  the  third  is  given ;  aifo  the  fum  of  the  fquarcs  of 
the  firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  BC  the  fecond,  and  BD  tbe 
third  :  And  becaufe  the  ratio  of  AB  to'BC  is  given,  and  that  if 
a  given  ftraight  line  be  taken  from  BC,  the  ratio  of  the  remito- 

•  M«  4at*  der  to  BD  is  given  $  therefore  *  the  excefs  of  the  firft  AB  above 
a  given  ftraight  line,  has  a  given  ratio  ro  the  third  BD :  Ln 
Ab  be  that  given  ftraight  line,  therefore  the  remainder  EB  has 
a  given  ratio  to  BD :  Let  BD  be  placed  at  right  angles  to  £fi» 

b  44.  dat.  and  join  D£;  then  the  triangle  £BD  is^  given  in  fpecics; 
wherefore  the  angle  BED  is  given :  Let  A£,  which  is  given  in 
magnitude,  be  given  alfo  in  pofition,  as  atfo  the  point  £,  and 

c  31.  dat.   the  ftraight  line  ED  will  be  given  ^  in  pofition  :  Join  AD,  and 

d  47*  >•  becaufe  the  fum  of  the  fquares  of  AB,  BD,  that  is',  the  fquare 
of  AD  is  given,  therefore  the  ftraight  line  AD  is  given  in  mag- 

e  34.  dat.  nitude ;  and  it  is  alfo  given  *  in  pofition,  becaufe  from  the  gi* 
ven  point  A  it  is  drawn  to*'the  ftraight  line  ED  given  in  pofition  : 
Therefore  the  point  D,  in  which  the  two  ftraight  lines  AD,  £D 

f  aS.  dat.    given  in  pofition  cut  one  another,  is  given  f :  And  the  ftraight 

g  33.  dau  line  DB  which  is  at  right  angles  to  AB  is  given  ^  in  pofition,  and 
AB  is  given  in  pofition,  therefore  ^  the  point  B  is  given  :  And 

b  29.  dat.  the  points  A,  D  are  given,  .wherefore^  the  ftraight  lines  AB, 
BD  are  given  :  And  the  ratio  of  AB  to  BC  is  given,  and  there* 

i  a.  dat.     fore  *  BC  is  given. 

The  CompofitUn* 

Let  the  given  ratio  of  FG  to  GH  be  that  which  AB  rs  requi- 
red to  have  to  BC,  and  let  HK  be  the  given  ftraight  line 
which  is  to  be  taken  from  BC,  and  let  ^he  ratio  which  the  re- 
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mainder  is  feqaired  to  have  to  BD  be  tbe  given  ratio  of  HG 
to  GL,  and  place  GL  at  right  angles  to  FH,  and  join  LF,  LU : 

^       Next, 
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Next,  as  HG  is  to  GF,  fo  make  HK  to  AE  ;  produce  AE  to 
>I»  fo  that  AN  be  the  ftraight  line  to  the  fquare  of  which  the 
fum  of  the  fquares  of  AB,  BD  is  required  to  be  equal ;  and 
make  the  angle  NED  equal  to  the  angle  GFL ;  and  from  the 
centre  A  at  the  diftance  AN  defcribe  a  cirde,  and  let  its  cir- 
cumference meet  ED  in  D,  and  draw  DB  perpendiciiJar  to  AN, 
and  DM  making  the  angle  BDM  equal  to  the  angle  GLH- 
Laftly,  produce  BM  to  C,  fo  that  MC  be  equal  to  HK }  then  is 
Afi  the  fir  ft,  BC  the  fecond,  and  Bl)  the  third  of  the  ftraight 
lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  alfo  DBM,  LGH  being 
equiangular,  as  £B  to  BD,  fo  is  FG  ^to  GL ;  and  as  DB  to 
BM,  fo  is  LG  to  GU  ;  therefore,  exaequali.  as  £B  to  BM, 
fo  is  (FG  to  GH,  and  fo  is)  AE  to  HK  or  MC ;  wherefore  S^  j%.  5, 
AB  is  to  BC,  as  AE  to  HK,  that  is,  as  FG  to  GH,  that  is, 
in  the  given  ratio ;  and  from  the  ftraight  line  BC  taking  MC, 
which  is  equal  to  the  given  ftraieht  line  HK, . the  remainder 
BM  has  to  BD  the  given  ratio  of  HG  to  GL  ;  and  the  fum  of 
the  fquzres  of  AB,  BD  is  equal  ^  to  the  fquare  of  AD  or  AN,  4  47*  '• 
which  is  the  given  ipace.    Q.  E.  D. 

I  believe  it  would  be  in  vain  to  try  to  deduce  the  preceding 
conllruAion  from  an  algebraical  folution  of  the  problem. 
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PLANE    TRlGOlsrOMfiTItY. 

LEMMA    I.      Tig.  i. 

LET  ABC  be  a  re&ilincal  angle,  if  about  the  point  B  as  a 
centre,  and  with  anjr  diftance  BA,  a  circle  be  defcrfbed. 
raeeting  BA,  BC,  the  ftraight  lines  including  the  angle  ABC 
in  A,  C  ;  the  angle  ABC  will  be  to  four  right  angles,  as  the 
arch  AC  to  the  whole  circumference. 

Produce  AB  till  it  meet  the  cirde  again  in  F,  and  through  B 
draw  DE  perpendicular  to  AB,  meeting  the  circle  in  D«  £. 

By  33.  6.  Elem.  the  angle  ABC  is  to  a  right  angle  ABD^  as 
the  arch  AC  to  the  arch  AD }  and  quadrupling  the  confe- 
quents,  the  angle  ABC  will  be  to  four  right  angles,  as  the 
arch  AC  to  four  times  the  arch  AD,  or  to  the  whole  circum* 
ference* 

LEMMA    IL      Fig.  a. 

LET  ABC  be  a  plane  re&ilineal  angle  as  before :  About  B 
as  a  centre  with  any  two  diftances  BD,  BA,  let  two  cir« 
cies  be  defcribed  meeting  BA,  BC  in  D,  E,  A,  C ;  the  arch 
AC  will  be  to  the  whole  circumference  of  which  it  is  an  arch» 
as  the  arch  DE  is  to  the  whole  circumference  of  which  it  is  an 
arch. 

By  Lemma  x.  the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles  1 
and  by  the  fame  Lemma  1.  the  arch  DE  is  to  the  whole  cir- 
cumference of  which  it  is  an  arch,  as  the  angle  ABC  is  to  four 
right  angles  ;  therefore  the  arch  AC  is  to  the  whole  circumfe- 
rence of  which  it  is  an  arch^  as  the  arch  DE  to  the  whole  cir« 
cumference  of  which  it  is  an  arch* 


DEFINITIONS.    Fig.  3. 

L 

LET  ABC  be  a  plane  reAilineal  angle  t  if  about  B  as  a 
centre,  with  BA  any  diftance,  a  circle  ACF  be  defcribed 
meeung  BA,  BC,  in  A,  C  ;  the  arch  AC  is  called  the  mea« 
fure  of  the  angle  ABC. 

II.  , 

ns^BBBinference  of  a  circle  is  fuppofed'  to  be  divided  into 

^J^jT  H  h  S^}^' 
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360  e<}ual  parts  called  degree6»  and  each  degree  into  60  equal 
parts  Called  minucesi  and  each  minute  into  60  eqaal  parts 
called  feconds,  &c*  And  as  many  degrees,  minotes»  fe- 
conds,  &c.  as  are  contained  in  any  arch,  of  fo  many  degrees, 
'  minutes,  feconds,  &&  is  the  anglc^  of  which  that  arch  is  the 
meafure,  faid  to  be* 

Cor.  Whatever  be  the  radius  of  the  circle  of  whiflh  the  mea* 
fure  of  a  given  angle  is  an  archi  that  arch  will  contain  the 
fame  number  of  degrees,  minutes,  feconds,  &c.  as  is  mani- 
feft  from  Lemma  2* 

III. 

Let  AB  be  produced  till  it  meet  the  circle  again  in  F,  the  angle 
CBF,  which,  together  with  ABC|  is  equal  to  two.  right  angles, 
is  called  the  Supptement  of  the  angle  ABC. 

IV. 

A  ftraight  line  CD  drawn  through  C,  one  of  the  eztremitics  of 
the  arch  AC,  perpendicular  upon  the  diameter  pai&ng  through 
the  other  extremity  A,  is  called  the  Sine  of  the  arch  AC,  or 
of  the  angle  ABC,  of  which  it  is  the  meafure. 

CoR.  The  Sim  of  a  quadrant,  or  of  a  right  angle,  is  equal  to 
the  radius. 

V. 

The  fegmcnt  DA  of  the  diameter  pafling  through  A,  one  ex- 
tremity of  the  arch  AC  between  the  (loe  CD,  and  that  ei- 
tremity,  is  called  the  Verfed  Sine  of  the  arch  AC,  or  asglf 
ABC. 

VL 

A  ftraight  line  A£  touching  the  circle  at  A,  oifie  extremity  c:' 
the  arch  AC,  and  meeting  the  diameter  BC  pafling  throug^^ 
the  other  extremity  C  in  £,  is  called  the  Tangent  oi  the  arcc 
AC,  or  of  the  angle  ABC. 

VII. 
The  ftraight  line  BE  between  the  centre  and  the  extremity  c: 

the  tangent  AE^  is  called  the  Secant  of  the  arch  AC,  01 

angle  ABC. 
CoR.  to  def.  4*  6.  7.  The  fine,  tangent,  and  fecant  of  any  angle 

ABC,  are  likewife  the  fine,  tangent^  and  fecant  of  iu  fupplc- 

ment  CBF. 
It  is  manifeft  from  Def.  4.  that  CD  is  the  fine  of  the  angle 

CBF.     Let  CB  be  produced  till  it  meet  the  circle  again  k 

G  \  and  it  is  manifeft  that  A£  is  the  tangent,  and  BE  tbc 

fecant,  of  the  angle  ABG  or  £BF,  from  def.  6.  7. 

Co*. 
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Cor.  to  De^  4.  5.  6. 7.    The  fine*  Tcrfed  fine^  cangenc/and  fe-  Fig*  4* 
cant,  of  any  arch  which  is.the  meafure  of  any  given  angle 
ABC,  ia  to  the  fine,  Tcrfcd  fine,  tangent,  and  fecant,  of  any 
other  arch  which  is  the  meafure  of  the  fame  angle,  as  thd 
radius  of  the  firft  is  to  the  radius  of  the  fccond. 

Let  AC,  MN  be  meafures  of  the  angles  ABC,  according  to 
deft  f.  CD  the  fine,  DA  the  verfed  fine,  A£  the  tangent, 
and  BE  the  fecant  of  the  arch  AC,  according  to  def.  45* 
6.  7.  and  ^O  the  fine,  OM  the  verfed  fine,  MP  the  tan- 

?|ent,  and  BP  the  fecant  of  the  arch  MN|  according  to.the 
ame  definitions*  Since  CD,  NO,  A£,  MP  are  parallel^ 
CD  is  to  NO  as  the  radius  CB  to  the  radius  NB,  and  AE 
to  MP  as  AB  to  BM,  and  BC  or  B  A  to  BD  as  BN  or  BSVl 
CO  BO;  and,  by  converfion,  DA  to  MO  as  AB  to  MB. 
Hence  the  corollary  is  manifeft ;  therefore,  if  the  radius 
be  fuppofed  to  he  divided  into  any  given  number  of  equal 
parts,  the  fine,  verfed  fine,  tangent,  and  fecant  of  any  given 
angle,  will  each  contain  a  given  number  of  thefe  parts;  and» 
by  trigonometrical  tables,  the  length  of  the  fine,  verfed  fine^ 
tangent,  and  fecant  of  any  angle  may  be  found  in  parts  of 
which  the  radius  contains  a  given  number;  and,  vice  verfa* 
a  number  expreifing  the  length  of  the  fine,  verfed  fine,  tan- 
gent, and  fecant  being  given,  the  angle  of  which  it  is  the 
fincj  verfed  fine,  tangent,  and  fecant  may  be  found. 

VIIL       ' 
The  difference  of  an  angle  from  a  right  angle  is  called  the 
complement  of  that  angle.    Ti^us,  it  BH  be  drawn  perpen- 
dicular to  AB,  the  angle  CBH  will  be  the  complement  of  the 
angle  ABC,  or  of  CBF. 

IX. 

Let  HK  be  the  tangent,  CL  or  DB,  which  is  equal  to  it, 
the  fine,  and  BK  the  fecant  of  CBH,  the  complement  of 
ABC,  according  to  def.  4.  6.  7.  HK  is  called  the  co^tan^ 
gentf  BD  the  o-fine^  and  BK  the  co-/ecant  of  the  angle 
ABC. 

Con.  i»  The  radius  is  a  mean  proportional  between  the  tan* 
gent  and  co-tangent. 

For,  fince  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will 
be  equal,  and  the  angles  KHB,  BAE  are  right;  therefore 
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the  trianpfles  BAE,  KHB  are  fimilar,  and  therdbre  AE  it  to 

AB,  as  BH  or  BA  to  HK. 
Cor.  2.  The  radius  is  a  mean  proportional  between  die  oo-fine 

and  ff  cant  of  any  angle  ABC. 
Since  CD^  AE  are  parallel,  BD  is  to  BC  or  BA,  at  BA  to 

BE. 

PROP.    I.    Pic.  5. 

IN  a  right  angled  plain  triangle,  if  the  hypotbenufe 
be  made  radius,  the  fides  become  the  fines  of  the 
angles  oppofite  to  them  ;  and  if  either  fide  be  made 
radius,  the  remaining  fide  is  the  tangent  of  the  angle  op* 
pofite  to  it,  and  the  hypotbenufe  the  fecant  of  the  fame 
angle. 

Let  ABC  be  a  right  angled  triangle;  if  the  hypothennfe  BC 
be  made  radios,  either  of  the  fides  AC  will  be  the  fine  of  the 
angle  ^BC  oppofite  to  it ;  and  if  either  fide  BA  be  made  ra- 
dius, the  other  fide  AC  will  be  the  tangent  of  the  angle  ABC 
oppofite  to  it,  and  the  hypotbenufe  BC  the  fecant  of  the  faoQe 
angle. 

About  B  as  a  centre,  with  BC,  BA  for  diftances,  let  two 
circles  CD,  EA  be  dcfcribed,  roeeting  BA,  BC  in  D,  £ :  Since 
CAB  is  a  right  angle,  BC  being  radius,  AC  is  the  fine  of  the 
angle  ABC  by  def.  4.  and  BA  being  cadius,  AC  is  the  tangent, 
and  BC  the  fecant  of  the  angle  ABC,  by  def  6.  7. 

CoR.  1.  Of  the  hypotbenufe  a  fide  and  an  angle  of  a  right  an* 
gled  triangle,  any  two  being  given,  the  third  is  alfo  given. 

CoR.  2.  Of  the  two  fides  and  an  angle  of  a  right  angled  tri- 
angle, any  two  being  given,  the  third  is  alfo  given. 


T 


PROP,    ir:    Fig.  6.  7. 

HE  fides  of  a  plain  triangle  are  to  one  another,  as 
the  fines  of  the  angles  oppofite  to  them. 


In  right  angled  triangles,  this  prop,  is  mantfeft  from  prop.  1. 
for  if  the  hypotbenufe  be  made  radios,  the  fides  are  tbe  fines  of 
the  angles  oppofite  to  them,  and  tbe  radius  is  tbe  fine  of  a  right 
angle  (cor.  to  dcf.  4  }  wiiich  is  oppofite  to  the  hypotbenufe. 

In 


/ 
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In  any  oblique  angled  triangle  ABC»  any  two  fides  AB,  AC 
will  be  to  one  another  as  the  fines  of  the  angles  ACB,  ABC 
which  are  oppofite  to  them- 

From  Cf  B  draw  CE,  BD  perpendicblar  upon  the  oppofits 
fidasAB,  ACnroduccd,  if  need  be.  Siric6  CEB,  CDB  are 
right  angles,  BC  being  radiusi  CE  is  the  fine  of  the  angle  CBA* 
and  BD  the  fine  of  the  angle  ACB;  but  the  two  triangles  CAE, 
DAB  have  each  a  right  angle  at  D  and  £ ;  and  likewife  the 
common  angle  CAB ;  therefore  they  are  fimilar,  and  confe- 
quemly,  CA  is  to  ABj  as  CE  to  DB  ;  that  is,  the  fi4es  are  as 
Uie  fines  of  the  angles  oppofite  to  them. 

CoR.  Hence  of  two  fides,  and  two  angles  oppofite  to  them. 
In  a  plain  triangle,  any  three  being  given,  the  fourth  is  a^o 
given. 

PROP.    IIL    FiC.  8, 

IN  a  plain  triangle,  the  fum  of  any  two  fides  is  to  their 
difference,  as  the  tangent  of  half  the  fum  of  the  angles 
at  the  bafe,  to  the  tangent  of  half  their  difference. 

m 

_  _  I 

Let  ABC  be  a  plain  triangle,  the  fum  of  any  two  fides  Ah^ 
AC  will  be  to  their  difference  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafe  ABC,  ACB  to  the  tangent  of  half  their 
difference. 

About  A  as  a  centre,  With  AB  the  greater  fide  for  a  didance, 
let  a  circle  be  defcribed,  meeting  AC  produced  in  £,  F,  and 
BC  in  D  Moin  DA,  £B,  FB ;  and  draw  FG  parallel  to  BC, 
meeting  £B  in  G. 

The  angle  EAB  (32.  i.)  is  equal^to  the  fum   of  the  angles 
at  the  bafe,  and  the  angle  EFB  at  the  circumference  is  equal 
to   the  half  of  EaB  at  the  centre  (20.  3.) ;  therefore  EFB  is 
half  the  fum  of  the  angles  at  the  bafe  *,  but  the  angle  ACB 
(32.  I.)  is  equal  to  the  angles  CAD  and  ADC,  or*ABC  to- 
gether; therefore  FAD  is  the  difference  of  the  angles  at  the 
bafe,  and  FBD  at  the  circumference,  or  BFG,  on  account  of 
the  parallels  FG,  BD,  is  the  half  of  that  difference  )  but  fince 
the  angle  EBF  in  a  femicircle  is  a  right  angle  (1.  of  this)  FB 
being  radius,  BE,  BG,  are  the  tangents  of  the  angles  EFB, 
BFG;  but  it  is  manifefl  that  EC  is  the  fum  of  the  iides  B/k, 
AC,  and  CF  their  difference ;  and  fince  BC,  FG  are  parallel 
(z.  6.)  EC  is  to  CF,  as  EB  to  BG ;   that  is,  the  fum  of  the 
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fides  is  to  their  difference,  at  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafe  to  the  tangent  of  half  their  difference 

PROP.    ly.    Fig-  i8. 

TN  any  plain  yianglc  BAG,  whofe  two  fides  are  BA, 
^  AC  and  bafe  BC,  the  Icfs  of  the  two  fides,  which  let 
be  BA,  is  to  the  greater  AC  as  the  radius  is  to  the  tan- 
gent of  an  ang^e,  and  the  radius  is  to  the  tangent  of  the 
excefs  ef  this  angle  above  half  a  right  angle  as  the  tan- 
gent pf  half  the  fum  of  the  angles  B  and  C  at  the  bafe, 
is  to  the  tangent  of  half  their  di^erence. 

At  the  point  A,  draw  the  ftraight  line  BAD  perpendicular 
to  BA  (  make  A£,  AF,  each  equal  to  AB,  and  AD  to  AC ; 
join  BE,  BF,  BD,  and  from  D,  draw  DG  perpendicular  upon 
BF.  And  l^ecaufe  BA  is  at  right  angles  to  £F,  and  £A,  AB, 
AF  are  equal,  each  of  the  angles  £BA|  ABF  is  half  a  rigbc 
angle«  and  the  whole  £BF  is  a  right  angle  |  alfo  (4.  i.  £1,)  £B 
IS  equal  to  BF.  And  (ince  £BF,  FGD  are  right  angles,  £B  is 
parallel  to  GD,  and  the  triangles  £BF,  FGD  are  Cmilar; 
therefore  £B  is  to  BF  as  DG  to  GF,  and  £B  being  equal  to 
BF,  FG  muft  be  equal  to  GD.  And  becaufe  BAD  is  a  right 
angle,  BA  the  lefs  fide  is  to  AD  or  AC  the  greater,  as  the  ra- 
dius is  to  the  tangent  of  the  angle  ABD ;  and  becaufe  BGD  is 
a  right  angle,  BG  is  tp  GD  or  GF  as  the  radius  is  to  the  tan- 
gent of  GBP»  which  is  the  excefs  of  the  angle  ABD  above 
ABF  half  a  right  angle.  But  becaufe  £B  is  parallel  to  GD,  BG 
is  to  GF  as  £D  is  to  DF»  that  is,  fince  £D  is  the  fum  of  the 
fides  BA,  AC  and  FD  their  difference,  (3.  of  this),  as  the  tan- 
gent of  half  the  lum  of  the  angles  B,  C,  at  the  bafe  to  the  tan- 
gent of  half  their  difference.  Therefore,  in  any  plain  triangle, 
^c.    Q^E.  D. 

PROP.    V.    Fig.  9.  and  10. 

IN  any  triangle,  twice  the  rcftangle  contained  by  any 
two  fides  is  to  the  difference  of  the  fum  of  the  fquares 
of  thcfe  two  fides,  and  the  fquare  of  the  bafe,  as  the  ra- 
dius is  to  the  co'fmc  of  the  angle  included  by  the  two  tides. 

Let  ABC  be  a  plain  tri;\ngle,  twice  the  re£langle  ABC  con* 
fai^ied  by  any  two  fides  BA,  BC  is  to  the  difference  of  the  fum 

of 
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•  * 

of  tbe  fquires  «f  B A,  BC,  and  the  fquare  of  the  bafe  AC,  as 
che  radius  to  the  co-fine  of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  oppofite  fide  BC, 
then  (by  I2.  and  13.  2.  £1.)  the  difference  of  the  fum  of  the 
fquares  qf  AB,  fiC,  and  the  fquare  of  the  bafe  AC|  is  equal  to 
twice  the  redangle  CBD  ;  but  twice  the  re£langle  CBA  is  to 
twice  the  le&angle  CBD,  that  is,  to  the  difference  of  the  funx 
of  the  fquares  of  AB,  BC,  and  the  fquare  of  AC,  (i.  6.)  as  AB 
to  BD  i  that  is,  by  prop.  i.  as  radius  to  the  fine  of  BAD,  which 
is  the  complement  of  the  angle  ABC,  that  is,  as  radius  to  the 
CO* fine  of  ABC. 

PROP.    VI.    Fic.  II. 

TN  any  triangle  ABC,  whofc  two  fides  arc  AB,  AC, 
and  bafe  BC,  the  rcftanglc  contained  by  half  the  peri- 
meter, and  the  excefs  of  it  above  the  bafe  BC,  is  to  the 
rc£tang)e  contained  by  the  flraight  lines,  by  which  the 
half  of  the  perimeter  exceeds  the  other  two  fides  AB,  AC, 
as  the  fquare  of , the  radius  is  to  the  fquare  of  the  tangent 
of  half  the  angle  BAC  oppofite  to  the  bafe. 

Let  the  angles  BAC,  ABC  be  bifeQed  by  the  flraight  lines 
AG,  BG;  and,  producing  the  fide  AB,  let  the  exterior  angle 
CBH  be  bifcdcd  by  the  ftiaight  line  BK,  meeting  AG  in  K  ; 
and  from  the  points  G,  K,  let  there  be  drawn  perpendicular 
upon  the  fides  the  flraight  lines  GD,  GE,  GF,  KH^  KL, 
KM*  Since  therefore  (4.  4.)  G  is  the  centre  of  the  circle  in- 
fcribed  in  the  triangle  ABC,  GD,  GF,  G£  wiil  be  equal,  and 
AD  will  be  equal  to  A£,  BD  to  13F,  and  CE  to  CF.  In  like 
manner  KH,  KL,  KM  will  be  equal,  and  BH  will  be  equal 
to  BM,  and  AH  to  AL,  becaufe  the  angles  HBM,  HAL  are  bi- 
feded  by  the  flraight  lines  BK,  KA  :  And  becaufe  in  the  tri«> 
angles  KCL,  KCM,  the  fides  LK,  KM  are  equal,  KC  is  com- 
mon and  KLC,  KMC  are  right  angles,  CL  will  be  equal  fo 
CM :  bince  therefore  BM  is  equal  to  BH,  and  CM  to  CL ; 
BC  will  be  equal  to  BH  and  CL  together ;  and,  adding  AB 
and  AC  together,  AB,  AC,  and  BC  will  together  be  equal 
to  AH  and  AL  together  ;  But  AH,  AL  are  equal :  Whereiare 
each  of  them  is  equal  to  half  the  perimeter  of  the  triangle 
ABC:  Butfince  AD,  A£  are  equal,  and  BD,  BF,  and  alfo 
C£,  CF,  AB  together  with  FC,  will  be  equal  to  half  the  pe* 
rimeter  of  the  triangle  to  which  AH  or  AL  was  fliewn  to  be 
c^ual  i  taking  away  therefore  the  common  AB,  the  remain^ 
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der  FC  will  be  equal  to  the  remainder  BH  :  In  the  fame  nan* 
jicr  is  it  demonftratedy  that  BF  is  equal  to  CL :  And  fince  the 
point  B^  D,  Gy  F,  are  in  a  circle,  the  angle  DGP  will  be  c* 
qual  to  the  exterior  and  oppoGte  angle  FBH»  (aa.  3.)  ;  where* 
fore  their  halves  BCD,  HBK  will  be  equal  to  one  another: 
The  right  angled  triangles  BGD,  HBK  will  therefore  be  c- 
quiangular»  and  GD  will  be  to  BD,  as  BH  to  HK,  and  the 
rectangle  contained  by  GD,  HK  will  be  equal  to  the  re£bngk 
DBH  or  BFC :  But  fince  AH  is  to  HK,  as  AD  to  D6,  the 
reAangle  HAD  (a a*  6>)  will  be  to  the  redangle  contained  by 
HK,  DG|  or  the  refiangle  BFC^  (as  the  fquare  of  AD  is  to 
.  the  fquare  oiF  DG,  that  is)  as  the  fquare  of  the  radius  to  the 
fquare  of  the  tangent  of  the  angle  DAG,  that  is,  the  half  of 
BAG  :  But  HA  is  half  the  perimeter  of  the  triangle  ABC,  and 
AD  is  the  eicefs  of  the  fame  above  HD,  that  is,  above  the 
bafe  BC  i  but  BF  or  CL  is  the  ezcefs  of  HA  or  AL  above  the 
fide  AC,  and  FC,  or  HB  is  the  excefs  of  the  fame  HA  above 
the  fide  AB ;  therefore  the  rectangle  contained  by  half  the  pe» 
rimcter,  and  the  escefs  of  the  .fame  above  the  bafe,  via.  the 
re£langle  HAD,  is  to  the  reAangle  contained  by  the  ftraight 
lines  by  which  the  half  of  the  perimeter  exceeds  the  other  two 
fides,  that  is,  the  refiapgle  BFC,  as  the  fquare  of  the  radiui 
is  to  the  iquare  of  the  tangent  of  half  the  angle  BAC  oppofiu 
%o  the  bafe.    Q^  £•  D. 

PROP.    Vn.    Fig.  la.  13. 

IN  a  plain  triangle,  the  bafe  is  to  the  fum  of  the  fides, 
as  the  difference  of  the  fides  is  to  the  fuoi  or  differ- 
ence of  the  fcgmcnts  of  the  bafe  made  by  the  perpendi- 
cular upon  it  from  the  vertex,  according  as  the  fquare  of 
the  greater  fide  is  greater  or  Icfs  than  the  fum  of  the 
fquares  of  the  Icfftr  fide  and  the  bafe. 

Let  ABC  be  a  plane  triangle ;  if  from  A  the  Tertex  be  drawn 
a  ftraight  line  AD  perpendicular  upon  the  bafe  BC,  the  bafe 
PC  will  be  to  the  fum  of  the  (ides  BA,  AC»  as  the  difference 
of  the  fame  fides  is  to  the  fum  or  diiFerence  of  the  fegtf^ents  CD, 
BD,  according  as  the  fquare  of  AC  the  greater  fide  is  greater 
or  lefs  than  the  fum  of  the  fquaresof  the  leiTer  fide  A3,  and  the 
bafe  BC. 

About  A  as  a  centre,  with  AC  the  greater  fide  for  a  dir 
ftance,  let  a  circle  be  defcribed  meeting  AB  produced'in  £, 
F«  and  CB  in  G :  It  is  manifcft  that  FB  is  the  fum,  and  BE 
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the  difference  of  the  iidep ;  and  fince  AD  is  perpendicular  to 
GC»  OD,  CD  ^M  be  equal ;  conftqoemly  GB  will  be  equal 
to  the  fum  or  difference  of  the  fegments  CD^  BD,.  according^ 
as  the  perpendicular  AD  meets  the  bafe|  or  the  bafe  produced  ; 
that  isp  (by  Con?*  I2,  and  13.  2.)  according  as  the  fquare ' 
of  AC  is  greater  or  lefs  than  the  fum  of  the  fqtlares  of  AB, 
BC  :  But  (by  35.  3.)  the  re£lan^le  CBG  is  equal  to  the  red* 
aogle  £BF|  tbat  ta,  (16.  6.)  BC  is  to  BF»  aa  B£  is  to  BG: 
that  U,  the  bale  is  to  the  fom  of  the  fidesi  aa  the  difference 
of  the  fides  is  to  the  fum  or  difference  of  the  fegments  of  the 
bafe  made  by  the  perpendicular  from  the  vertex,  according  as 
the  fquare  ot  the  greater  fide  is  greater  or  lefs  than  the  fum  of 
the  iiqnares  of  the  Teffer  fide  and  the  bafe.    Q^E-  D. 


T 


PROP.    Vm.     P  R  O  B.    Fig.  14. 

HE  fum  and  difference  pf  two  magnitudes  being  gU 
VCD,  to  find  them*  ' 

Half  the  given  fum  added  to  half  the  given  differencei  will 
be  the  greater^  and  half  the  difference  fubtra^ed  from  half  the' 
fum,  will  be  the  lefs. 

For,  let  AB  be  the  given  fum,  AC  the  greater,  and  BC  the 
lefs.  Let  AD  be  half  the  given  fum ;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  added,  then  AC  will  be  equ .4  to  BD, 
and  DC  together  *,  that  is,  to  BC,  and  twice  DC ;  confequent- 
]y  twice  DC  is  the  difference,  and  DC  half  tbat  difference ; 
but  AC  the  greater  is  equal  to  AD,  DC  i  that  is,  to  half  the 
fum  added  to  half  the  difference,  and  BC  the  lefs  is  equal  to 
the  excefs  of  BD,  half  the  fum  above  DC  half  the  difference. 
Q^E.  F. 

SCHOLIUM. 

Of  the  fix  parts  of  a  plain  triangle  (the  three  fides  and  three 
angles)  any  three  being  given,  to  tind  the  other  three  is  the  bu- 
finefs  of  plane  trigonometry  j  and  the  feveral  cafes  of  that 
problem  may  be  refolved  by  means  of  the  preceding  propofi- 
tions,  as  in  the  two  following,  with  the  tables  annexed-  hi 
thefe,  the  iolution  is  expreffed  by  a  fourth  proportional  to  three 
given  lines }  but  if  the  given  parts  be  expreffed  by  numbers 
Irom  trigonometrical  tables,  it  may  be  obtained  arithmetically 
by  the  common  Rule  of  Three. 

SOLUTION 

Note.  In  the  tables  the  following  abbreviation i  are  ufed.  il»  ii  put  for  the  Ra« 
dius;  T,  for  Tangent;  ao4  $«  for  tHne.  Defrecf,  minatftf,  feconds,  &c.  are 
written  in  thit  manner  ;  30^  a^'  13",  &&  wUicb  fignlfio  39  degrees,  %s  ninnte^f 
13  kcoodi,  ^G. 
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SOLUTION  of  the  Cases  of  right  angled   Tri< 

ANGLES. 


Fig.  15. 


GENERAL    PROPOStTION. 

IN  a  right  angled  triangle,  of  the  three  fides  and  three 
anfflesy  any  two  being  given  befidcs  the  right  angle, 
the  other  three  may  be  found,  except  when  the  two  a* 
cute  angles  are  given,  in  which  cafe  the  ratios  of  the  fides 
are  only  given,  oeing  the  fame  with  the  ratios  of  the  fines 
of  the  angles  oppofite  to  them. 

« 

It  is  msnifeft  from  47.  i.  that  of  the  two  fidea  and  hypothec 
nufe  any  two  be  given,  the  third  may  alfo  be  found.  It  is  alfo 
manifeft  from  32.  i.  that  if  one  of  the  acute  angles  of  a  right* 
anglf  r!  triangle  be  given,  the  other  is  alfo  given,  for  it  is  the 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is  alfo  giTeiif 
being  the  fupplement  of  the  two  given  angles  to  two  right  an- 
gles. 

The  other  cafes  may  be  refoived  by  help  of  the  preceding  pro- 
pofitions,  as  in  the  following  table. 


Given. 


Sought. 


^  Two   fides,    AB 
AC. 


AB|BC,afideand 

the  bypothenufe. 


Theangles 
B,C. 


AB,  B,  a  fide  and 
an  anglfe. 


AB  and  B,  a  fide 
and  an  angle. 


BC  and  B,  the 
bypothenufe  and  an 
an^le. 


Theangles 
B,  C. 


The  other 
Gde  AC. 


The  hypb- 
chenufe  BC. 


The  fide 

At:. 


AB  :  AC  ::  R  :  T,  B.  of| 
which  C  is  the  complement 


BC  :  BA  ::  R :  S,  C,  of 
which  B  is  the  complement. 


R  :  T,  B  ::  BA  :  AC. 


S,  C  5  R  ::  BA  :  BC. 


R  :  S,  B  ::  BC  :  CA. 


Thefc  five  cafes  are  refoived  by  prop,  i. 
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S  O  L  U Ti  O N  of  the  Cases  of  oblique-an- 
gled Triangles. 


GENERAL    PROPOSITION. 

* 

'TV  an  oblique-angled  triangle,  of  the  three  fides  aiod 
three  angles,  any  three  being  given,  the  o^her  thirec 
may  be  found,  except  when  the  three  angles  are  given; 
in  which  cafe  the  ratios  of  the  fides  kre  only  given,  be- 
ing the  fame  with  the  ratips  of  the  fines  of  the  angles  6p« 
pofite  to  them.  I 

plVBN.  SpnCRT. 


A,  B|  and  there* 
fore  C,  and  the  fide 
AB. 


AB,  AC,  and  B, 
two  fides  and  an 
angle,  oppofite  to 
one  of  them* 


AB,  AC,  and  A, 
two  fides,  and  the 
included  angle. 


BC,  AC. 


S,  C:S,  A::  AB:BC, 
anda1fo,S,C:S|B::  AB: 
AC.     (2.) 


The  angles 
A  and  C. 


AC  :  AB  ::S,  B:S,  C. 
(2.)  Thiscafe  admits  of  two 
folutions;  for  C  may  be 
greater  or  lefs  than  a  qua- 
drant. (Cor.  to  def.  4.) 


Theangles 
B  and  C. 


AB+AC  :  AB— AC  ::  T, 
C+B. ;  T,  C— B :  (3.)  and 


chefam  and  difference  of  the 
angles  Cy  B^  being  given, 
fach  of  them  is  given.  (7.) 

Otherwiji.    YiG.  18.' 

BA:AC::R:T,ABC,and 

alfo  R  :  T,  ABC— 45** :  T, 

B+C;  T,B— C :  (4.)  there- 

2  -  % 


Fig»  l^.  17; 


fore  B  and  C  are  given  as 
before,     (7.) 


Given 
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GiTSN. 


SOVGHT. 


ABy  BC9  CAf 
the  three  fides. 


AyBfCitbe 

three  angiei* 


aACxCB:  AC7^C% 
— AB;  ::  R  :  CoS,  C.  U 
ACy+CBy  be  greater  thas 
AB;.    Fig.  16. 

a  ACxCB ;  ABf—Aq 
~CBy  ::  R  :  CoS,  C.  If 
ABf  be  greater  than  ACoi 
CBjFig.  17.  (4.) 

Otberwife. 
Let  AB4.BC+AC=aF. 


PxP  ~  AB  :  P  _  AC 

F— Bd::Ry:Ty,iC,M 
hence  C  is  known,     (r.) 

Othirmifk. 
Let  AD  be  perpendicolar 
toBC.  i«  If  ABf  be  Ids 
than  ACf+CBf.  Fig-  16. 
BC  :  BA4^AC  ::  BA- 
AC :  BD~DC,  and  BC  the 
fumof  BD,  DC  is  gives; 
therefore  each  of  them  is 
gitcn.    (7.) 

2  If  ABj  be  gmater  than 
ACy+CBy.  Fig.  17.  BC: 
BA+AC  ::  BA^AC :  BD 
+I)C;  and  BC  the  differ 
cncc  of  BD,  DC  is  giycn, 
therefore  each  of  them  15 
given  (7.) 

AndCA:CD::R:CoS, 
C.  ( I  •)  snd  C  being  found) 
A  and  J3  are  found  by  cafe  2. 
or  3.* 
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SPHERICAL  TRIGONOMETRY. 


DEFINITIONS. 


I. 


THE  pole  of  a  circle  of  the  fpbere  18  a  point  in  the  fuper- 
fictes  of  the  fpherci  from  which  all  (craight  lines  drawn 
to  the  circnmference  of  the  circle  are  eottaL 

fl. 
A  great  circle  of  the  fpbere  is  any  whofe  plane  pafles  through 
the  centre  of  the  fpnere^  and  whofe  centre  therefore  is  the 
fame  with  that  of  the  fphere. 

III. 
A  fpherical  triangle  is  a  6gare  upon  the  fuperficies  of  a  fphere 
comprehended  by  three  arches  of  three  great  circles^  each  of 
whiph  is  lefii  than  a  femicircle. 

IV, 
A  fpherical  angle  is  that  which  on  the  fuperficies  of  a  fphere  is 
contained  by  two  arches  of  great  circles,  and  is  the  fame  with 
the  inclination  of  the  planes  of  thefe  great  circles. 


Ga 


PROP.    L 

I 

EAT  circles  bifc£b  one  another. 


As  they  have  a  common  centre  their  common  fcAion  will  be 
a  diameter  of  each  which  will  hifcGt  them. 


PROP.    11.    Fig.  i. 

THE  arch  of  a  great  circle  betwixt  the  pole  and  the 
circumference  of  another  is  a  quadrant* 

Let  ABC  be  a  great  circle^  and  D  its  pole ;  if  a  great  circle 
DC  pafs  through  D,  and  meet  ABC  in  C^  the  arch  JDC  will  be 
a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and  let 
AC  be  the  common  feftion  of  the  great  circles,  which  will 

pais 
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pais  through  £  the  centre  of  the  fphere :  Join  DE,  DA,  DC 
By  det  %•  DA,  DC  are  equal,  and  AE,  EC  are  alio  equal,  art 
DE  is  common ;  therefore  (8.  i.)  the  angles  DEA,  SEC  n 
equal ;  wherefore  the  arches  DA,  DC  are  equal,  and  ccnfs 
quently  each  of  them  is  a  quadrant*    Q^  £•  D. 


•  P  R  O  P.    m.    Fig-  2. 

IF  a  great  circle  be  defcribed  meeting  two  great  ci: 
cles  AB,  AC  paffing  through  its  pole  A  in  B,  C,  thi 
angle  at  the  centre  of  tho  fphere  upon  the  circumfc 
rcncc  BC,  is  the  fame  with  the  fpherical  angle  BAG, 
and  the  arch  BC  is  called  the  meafurc  of  the  fpherical 
angle  BAC. 

Let  the  planes  of  the  great  circles  AB,  AC  interfe£l  one  a&- 
other  in  the  ilraight  line  AD  paffing  through  D  their  cOmmoL 
centre ;  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles  ;  therefore  (6.  def.  ii.)  the 
angle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB, 
AC  i  that  is,  (def.  4.}  the  fpherical  angle  BAC.    Qr  £.  D. 

Cor.  If  through  the  point  A,  two  quadrants  AB,  AC,  bt 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  BC, 
paffing  through  their  extremities  B,  C 

Join  AC,  and  draw  A£  a  ilraight  line  to  any  other  point  £ 
in  BC ;  join  D£ :  Since  AC,  AB  are  quadrants,  the  angles 
ADB,  ADC  are  right  angles,  and  AD  will  be  perpendicular  to 
the  plane  of  BC  :  Therefore  the  angle  ^ADE  u  a  right  angle, 
and  AD,  DC  are  equal  to  AD,  D£,  each  to  each  $  therefore 
AE,  AC   are  equal,   and  A  is  the  pole  of  BC,  by  def.  i. 

Q;^E.    D. 

PROP.    IV.    Fig.  3. 

TN  ifofccles  fpherical  triangles,  the  angles  at  the  bafc  arc 

equal. 

Let  ABC  be  an  ifofceles  triiingle,  and  AC,  CB  the  equd 
(idesi  ^he  angles  BAC,  ABC,  at  the  bafc  AB,  are  equal. 

Let 
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tsct  I>  be  the  centre  of  the  fphere,  and  join  DAy  DB^ 
DC  ;  in  DA  take  anjr  point  £,  from  which  draw^  in  the  plane 
ADC,  the  ftraight  line  £F  at  right  angles  to  ED  meeting  CD 
in  F9  and  draw,  in  the  plane  ADB,  £G  at  right  angles  to  the 
fame  £D  1  therefore  the  re£lilineal  angle  FEG  is  (6*  def*  ii.) 
the  inclination  of  the  planes  ADC,  ADB,  and  therefore  is 
the   fame  with  the  fpherical  angle  BAC  :   From  F  draw  FH 
perpendicular  to  DB,  and  from  H  draw,  in  the  plane  ADB, 
the  ftraight  line  HG  at  right  angles  to  HD  meeting  £G  in 
G,  and  join  GF«    Becaufe  DE  is  at  right  angles  to  EF  and 
£G,  iM9  perpendicular  to  the  plane  FEG,  (4.  ii»)  and  there- 
fore the  plane  FEG  is  perpendicular  to  the  plane  ADB,  in 
which  DE  is:  (18.  ii*)    In  the  fame  manner  the  plane  FHG 
is  perpendicular  to  the  plane  ADB;,  and  therefore  GF  the 
common  fe^ion*  of  the  planes  FEG,  FHG  is  perpendicular 
to  the  plane  ADB;  (19.  ir.)  and  becaufe  the  angle  FHG  is 
the  inclination  of  the  planes  BDC,  BDA,  it  is  the  fame  with 
the  fpherical  angle  ABC ;  and  the  fides  AC,  CB  of  the  fphe- 
rical   triangle  being  equal,   the  angles  £DF,  HDF,   which 
ftand  upon  them  at  the  centre  of  the  fohere,  are  equal ;  and 
in  the  triangles  EDF,  HDF  the  fide*  DF  is  common,  and  the 
angles  DEF,  DHF  are  right  angles ;  therefore  EF,  FH  are  e- 
qual ;  and  in  the  triangles  FEG,  FHG  the  fide  GF  is  com« 
mon,  and  the  fides  EG,  GH  will  be  equal  by  the  47.  i.  and 
therefore  the  angle  FEG  is  equal  to  FHG;  (8.  i.)  that  is,  the 
fpherical  angle  BAC  is  equal  to  the  fpherical  angle  ABC. 


PROP-    V.    Fig.  3. 

TF,  in  a  fpherical  triangle  ABC,  two  of  the  angles 
BACy  ABC  be  equal,  the  fides  BC»  AC  oppofue  to 
them,  arc  equal. 

Read  the  conftrn&ion  and  demonftration  of  the  preceding 
propofition,  unto  the  words^  <'  and  the  fides  AC,  CB,"  &c« 
and  the  reft  of  the  demonftration  will  be  as  follows,  viz. 

And  the  fpherical  angles  BAC,  ABC  being  equal,  the 
re£lilineal  angles  FEG,  FHG,  which  are  the  fame  with  them, 
are  equal  •,  and  in  the  triangles  FGE,  FGH  the  angles  at  G 
ate  right  angles,  and  thefideFG  oppoCteto  two  of  the  equal 

angles 
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angles  is  commbn  ;  therefore  (26.  i.)  EF  is  equal  to  VH*,  vtL  ': 
in  the  right  angled  triangles  D£F,  DHF  the  fide  DF  is  oobk  ^ 
moil}  wherefore  (47.  1.)  ED  is  eqoal  to  DH,  and  the  ao^ 
EDF^  HDP  are  therefore  eqaal,  (4.  1.)  and  oonfeqaentlj  dte 
fides  AC,  BC  of  the  fpherical  triangle  are  equal. 


A 


PROP.    VL    Pig.  4- 

NY  two  fides  of  a  fpherical  triangle  are  greater  tha 
the  third. 


Let  ABC  be  a  fpherical  triangl^t  any  two  fides  AB^  BC  wOl  ^ 
he  greater  than  the  other  fide  AC. 

Let  D  be  the  centre  of  the  fphere ;  join  DA,  DB,  DC. 

The  folid  angle  at  D  is  contained  by  three  plane  angia 
ADB,  ADC»  BDC}  and  by  20.  ti.  any  two  of  them  ADB, 
BDC  are  greater  than  the  third  ADC  ;  that  is,  any  two  fidei 
AB,  BC  of  the  fpherical  triangle  ABC,  are  greater  than  the 
third  AC.  ' 


T 


PROP.    Vn.    Fig.  4- 

H  E  three  fides  of  a  fpherical  triangle  are  lefs  than  a 

circle- 


Let  ABC  be  a  fpherical  triangle  as  before,  the  three  Gdcs 
AB,  BC,  AC  are  lefs  than  a  circle. 

Let  D  be  the  centre  of  the  fphere  :  The  folid  angle  at  D  is 
contained  by  three  plane  angles  BDA,  BDC,  ADC,  which  to- 
gether are  lefs  than  four  right  angles,  (21.  11.)  therefore  the 
ildes  AB,  BC,  AC  together,  will  be  lefs  than  four  quadrants*, 
that  is,  lefs  than  a  circle. 


I 


PROP.    VIII.    Fig-  5- 

N  a  fpherical  triangle  the  greater  angle  is  oppofitc  to 
the  greater  fide  ;  and  convcrfcly. 


Let  ABC  be  a  fpherical  triangle,  the  greater  angle  A  is  op- 
pojed  to  the  greater  fide  BC. 

Let  the  angle  1>AD  be  made  equal  to  the  angle  B,  and 
then  BD,  DA  will  be  equal,  (5,  of  this)  and  therefore  AD, 

DC 
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i)C  aire  tqatito  BC ;  but  AD,  DC  are  greater  than  AC|  {6^, 
of  this),  tbersfore  BC  is  greater  than  AC,  that  as,  the  grea<u;r 
angJe  A  la  ojppofite  to  the  greater  fide  BC.  The  con?erfe  is  de-» 
monftrated  as  prop.  tp.  i.  £!•    Q.  £•  D. 

PROP.    IX.    Fio.  6. 

• 

IK  any  (]3herical  triangle  ABC,  if  the  fum  of  the  fides 
AB,  BC  be  greater,  equal,  or  lefs  than  a  femicircle^ 
the  intcroal  anjgle  at  the  bafe  AC  will  be  greater,  equal,  ^ 
or  left  than' the  external  and  oppofite  BCD  i  and  there- 
fore the  fum  of  the  angles  A  and  ACB  will  be  greater, : 
equal,  or  lefti  than  two  right  angles* 

Let  AC,  AB  produced  meet  in  D, 

X.  If  AB|  BC  be  equal  to  a  femicircle,  that  is,  to  AD,  BC, 
BD  will  be  equal,  that  is,  (4.  of  this)  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  femicircle,  that 
is,  greater  than  ABD,  BC  will  be  greater  than  BD ;  and 
therefore  (8.  of  this)  the  angle  D,  that  is,  the  angle  A,  is 
greater  than  the  angle  BCD. 

3.  In  the  fame  manner  is  it  (hown,  that  if  AB,  BC  together 
be  lefs  than  a  femicircle,  the  angle  A  is  lefs  than  the  angle 
BCD.  And  fince  the  angles  BCD,  BCA  ai'e  equal  to  two 
right  angles,  if  the  angle  A  be  greater  than  BCD,  A  and  ACB 
together  will  be  greater  than  two  right  angles.  If  A  be  eoual 
to  BCD,  A  and  ACB  together  will  be  equal  to  two  right  angles; 
and  if  A  be. lefs  than  BCD,  A  and  ACB  will  be  le&  than  two 
right  angles.    Q^  £.  D. 

PROP.    X.    Fio.  7. 

TP  the  angular  points  A,  B,  C  of  the  fpherical  triangle 
^  ABC  be  the  poles  of  three  great  circles,  thefe  great 
circles  by  their  interfe^tions  will  form  another  triangle 
FDE,  which  is  called  fupplemental  to  the  former  ;  that 
is,  the  fides  FD,  DE,  EF  are  the  fupplcments  of  the 

1  i  mcafures 


' 
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neafures  of  the  oppoGte  angles  C,  B,  A,  of  tb^  triangle 
ABC,  and  the  meafures  of  the  angles  F^  D,  £  pf  die  tri- 
angle FDE,  will  be  the  fnpplemeats  of  the  fides  AC,  BC, 
BA,  in  the  triangle  ABC. 

Let  AB  produced  meet  DE,  EF  in  G,  M,  and  AC  meet  FD^ 
F£  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  utd  the  circle  AC  paffes  throvgh 
A,  EF  will  pafs  through  the  pole  of  AC,  (13.  15.  i.  Th«)  and 
fince  AC  paffies  through  C,  the  pole  of  FD»  FD  will  paib 
throogh  the  pole  of  AC  \  therefore  the  pole  of  AC  is  in  the 
point  F»  in  wiiich  the  arches  DF,  EF  interfe£k  each  odier.  In 
tke  fame  manner*  D  is  the  pole  of  BC^  and  E  the  pole  of  AB. 

And  fince  F,  E  are  the  poles  of  AL,  AM,  FL  and  EM  are 
quadrants,  and  FL,  EM  together,  that  is,  F£  and  ML  toge- 
ther, are  equal  to  a  femicircle.  But  fince  A  is  the  pole  of  i&L, 
ML  i»  the  mearurs  of  the  angle  BAC,  confeqaentlf  FE  is  the 
fupplement  of  the  meafure  of  the  angle  BAC.  In  the  fame 
manner,  ED,  DF  are  the  fupplements  of  the  mcafiirea  of  the 
andes  ABC,  BCAi 

Since  likewilii;  CN,  BH  are  quadrants,  CN,  BH  together, 
that  is,  NH,  BC  together  are  equal  to  a  femicircle  {  and  fince 
JD  is  the  pole  of  NH,  NH  is  the  meafure  of  the  angle  FD£, 
therefore  the  meafure  of  the  angle  FDE  is  the  fupplement  of 
the  fide  BC.  In  the  fame  manner,  it  is  fhown  that  the  mea- 
fures of  the  angles  DEF,  EFD  are  the  fupplements  of  the  fides 
AB^  AC,  in  the  triangle  ABC.    (^E.  U. 

PROP.    XL    Fio.  7. 

THE  three  angles  of  a  fpherical  triangle  are  greater 
than  two  right  angles^,  and  lc&  than  fix  right  an- 
gles. 

The  meafures  of  the  airgles  A,  B,  C,  in  the  triangle  ABC, 
together  with  the  three  fides  of  the  fupplemental  triangle  DEF, 
are  10.  of  this)  equal  to  three  feroicirclesi  but  the  three  fides 
of  the  triangle  FDE,  are  (7.  of  this)  lefs  than  two  fcmicirdes  \ 

therefore 
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ttierelbre  the  metfaret  of  the  angles  A^  B,  C  are  greater  than 
a  femicirde  i  and  hene€  the  ailglea  A,  B,  C  are  greater  thail 
two  right  angles. 

All  the  ettemal  an4  internal  angles  ol  any  triangle  are  equal 
c6  Rx  right  angles  $  therefore  alt  the  internal  angles  are  Wa 
than  fix  right  angles. 

^  A  O  P.    tXL    tia.  i. 

TF  from  any  point  C^  which  is  not  the  pole  of^  the  gfeat 
cirde  ABD^  there  be  drawn  arches  of  great  cirdes 
CA,  CD,  GE»  CP,  ^c.  the  gi^ateft  of  thefe  is  GA> 
which  pafles  through  H  the  pole  of  ABD»  and  CB  the 
teoiainder  of  ACB  li  the  lead,  add  of  any  others  CD^ 
CE»  CF,  kc.  OD,  which  is.  nearer  to  CA^  ia  greater 
than  CEf  which  ia  more  remote. 


Let  the  common  feAion  df  the  planes  of  the  great  eil 
ACB,  ADB  be  AB  i  and  from  G,  draw  CO  perpendicular  to 
AB,  which  will  alfo  be  perpendicular  to  the  plane  ADB  |  (4* 
def.  It.)  join  OD,  GE,  OV,  CD»  C£»  CF,  CA,  CB. 

Of  all  the  ftraight  lines  drawn  from  G  to  the  circumference 
ADB,  OA  is  the  greaceft»  and  GB  the  leaft;  (7.  ^.)  and  GD 
Which  IS  nearer  to  GA  is  greater  than  GE|  which  is  mere 
remote.  The  triangles  COA,  COD  are  right  angled  at  G^ 
and  they  ha?e  the  common  fide  CG ;  therefore  the  fquares  of 
CO,  GA  together,  that  Is,  the  fquare  of  C A,  is  greater  than 
the  fquares  of  CO,  GD  tcirether,  that  ts,  the  fquare  of  CD  1 
and  CA  is  greater,  than  CD,  and  therefore  the  arch  CA  is 
greater  than  CD.  ^  In  the  fame  manner,  fince  GD  is  greater 
than  G£,  and  GE  than  GF,  &c.  it  is  ihown  that  CD  is 
greater  than  C£,  and  C£  than  CF,  &c.  and  oonfcquently,  the 
arch  CD  greater  than  the  arch  C£,  and  the  arch  C£  greater 
than  the  arch  CF,  &c.  And  fince  GA  is  the  greateft,  and  GB 
the  leaft  of  all  tiie  ftraight  lines  drawn  from  G  to  the  circum- 
ference ADB,  it  is  manifeft  that  CA  is  the  greateft,  and  CB 
the  leaft  of  al^he  ftraight  lines  drawn  from  C  to  the  circum- 
ference ;  and  therefore  the  arch  C  A  is  the  greateft,  and  CB 
the  leaft  of  all  the  circica  drawn  through  C^  meeting  ADB* 
Q;^E.  p. 


I  i  a  PROP. 
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PROP.    XUI.    Fio.  9. 

IN  a  right  angled  fpherical  triangle  the  {ides  are  of  the 
&me  affc&ion  with  the  oppoHte  angles  }  that  is,  if  the 
(ides  be  greater  or  lefs  than  quadrants,  the  oppofite  angles 
will  be  greater  or  lefs  than  right  angles. 

Let  ABC  be  a  fpherica)  triangle  right-angled  at  A,  any  fide 
AB|  will  be  of  cb€  fame  affe£kion  with  the  oppofite  aagle  ACB. 

Cafe  I.  Let  AB  be  lefs  than  a  qnadrant,  kc  A£  be  a  qua- 
drant, and  let  EC  be  a  grea^t  circk  pafffing  tbroagh  £»  C. 
Since  A  is  a  right  angle,  and  AE  a  quadraat»  £  is  the  pole 
of  the  great  circle  AC,  and  £CA  a  right  ai^lej  but  EC  A  is 
greater  than  BCA^  therefore  BCA  is  lefs  than  a  right  angle. 

Q;.  E.   D. 

10.  Cafe  2.  Let  AB  be  greater  than  a  quadrantt  mdte  AB  a  qui> 
drant,  and  let  a  great  circle  pafs  through  C»  £.  ECA  is  a  right 
angle  as  before,  and  BCA  is  jKfeatcr  than  ECA,  that  ia,  greater 
than  a  right  angle.    Q^  £.  D- 


PROP.    XIV. 

TF  the  two  fides  of  a  rijght  angled  fpherieal  triangle  be 
of  the  fame  affe£bion,  the  hypothenufe  will  be  lefs  than 
a  quadrant ;  and  if  they  be  of  different  affeSion,  the  by- 
pothenufe  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right  angled  fphetieal  triangle,  if  the  two  Cdcs 
AB,  AC  be  of  the  faitie  or  of  different  afFedion>  the  hypothe- 
nufe BC  will  be  lefs  or  greater  than  a  quadrant. 
Fif.  9*  Cafe  t.   Let  AB,  AC  be  each  lefs  than  a  quadrant.    Lec^ 

A£,  AG  be  quadrants ;  G  will  be  the  pdle  of  AB,  and  E  the 
pole  of  AC,  and  EC  a  quadrant;  but,  by  Prop.  la.  CE  is 
greater  than  C&,  fince  CB  is  farther  off  from  CGD  than  CE. 
In  the  fame  manner,  it  ia  ihown  that  CB,  in  thft  triangle  CBD,, 
where  the  two  fides  CD>  BD  are  each  greater  than  a  ouadrant, 
is  lefs  than  CE,  that  is,  left  than  a  quadrant.    Q^E.  D. 

Cafi 
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Cafe  2.  Let  AC  be  lefii»  and  AB  greater  than  a  quadrant ;  Fi^.  lo. 
then  the  hypothenufe  BC  will  be  greater  than  a  quadrant ;  for 
let  AE  be  a  quadrant,  then  £  is  the  pole  of  AC,  and  EC  will 
be  a  quadrant.    But  CB  1$  greater  than  C£  by  prop*  la.  fincc 
AC  pafles  through  the  pole  of  AB.D.    Q;^  £.  D,, 


PROP.    XV. 

TF  the  hypothec ufe  of  a  right-angled  triangle  be  greater 
or  Icik  than  a  quadrant^  the  ifides  will  be  oF  different 
or  the  fan)c  affedion. 

This  i^  the  convcrie  of  the  pceceding,  and  deoionilratcd  in 
the  fame  onanner. 


PROP.    XVI. 

IN  any  fphcrical  triangle  ABC|  if  the  perpendicular  AD 
from  A  upon  the  bafe  BC  &1I  within  the  triangle,  the 
angles  B  and  C  at  the  bafe  will  be  of  the  fame  affcdion ; 
and  if  the  perpendicular  fall  without  the  triangle,  the 
angles  B  and  C  will  be  of  different  affcdion. 

1.  Let  AD  fall  within  the  friaogle  ;  then  (13.  of  tbi&)  fince  Fig.  t|. 
ADB,  ADC  are  right-angled  fpherical  triangles,  the. angles  B, 
C  mud  each  be  of  the  fame  affection  as  AD. 

a.  Let  AD  fail  without  the  triangle,  then  (13-  of  this)  the  Fi|.  1%, 
angle  B  is  of  the  fame  affe^on  as  AD  ^  and  by  the  fame,  the 
angle  ACD  is  of  the  fame  affedton  as  AD  i  therefore  the  angle 
ACB  and  AD  are  of  di£Ferent  affcdion,  and  the  angles  B  and 
ACB  of  different  affe£lion. 

CoR.  Hence  if  the  angles  B  and  C  be  of  the  fame  9ffe£lion, 
the  perpendicular  will  lall  within  the  bafe }  for,  if  it  did  not, 
(i6*  of  this),  fi  and  C  would  be  of  different  affc£lion.  And  if 
the  angles  B  and  C  be  of  oppofite  affe^lion,  tha  perpendicular 
will  fall  without  the  triangle  ;  for,  if  it  did  not,  (i6.  of  this)^ 
the  angles  B  and  C  would  be  of  the  fame  affection,  contrary  to 
the  fuppoAtion.. 

JJ^  P  R  O  Pi 
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PROP.    XVIL    Fic.  13, 

TN  right-angled  fpherical  trianglesi  the  fine  of  either  of 
the  fides  about  the  right  angle,  is  to  the  radius  ci  the 
fphere,  as  the  ungent  of  the  rcmauning  fide  is  to  the  tan* 
gent  of  the  angle  oppofite  to  that  fide* 

Let  APQ  be  a  triangle,  bafing  Ae  right  angle  at  A;  and 
let  AB  be  either  of  chs  fi4es«  the  fine  of  the  flde  AB  will  be 
to  the  ndiasj  as  the  tangent  of  the  other  (ide  AC  to  the  tan* 
gent  of  the  angle  ABC,  oppofite  to  AC  Let  D  be  the  cen« 
tre  of  the  fphcre ;  join  AP»  BD,  CD,  and  let  AE  be  dcavn 
perpendicular  to  Bl),  which  therefore  wilt  be  the  Smc  of  tho 
arch  AB,  and  from  the  point  E,  let  there^  be  dcawn  in  the 

flane  BDG  the  ftcaigbt  lino  £F  at  right  yngka  so  BD,  meeting 
>C  in  F|  and  let  A  F  be  joined*  SisMC  dicrcferc  the  ftraighc 
line  DS  is  at  right  ?ngles  to  both  EA  md  £F,  it  will  alfo  be 
at  right  angles  to  the  plane  AEF,  (4.  11.)  wherefore  the  plane 
ABD|  which  paffes  through  DE,  is  perpendicular  to  the  plane 
AEF,  (18  1 1.)  and  the  plane  AEF  perpendicular  to  AQD  :  The 
plane  ACD  or  AFD  is  alfo  perpendicular  to  the  fame  ABD : 
iherefore  the  cominon  feAion,  viz.  the  ftraight  line  AF,  is  at 
right  angles  to  the  plane  ABD :  (19.  i  f .)  And  FAE,  FAi)  are 
right  angles;  (3.  def.  ii.)  therefore  AF  is  the  tangent  of  the 
arch  AC ;  and  in  the  redilineal  triangle  AEF,  having  a  right 
angle  at  A,  i\£  will  be  to  the  radius  as  AF  to  the  tangent  of  the 
angle  AEF,  (i.  PI.  Tr.) ;  but  AE  is  the  fine  of  the  arch  AB« 
and  AF  the  tangent  of  the' arch  AC,  and  the  angle- AEF  is  the 
inclination  of  the  planes  CBD,  ABD,  (6.  def.  lu)  or  the  fphct 
rical  angle  ABC  2  Therefore  the  fine  of  the  arch  AB  is  to  the 
radius  as  the  tangent  of  the  arch  AC,  to  the  tangent  pf  the 
oppofite  angle  ABC« 

CoR.  !•  If  therefore  of  the  two  finest  and  an  angle  of^xH 
fite  to  one  of  them,  any  two  be  given,  the  third  wiU  alfp  be 
given; 

Cor*  2.  And  fince  by  this  propofitton  the  fine  ^f  the  fide 
^Q  in  tp  tlie  radi^s^  as  the  tapgent  of  the  other  fide  AC  to  the 

ta;igent 
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tangent  of  the  angle  ABC  oppofite  to  that  fide ;  and  as  the 
ladias  is  to  the  co-tangent  of  the  angle  ABC^  fo  is  th^e  tangent 
of  the  fame  angle  ABC  to  the  radius^  (Cor*  a.  def.  Pi.  Tr.) 
by  equalityt  the  fine  of  the  fide  AB  ia  to  the  co-tangent  of^  (he 
angle  ABC  adjacent  to  iti  as  the  tangent  of  the  other  fide  AC 
to  the  ladios. 


PROP.    XVffl.    Fig.  13. 

TN  right  angled  fphcrical  triangles  the  fine  of  the  hypo- 
tfaenufe  is  to  the  radius,  as  the  fine  of  either  fide  is  to 
the  fine  of  the  angle  oppQfite  to  that  fide. 

Let  the  triangle  ABC  be  light  angled  at  A»  and  let  AC  be 
either  of  the  fides ;  the  fine  of  the  hypothenufe  BC  will  be  to 
the  radius  as  the  fine  of  the  arch  AC  is  to  the  fine  of  the  angle 
ABC. 

Let  D  be  the  centre  of  the  fphere,  and  let  CG  be  drawn  per- 
pendieular  to  DB,  which  will  therefore  be  the  fine  of  the  by* 
pothennfe  BC ;  and  from  the  point  G  let  there  be  drawn  in  the 
plane  ABD  the  ftraight  line  GH  perpendicular  to  DB,  and  let 
CH  be  joined :  CH  will  be  at  right  angles  to  the  planf  ABD,  as 
was  fliown  in  the  preceding  propofition  of  the  ftraight  line  FA : 
Wherefore  CHD,  CHG  are  right  angles,  and  CH  is  the  fine  of 
the  arch  AC ;  and  in  the  triangle  CHG,  having  the  right  angle 
CHG,  CG  is  to  the  radius  as  CH  to  the  fine  of  the  angle 
CGH  :  (i.  PI.  Tr.)  Bat  fince  CG,  HG  are  at  right  angles  to 
DGB,  which  is  the  common  fe£lion  of  the  planes  UBD,  ABD, 
the  angle  CGH  will  be  equal  to  the  inclination  of  thefe  planes ; 
(6*  def.  II.)  that  is,  to  the  fpherical  angle  ABC.  The  fine, 
therefore,  of  the  hypothenufe  CB  is  to  the  radius  as  the  fine  <i 
the  fide  AC  is  to  the  fine  of  the  oppofite  angle  ABC.  Q.  £.  D. 

Cor.  Of  thefe  three,  viz.  the  hypothenufe,  a  fide,  and  the 
angle  oppofite  to  that  fide,  any  two  being  given,  the  third  is 
WO  given  by  prop.  z. 


• 


1 1 
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PROP.    XIX.    Fio.  14. 

TN  right-angled  fphcrical  trtangleSy  the  co-fine  bf  the 
bypothenufe  is  to  the  radius  as  the  co^taogent  of  ci- 
ther of  the  angles  is  to  the  tangent  of  the  remsuning 
angle, 

■ 

Let  ABC  be  a  fpherlcal  triangle,  having  a  right  angle  at  A, 
the  co-fine  of  the  bypothenufe  BC  will  hi  to  the  rsi^taa  as  the 
co-tangcnt  of  the  angle  ABC  to  the  tapgeut  of  the  angle  ACB. 
Defcribe  the  circle  D£,  of  which  B  is  the  pole,  9nd  let  it 
meet  AC  in  F»  and  the  circle  BC  in  E ;  and  fince  the  circle  BD 
pafles  through  the  pole  B  of  the  circle  DF,  DP  will  al(b  pafs 
through  the  pole  of  BD.  (13.  18.  i.  Theod*  fpb.)  And  fince 
AC  is  perpendicular  to  BD»  AC  will  alfo  pafs  through  the  foh 
of  BD ;  wherefore  the  pole  of  the  circle  BD  will  be  fovnd  in 
the  point  where  the  circles  AC,  DE  meet,  that  is^  in  the  pokit 
^F:  The  arches  PA,  FD  are  therefore  quadrants,  and  likcwife 
the  arches  BD,  BE  :  In  the  triangle  CEF,  right-angled  at  the 
point  £,  CE  n  the  complement  oi  the  bypothenufe  BC  of  the 
triangle  ABC,  £P  is  the  complement  of  tbe  arch  ED,  which  is 
the  meafnre  of  the  angle  ABC,  and  PC  the  bypothenufe  of  the 
triangle  CEF,  is  the  complement  of  AC,  and  the  arch  AD, 
which  is  the  meafure  of  the  angle  CFE,  is  the  complement  of 
AB. 

But  (17.  of  this)  in  the  triangle  CEF,  tbe  fine  of  the  fitfe 
CE  is  to  tbe  radius,  as  the  tangent  of  the  other  fide  is  to  tbe 
tangent  of  the  angle  £CF  oppofite  to  it,  that  is,  in  the  triangle 
ABC,  the  co-fine  of  the  bypothenufe  BC  is  to  the  radius,  as  the 
co-tangent  of  the  angle  ABC  is  to  the  tangent  of  the  angle  ACB, 
<^E,  D, 

Cor.  !•  Of  thefe  three,  viz.  the  bypothenufe  and  the  two 
angles,  any  two  being  given,  the  third  will  alfo  be  given. 

CoR.  2-  And  fince  by  this  propofition  tbe  co-fine  of  the 
bypothenufe  BC  is  to  the  radius  as  the  co>taOgent  of  tbe 
angle  ABC  to  the  tangent  of  the  angle  ACB.  But  as  the  ra- 
dius is  to  the  co-tangent  of  tbe  angle  ACB,  fo  is  the  tangent 
of  the  fame  to  the  radius ;  (Cor.  2.  def.  PI.  Tr.)  and,  ex 
aequpj  the  (Orfine  of  th<:  bypothenufe  BC  is  to  tbe  co-tangent 

of 
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of  the  angle  ACB,  as  the  co-tangent  of  the  angle  ABC  to  the 
radius* 


PR  OP.    XX   Fig.  14. 

IN  right-angled  fphcrkat  triangles,  the  co-fine  6f  an 
aogk:  i$  to  the  radius^  as  the  tangent  of  the  fide  ad* 
jacent  to  that  angle  i$  tp  the  tangrat  Gjf  the  bypotticnufe* 

The  iame  confirnOiflni  j^matmof^l  In  the  triangle  CEF^ 
(17,  of  this)  the  fioe  of  the  £de  EF  is  to  th^  radiMSp  as  the 
tangent  pf  the  other  fide  C£  it  to  the  itangrant  of  the  aoigle  CFE 
oppoGtetoit;  that  is»  in  the  triangle  ABC,  the  co-fine  of  the 
angle  ABC  is  to  the  radius  as  (the  co-tangent  of  the  hypothec 
nufe  BC  to  the  co-tangent  of  the  fide  AB,  adjacent  to  ABC»  or 
as)  the  tangent  of  the  fide  AB  to  the  tangent  of  the  hypothec 
nufe,  Gnce  the  tangents  of  two  arches  are  reciprocally  propor- 
tional to  their  co-tangents.     (Cor.  u  def.  PI.  Tr.) 

CoR*  And  fince  by  this  propofition  the  confine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  fide  AB  is  to  the 
tangent  of  the  hypothenufe  BC  $  and  as  the  radius  is  to  the  co- 
tangent of  ]3C,  fo  is  the  tangent  of  BC  to  the  radius  ;  by  c« 
quality,,  the  co-fine  of  the  angle  ABC  will  be  to  the  co-tangcnt 
of  the  hypothenufe  BC,  as  the  tangent  of  the  fide  AB,  adjacent 
to  the  angle  ABC,  to  the  radius* 


PROP-    XXI.    Fig.  14. 

IN  rightrangled  fpherical  triangles,  the  co-fine  of  ei* 
ther  of  the  fides  is  to  the  radius,  as  the  co-fine  of  the 
hypothenufe  is  to  the  co-fine  of  the  other  fide* 

The  fame  conflru£lion  remaining ;  in  the  triangle  C£F,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius,  as  the  fine  of  the 
fide  C£  to  the  fine  of  the  oppofite  angle  CFE  ^  (18.  of  this)  that 
is,  in  the  triangle  ABC  the  co-fine  of  the  fide  CA  is  to  the  ra^ 
diu8  as  the  confine  of  the  hypothenufe  BC  to  the  co-fine  of  the 
other  fide  BA.    Q^E.  D. 

PROP. 
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PROP.    XXn.   Fig.  14. 

YN  right  angled  fpherical  triangles,  the  confine  of  either 
of  the  fides  is  to  the  radius,  as  the  co-fne  of  the  angk 
oppofite  to  that  fide  is  to  the  fine  of  the  other  angle. 

The  fame  conftni£Uoo  remaiomg ;  in  the  triande  CEFj  tbe 
fine  of  the  hypodienafe  CF  is  to  the  radius  aa  the  fine  of  the 
fide  £F  is  to  the  fine  of  the  angle  £CF  oppoGce  to  it  i  that  is, 
in  the  triangle  ABC,  the  co*Cne  of  the  fide  CA  is  to  the  n- 
dius^  as  the  co-fine  of  the  angle  APC  oppofite  to  it,  is  to  the 
fine  of  the  other  angle.    (^E.  D, 


Of 
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Of  tbc  CIRCULAR    PARTS. 

TN  any  rifbc  aatgled  fpherical  triangle  ABC^  the  complement  Fis-  'i< 

'*'  of  the  Itypothenufe*  the  complements  of  the  angles,  and  the 

two  fi4^f  ^fo  called  The  circular  parts  of  the  triangle^  as  if  it 

were  Ibltowing  each  other  in  a  circular  order,  from  whatever 

pace  we  begin  :  ThoSi  if  we  begin  at  the  complement  of  the 

liypothenufe,  and  proceed  towards  the  fide  B A,  thepartftfbU 

lowing  in  order  will  be  the  complement  of  the  hypothenufe,  the 

complement  of  the  angle  B,  the  fide  BA  the  fide  AC,  (for  the 

right  angle  at  A  is  not  reckoned  among  the  parts),  and.  laftly^ 

the  complement  of  the  angle  C    And  thus  at  whatever  part  we 

begin,  if  any  three  of  thdfe  five  be  taken,  they  either  will  be 

all  contiguous  or  adjacent,  or  one  of  them  will  not  be  conti- 

guoaa  to  either  of  the  other  two :  In  the  firft  cafe,  the  part 

which  ia  between  the  other  two  is  called  the  Afiddle  part,  and 

the  other  two  are  called  Ji§acent  extremes.    In  die  fecond  cafe, 

the  part  which  is  not  contiguous  to  either  of  the  other  two  is 

called  the  Middle  part,  and  the  other  two  Oppofite  extremes. 

For  example,  if  the  three  parts  be  the  complement  of  the  hy* 

EHhenufe  BC,  the  complement  of  the  angle  B,  and  the  fide 
A  ;  fince  thefe  three  are  contiguous  to  each  other,  the  com^ 
plement  of  the  angle  B  will  be  the  middle  part,  and  the  com- 
plement of  the  hypothenufe  BC  and  the  fide  BA  will  be  adjacent 
extremes  :  But  if  the  complement  of  the  hypothenufe  BC»  and 
the  fides  BA,  AC  be  taken  $  fince  the  complement  of  the  hypo* 
thenufe  is  not  adjacent  to  either  of  the  fides,  viz.  on  account 
of  the  complements  of  the  two  angles  B  and  C  intervening  be« 
tweep  it  and  the  fides,  the  complement  of  the  hypothenufe  BC 
will  be  the  middle  part,  and  the  fides»  BA,  AC  oppofite  ex<» 
tremes.  The  mod  acute  and  ingenious  Baron  Napier,  the  in* 
ventor  of  Logarithms,  contrived  the  two  following  rules  con* 
ceming  thefe  parts,  by  means  of  which  all  the  cafes  of  right* 
angled  fpherical  triangles  are  refolved  with  the  greateft  eafe* 


RULE       I. 

Tbc  re£tangle  contained  by  the  ra^dins  and  the  fine  of  the 

middle 
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middle  part,  is  equal  to  the  reQangle  contained  by  the  tangents 
bf  the  adjacent  parts. 


R    U    L    £       II. 

t 

The  reftangle  contained  by  the  radius,  and  the  fine  of  the 
middle  part  is  equal  to  the  re^apgle  contained  hj  the  co- 
fines  of  the  oppofite  parts. 

.   Thefe  rules  are  demonftrated  in  the  following  manner* 
Fif.  li.       F^rft,  Let  either  of  the  fides,  as  B A,  he  the  middle,part,  and 

therefore  the  complement  of  the  angle  B,  and  the  fide  AC  will 

.be  adjacent  extremes*    And  by  Cor«  a  prop.  17*  of  this  S,  BA 

is  to  the  Co^T,  B,  as  T,  AC  is  to  the  radius,  and  therefore 

RxS,  BA3<:o«T,  BxT,  AC 

The  fame  fide  BA  being  the  middle  part,  the  complenoent  of 

the  hypothenufe,  and  the  complement  of  the  angle  C,  are  op- 

Esfite  extremes ;  and  by  prop.  i8.  S,  BC  is  to  the  radius,  as  S, 
A  to  S,  C  ;  therefore  RxS,  BA=S,  BCxS,  C. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as  B,  be 
the  middle  part,  and  the  complement  of  the  hypotbennfe,  and 
the  fide  BA  will  be  adjacent  extremes.:  And  by  Cor»  prop.  20. 
Co*S,  B  is  to  Co»T,  BC,  as  T,  BA  is  to  the  radius,  and  there^ 
fore RxCo-S  BssCoT,  BCxT,  BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle 
part,  and  the  complement  of  the  angle  C,  and  the  fide  AC  will 
be  oppofite  extremes :  And  by  prop.  22.  Co»S,  AC  is  to  the  ra- 
dius, as  Co  S,  B  is  to  S,  C :  And  therefore  RxCo  S,  B^Cob, 
ACxS,  C. 

Thirdly,  Let  the  complement  of  the  hypothenufe  be  the  mid- 
dle part,  and  the  complements  of  the  angles  B,  C,  will  be  adja-» 
cent  extremes:  But  by  cor.  2.  prop.  ip.  CoS,  BC  is  to  Co«T, 
C  as  CoT,B  to  the  radius:  Therefore  RxCo  S  BC^Co-Ti, 
BxCo-T,  C. 

Again,  Let  the  complemejDt  of  the  hypothenufe  be  the  mid- 
dle part,  and  the  fides  Afi,  AC  will  be  oppofite  extremes : 
But  by  prop.  2k  Co<-S,  AC  is  to  the  radius,  Co-S,  BC  to  Co-S^ 
BA ;  therefore  RxCo^,  BC=;Co.S,  BAxCo^S,  AC.  Q^  E.  D. 

SQLU 
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SOLUTION  of  the  Sixteen  Cases  of  right- ««•  «*• 
afigled  Spherical  Triangles. 


GENERAL    PROPOSITION- 

TN  a  right  angled  fpberical  triangle,  of  the  three  ikies, 
and  three  angles,  any  two  l^ing  given  befides  the 
right  angle,  the  other  three  may  be  toood*- 

In  the  following  table  the  folutions  are  detiyed  from  tht  prece* 
ding  propofidons.  It  is  obvious  that  the  fame  folutions  may 
be  derived  from  Baron  Napier's  two  rules  above  demonftra- 
tcd,  whichy  as  tbey  are  eafily  remembered,  arc  commonly 
ufed  in  pra£lice. 


Cafe 


Given 


:. 


AC,C 


AC,B 


B,  C 


Soiigbt 


B 


a:CoS,  AC  ::  S,CCoStB  :  Aod  B  is 
of  the  famefpecie«withCA,by22.«ndi3 


AC 


BA,BC 


rtk^. 


I 


6RA,AC  D 


CoS,  AC  :  R  ::  CoS,  B :  S,  C  :  By  22. 


S,C :  Co5,  P ::  R :CoS,  AC :  By  22.  and 
AC  is  of  the  fame  fpecies  with  Bt  1 3. 


R:CoS.  BA::CoS,  AC :  CoS,  BC  21. and 
f  both  BA»  AC  be  greater  or  lefs  than  a 
quadrant,  BCwiUbe  lefs  than  a  quadrant. 
But  if  tbey  be  of  different  affeaion,  BC 
will  be  greater  than  a  quadrant.  14. 


AC 


CoS,  BA  :  R  ::  CbS,  BC :  CoS,  AC  21. 
and  if  BC  be  greater  or  left  than  a  qua- 
drant, B  A,  AC  will  be  of  different  or  the 
fame  affedion :  By  15. 


S,  BA :  R  ::  T,  CA :  T,  B.  17.  and  Bi 
of  the  fame  affeOion  with  AC,  13* 

Cafe 


1 


Cjfc 

Givtn 

Soagh 

1 

7 

BA,  B 

AC 

R  :  S,BA: :  T,  B :  T,  AC,  I7.  AndAC  U 
of  The  fame  affcilion  with  B.  13. 

S 

AC,  B 

BA 

T,  B  :  R  :  :  T,  CA  :  S,  BA.  17. 

9 

8C,C 

AC 

R :  Cos,  C  ; ;  T,  BC  :  T,C  A.  JO.  It  BC  bt 
lefs  or  greater  than  a  quadrant,  C  and  I 
will  be  of  the  fame  or  difFerent  affcaion 
,;.  .3. 

lO 

AC,  C 

BC 

CoS,C:R::T,AC:T,BC.Jo.AndBC 
is  Icfs  or  greatet  than  a  quadtant,  accot 
ding  as  C  and  AC  Of  C  and  B  ate  ofth. 
fame  or  difFerent  affeaion.   14.  1. 

■■ 

BC.CA 

C 

T,BC!R::T,CA:CoS,C.2o.  IfBC 
be  lefs  or  greater  than  a  quadrant,  CA 
and  AD,  and  therefore  CA  anti  C,  ate 
of  the  fame  or  difFerent  a/Feftion.  15. 

u 

80,  B 

AC 

R  :  S,  BC  :  :  S,  B  :  S,  AC.  18.  And  AC 

it  of  the  fame  affe£fion  with  B. 

13 

14 

dCB 

BC 

S,  B:S,  AC  :  ;R:S,  BC:  18. 

dC.AC 

B 

S,  BC  :  R  :  :  S,  AC  :  S,  B :  18.    And  B  ii 

of  the  fame  aBedlion  with  AC. 

I! 

B,  C 

BC 

T,  C :  R  : :  CoT,  B  :  Cos,  BC.  10.  Ana 
according  as  the  angles  Band  Care  01 
JifFcrcnt  or  the  fame  affeftion,  BC  will 

i6 

ac.c 

B 

^H^g^ 
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The  fecond,  eighth^  and  tbtrteenth  cafes^  which  are  common- 
ly  called  ambiguous,  admit  of  two  (blutions :  For  in  thefe  it  ia 
not  determined  whether  the  fide  or  meafure  of  the  angle  fought 
be  greater  or  left  than  a  quadrant. 

PROP.    XXOL    Fig.  t6. 

TN  fpherical  triangles,  whether  right  angled  or  obliqtie 
angled,  the  fines  of  the  fides  are  proportional  to  the 
iiaes  of  the  angles  oppofite  to  them. 

Firftf  Let  ABC  be  a  right-angled  triangle,  having  a  right 
angle  at  A$  therefore  by  prop.  i8.  the  fine  of  the  hypothenufe 
Be  is  to  the  radius  (or  the  fine  of  the  right  angle  at  A)  ^B  the 
fine  of  the  fide  AC  to  the  fine  of  the  angle  B.  And,  in  like  man- 
necr'  the  fine  of  BC  is  to  the  fine  <^  the  angle  A,  as  the  fine  of 
AB  to  the  fine  of  the  angle  C  ;  wherefore  (ii.  5.)  the  fine  of 
the  fide  AC  is  to  the  fine  of  the  angle  B,  as  the  fine  of  AB  to 
the  fine  of  the  angle  C. 

Secondly,  Let  BCD  bean  oblique-angled  trianrie,  the  fine  Fig.  17.1a. 
of  either  ot  the  fides  BC,  will  be  to  the  fine  of  either  of  the  o« 
ther  two  CD,  as  the  fine  of  the  angle  D  oppofite  to  BC  is  to 
the  fine  of  the  angle  B  oppofite  to  the  fide  CD.  Through  the 
point  C,  let  there  be  drawn  an  arch  of  a  great  circle  CA  per- 
pendicular upon  BD ;  and  in  the  right  angled  triangle  ABC 
(18.  of  this)  the  fine  of  BC  is  to  the  radius,  as  the  fine  of  AC 
to  the  fine  of  the  angle  B  ;  and  in  the  triangle  ADC  (by  18.  of 
this :)  And,  by  inverfion,  the  radius  is  to  the  fine  of  DC  as  the 
fine  of  the  angle  D  to  the  fine  of  AC  :  Therefore,  ex  aequo  per« 
turbate,  the  fine  of  BC  is  to  the  fine  of  DC,  as  the  fine  of  the 
angle  D  to  the  fine  of  the  angle  B.    Q^  £•  D. 


PROP.    XXIV.    F16.  17.  18. 

TN  oblique-angled  fpherical  triangles,  having  drawn  ^ 
perpendicular  arch  from  any  of  the  angles  upon  the 
oppofite  fide,  the  co-fines  of  the  angles  at  the  Safe  tre 
proportional  to  the  fines  of  the  rertide  angles. 
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htt  BCD  be  «  triangle  md  tbe  ^ch  CA  perp<i>4kttkr  tc 
the  bftfc  BD;  the.co-fiiie  of  the  a^gle  B  will  be  to  cbe  oo-Cne 
of  the  aMle  D;  a^tbe  fine  of  the  ingle  BCA  lo  tbe  fiaee<  the 
angle  DCA. 

For  by  22.  the  confine  of  the  angle  B  is  to  the  fine  of  the 
angle  BCA  as  (the  confine  of  the  Gde  AC  is  to  the  radioB  ;  that 
isi  by  Prop*  22*  as)  the  co-fiile  of  the  in|^e  D  to  the  fine  of  tbe 
angle  DCA ;  and,  by  permutation^  the  co-fine  of  the  angle  B 
is  to  the  co-fine  of  the  angle  D,  a*  the  fine  of  the  angle  BCA 
to  the  fine  of  the  angle  DCA.    Q^  £.  D. 


PROP.    XXV.  Fig-  17.  18. 

THE  fame  thingi  remrii^ing,  the  co^rmel  of  tbe  fides 
BC,  CD.  arc  prdportional  to  the  co-fitics  of  the 
bafcsBA,  A». 

For  by  21.  the  co-Goe  of  BC  is  to  the  co-fine  of  BA»  as  (the 
co-fine  of  AC  to  the  radius ;  that  is,  by  2i«  as)  tbe  confine  of 
CD  is  to  the  c6^fte  of  AD  :•  Wherefore,  by  pemiiitatioB,  tbe 
Go-fities  of  the  fides  BC^  CD  are  proportional  to  the  confines  of 
the  bafes  BA«  AD.    Q^  £.  D. 


PROP.    XXVL    FiG.  17.  i«. 

THE  fame  conftrudioti  remaining,  the  fines  of  the 
bafcs  BAy  At>  are  reciprocally  proportional  to  the 
tangents  of  the  angles  B  and  D  at  the  bafe« 

For  by  17.  the  fine  of  BA  is  to  the  radius,  as  the  tangent 
of  AC  to  the  tangent  of  the  angle  B  ;  and  by  17.  and  inverfioni 
the  radius  is  to  the  fine  of  AD,  as  the  tangent  of  D  to  the  tan- 
gent of  AC  :  Therefore,  ex  aequo  perturbate,  the  fine  of  BA  is 
fo  the  fine  of  ADi  as  the  tangent  of  D  to  the  ungeot  of  Q. 


PROF 
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PROP.    XXVIL*  Fio-  17.  18: 

TIE  co-fincs  of  the  vertical  angles  are  reciprocally 
proportional  to  the  tangents  of  the  Tides. 

^  For  by  prop.  20.  the  cO'^fine  of  the  angle  BCA,  is  to  the  ra« 
dius  as  the  tangent  of  G  A  is  to  the  tangent  of  BC  \  and  by  the 
fame  prop.  20.  and  by  xnverGon^  the  radius  is  to  the  co-fine  of 
the  angle  DCA,  as  the  tangent  of  DC  to  the  tangent  of  CA  : 
.Therefore,  ex  aequo  perturbate,  the  co- fine  of  the  angle  BCA 
is  to  the  do-fine  of  the  angle  DC  A,  as  the  tangent  of  DC  is  zq 
the  tangent  of  BC.    C^E.  D. 

LEMMA.      F16.  10.  20. 

TN  right-angled  plain  triangles,  the  hypothenufe  is  to 
the  radius,  as  the  cxcefs  of  the  hypothenufe  above 
either  of  the  (ides  to  the  verfed  fine  of  the  acute  angle 
adjacent  to  that  fide,  or  as  the  fum  of  the  hypothenufe, 
and  either  of  the  fides  to  the  verfed  fine  of  the  exterior 
angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  fight  angle  at  B  $  AC  wilt  be 
to  the  radios  as  the  exceis  of  AC  aibove  AB,  to  the  verfed  fine 
of  the  angle  A  adjacent  to  AB ;  or  as  the  fum  of  AC,  AB  to 
the  verfed  fine  of  the  exterior  angle  C  AK. 

With  any  radius  DE,  let  a  circle  be  deferibed,  and  from  D 
the  centre  let  DF  be  drawn  to  the  circumference,  making  the 
angle  EDF  equal  to  the  angle  BAC,  and  fiom  the  point  F,  let 
FG  be  drawn  perpendicular  to  D£  !  Let  AH,  AK  be  made  •* 
qua!  to  AC,  and  DL  to  D£ :  DG  therefore  is  the  co-fine  of 
the  angle  EDF  or  BAC,  and  GE  its  verfed  fine  :  And  becaufe 
of  the  equiangular  triangles  ACB,  DFG|  AC  or  AH  is  to  DF 
or  DE,  as  AB  to  DG :  Therefore  (19.  5.)  AC  is  to  the  radtuB 
D£  as  BH  to  GE,  the  verfed  fine  of  the  angle  EDF  or  BAC  : 
And  fince  AH  is  to  DE,  as  AB  to  DG,  (la.  5.)  AH  or  AC 
will  be  totbo  radius  DE  as  KB  to  LG,  the  verfed  fine  of  the 
angle  LDF or  K AC.    Q^B,.  D. 

K  k  PROP. 
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PROP.    XXVIIL    Fic.  21.  21. 

IN  any  fpherkal  trangle,  the  redangle  cont^ned  by 
the  fines  of  two  fides,  is  to  the  fquare  of  the  radius, 
as  the  excefs  of  the  verfcd  fines  of  the  third  fide  or  bafe, 
and  the  arch,  which  is  the,  excefs  of  the  fides,  is  to  the 
vcrlcd  fine  of  the  angle  oppofite  to  the  bafe. 

Let  ABC  be  a  fpherical  triangle,  the  refbngle  contained  by 
the  fines  of' AB,  BC  will  be  to  the  fquare  of  the  radius,  as  tb( 
excefs  of  the  yerfed  fines  of  the  bafe  AC,  and  of  the  arch,  which 
is  the  excefs  of  AB,  BC  to  the  verfed  fine  of  the  angle  ABC 
oppofite  to  the  bafe* 

Let  D  be  the  centre  of  the  fpjiere.  and  let  AD,  BD,  CD  be 
joined,  and  let  the  fines  AE,  CF,  CG  of  the  arches  AB,  BC, 
AC  be  drawn ;  let  the  fide  BC  be  greater  than  B  A,  and  let  BH 
be  made  equal  to  9C ;  AH  witl  therefore  be  the  ezceb  of  the 
fides  BC9  BA ;  let  HK  be  drawn  perpendicular  to  AD,  and 
fince  AG  is  the  verfed  fine  of  the  bafe  AC,  and  AK  the  verfed 
€ne  of  the  arch  AH,  KG  is  the  ezce&  of  the  verfcd  fines  of  the 
bafe  AC,  and  of  the  arch  AH,  which  is  the  excefs  of  the  fides 
BC,  BA  :  Let  GL  like  wife  be  drawn  parallel  to  KH«  and  let 
It  meet  FH  in  L,  let  CL,  DH  be  joined)  and  let  AD,  FH  meet 
each  other  in  M. 

Since  tberefofc  in  tbe  triangles  CDF,  HDF,  DC^  DH 
are  equal,  DF  is  common,  and  the  angle  FDC  equal  to  the 
angle  FDH,  becaufe  of  tbe  equal  arches  BC,  BH«  the  bafe 
HF  will  be  equal  to  the  bafe  FC,  and  the  angle  HFD  equal 
to  the  right  angle  CFD:  The  ftraight  line  DF  therefore  (4. 
II.)  is  at  right  angles  to  the  plane  CFH  i  Wherefore  the  plane 
GFH  is  at  right  angles  to  the  plane  BDH,  which  pafles  through 
t>V.  (18.  II.)  In  like  manner,  fince  DG  is  at  right  angles  to 
both  GC  and  GL,  DG  will  be  perpendicular  to  the  plane 
CGL }  therefore  the  plane  CGL  is  at  right  angles  to  the  plane 
BDHy  which  paffes  through  DG :  And  it  was  ihown,  that  the 

J  lane  CFH  or  CFL,  was  perpendicular  to  the  fame  plane 
iDH  \  therefore  the  common  fe&ion  of  the  planes  CFL, 
CGL,  Tiz.  the  fltaight  line  GL,  is  perpendicular  to  the  plane 
BDA,  (ip.  lu)  and  therefore  CLF  is  a  right  aagk:  In  the 
triangle  CFL  baring  the  right  angles  CLF^^  by  the  lemma  CF 

is 
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v.. 


is  to  tbe  radius  as  LH,  the  ezcefsi  viz.  of  CF  or  FH  above 
FL,  is  to  the  verfed  fine  of  tbe  angle  CFL ;  but  the  anj^le 
CFL  is  the  inclination  of  the  planes  BCD,  BAD,  fince  FC» 
FL  are  drawn  in  them  at  right  angles  to  the  common  fe£kion 
BF :  Tbe  fpherlcal  angle  ABC  is  therefore  the  fame  with  the 
angle  CFL ;  and  therefore  CF  is  to  the  radius  as  LH  to  the 
verfed  line  of  the  fpherical  angle  ABC ;  and  (Ince  the  triangle 
AED  is  equiangular  (to  the  triangle  MFD,  and  therefore)  to 
the  triarigle  MGL*  A£  will  be  to  the  radius  of  the  fphere  AD, 
(as  MG  to  ML ;  that  is,  becaiife  of  the  parallels  as)  GK  to  LH  : 
The  ratio  therefore  irhick  is  compounded  of  the  ratios  of  AE 
to  the  radiuSf  and  of  CF  to  the  fame  radius ;  tliat  is,  (23*  6.) 
Utie  ratio  of  the  re£langle  contained  by  AE,  CF  to  the  fquare  of 
the  radiusi  is  the  fame  with  tbe  ratio  compounded  of  the  ratio 
of  GK  to  LH,  and  the  ratio  of  LH  to  the  verfed  fine  of  the 
angle  ABC  ;  that  is,  the  fame  with  the  ratio  of  GK  to  the  ver- 
fed fine  of  the  angle  ABC  ;  therefore,  the  re£langle  contained 
by  AE,  CF,  the  fines  of  the  fides  AB,  BC,  is  to  the  fquare  of 
the  radius  as  GK,  tbe  excefs  of  the  verfed  fines  AG,  AK,  of 
the  bafe  AC,  and  the  arch  AH,  which  is  the  excefs  of  the  fides 
to  tbe  verfed  fine  of  the  angle  ABC  oppofite  to  the  bafe  AC. 
E.  D. 


PROP.    XXIX.    Fig.  23. 

TH^  reftangle  contained  by  half  of  tbe  radius,  and 
the  excefs  of  the  verfed  fines  of  two  arches,  is 
equal  to'  the  rectangle  contained  by  the  fines  of  half  the 
fuin,  and  half  the  difference  of  the  fame  arches. 

I  ec  AB,  AC  be  any  two  arches,  and  let  AD  be  made  equal 
to  AC  tbe  lefsj  tbe  arcfa  DB  therefore  is  tbe  fufn,  and  tha  arch 
CB  the  diflFerence  of  AC,  AB  :  Through  £  the  centre  of  the 
circk,  let  there  be  drawn  a  diaipeter  DEF,  and  AE  joined,  and 
CD  hkewife  perpendicular  to  it  in  G;  and  let  BH  be  perpendi- 
cular to  AE,  and  AH  will  be  the  rerfed  fine  of  tbe  arch  AB, 
and  AG  the  verfed  fine  of  AC,  and  HG  the  exceft  of  thefe  ver- 
fed fines :  Let  BD,  BC,  BF  be  joined,  and  FC  alfo  meeting 
BHinK. 

Since  therefore  BH,  CG  are  parallel,  the  alternate  angles 
BKC,  KCG  will  be  equal ;  but  KCG  is  in  a  femicircle,  and 

K  k  2  therefore 


L 
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therefore  a  right  Bngle  I  therefore  BKC  i(  •  iigiit  tngle ;  inJ 
in  the  triangle.'  DFfi,  CBK,  the  anf^lcs  FDB,  BCK  in  the  fame 
fcgment  are  equal,  and  FED,  BKC  arc  right  anftlo  ;  the  tri- 
angles DFB,  CBK  ^rc  therefore  ec)aiaaguUr>t  wherefore  DF  ii 
to  DB,  as  UC  to  CK,  or  HG  ;  and  therefore  the  re^angle  con- 
tained by  the  diameter  DF,  and  HG  it  et^ual  to  that  ooatnned 
by  DB,  BC ;  wherefore  the  redangle  conuined  by  a  fowth 
part  of  the  diameter,  and  HG,  is  equal  to  that  contained  bv  tbc 
halves  of  DB,BC:  But  half  thechord  DB  ii  the  fine  of  half  the 
arch  DAB,  that  is,  half  the  fum  of  the  arches  AB,  AC ;  and 
half  the  chord  of  BC  is  the  fine  of  half  the  arch  BC,  which  is 
the  difference  of  AB,  AC.   Whence  the  propoGtiou  is  oiBDifefi. 


PROP.    XXX.    Fig.  19.  24, 

TH  £  re£Unglc  contained  by  half  of  the  radius,  and 
the  vcrfed  fine  of  any  arch,  is  equal  to  the  l^uarc 
of  the  fine  of  half  the  fame  arch. 

Let  AB  be  an  arch  of  a  circle.  C  its  centre,  and  AC,  CB, 
BA  being  joined :  Let  AB  be  bifeded  in  D,  and  let  CD  be 
joined,  which  will  he  perpendicular  to  BA,  and  hifefl  it  in  £. 
(4.  I.)  BE  or  AE  therefore  is  the  fine  of  the  arch  DB  or  AD, 
the  half  of  AB  :  Let  BF  be  perpendicular  to  AC,  and  AF  will 
be  the  verfcd  fine  of  the  arch  BA  ;  but,  bccaufe  of  the  (iinilar 
triangles  CA£,  6  AF,  CA  it  to  AE  as  AB,  that  is,  iwicfc  AE  to 
AFt  and  hy  halving  the  antecedents,  half  of  the  radius  CA  is 
te  AE  the  line  of  the  arch  AD,  is  the  fame  AE  to  AFtbe  vcr- 
fed fine  of  the  arch  Afi.  Wheiefore  by  16.  6.  the  ptopofition 
is  manifeft. 

PROP.    XXXL    Fig.  2$r 

IN  a  fpherical  triangle,  the  rcAangle  contained  by  the 
fines  of  the  two  fidcs,  is  to  the  ftjuarc  of  the  radius, 
as  ibe  rc^ngle  contained  by  the  fine  of  the  arch  which 
is  half  the  fum  of  the  bafe,  and  the  ezcefs  of  the  fides, 
and  the  fine  of  the  arch,  which  is  half  the  difference  of 
the  fame  to  the  ti^uare  of  the  fine  of  half  the  angle  oppo? 
lite  to  the  bafe. 

Let 
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LiCt  ABC  be  a  fpherical  triangle^*  of  whidi  the  two  fides  ure 
AB«  BCf  and  bafe  ACf  and  let  the  lefs  fide  BA  be  produced, 
fo  that  BD  fball  be  eqnal  toBC :  AD  therefore  is  the  excefs  of 
BC»  BA  i  and  it  is  to  be  ihowny  that  the  rd^ogle  contained 
by  the  fines  of  BC«  BA  1$  to  the  fquare  of  the  radius,  as  the 
rectangle  contained  bv  the  fine  of  half  the  fuoi  of  AC,  AD, 
and  tte  fine  of  half  tne  diflFbrence  of  the  fame  AC,  AD  to  the 
fquare  of  the  fine  of  half  the  angle  ABC,  oppofite  to  the  bafe 
AC. 

Since  by  prop*  a8«  the  redangle  contained  by  the  fines  of 
the  fides  6C,  BA  is  to  the  fquare  of  the  radius,  as  the  ezcets 
of  the  verfcd  fines  of  the  bafe  AC  and  AD,  to  the  verfed  fine 
of  the  angle  B;  that  is,  (i.  6.)  as  the  reAangle  contained  by 
half  the  radius,  and  that  exceisi  to  the  reAangle  conuined  by 
half  the  radius,  and  the  verfed  fine  of  B ;  therefore  (ao.  30.  of 
this),  the  re£langle  contained  by  the  fines  of  the  fides  BC,  BA 
is  to  the  fquare  of  the  radius,  as  the  re^ngle  contained  by  the 
fine  of  the  arch,  which  is  half  the  fum  of  AC,  AD,  and  the 
fine  of  the  arch  which  is  half  the  difference  of  the  fame  AC,  AD 
is  to  the  fquare  of  the  fine  of  half  the  angle  ABQ.    Q^  £•  D. 
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SOLUTION  of  the  twelve  Casks  of  oblique, 
angled  Spherical  Trianolss. 

GENERAL    PROPOSITION. 

TN  an  oblique  aogled  fpherical  triangle,  of  the  three 
fidet  and  three  angles,  any  three  lining  given,  the  o- 
ther  three  may  be  found. 

'Ifctt      jSooghc( 


B,  D, and 
BC,  rwo  an 
g!cs  and  a 
tide  oppo 
fitc  one  of 
them. 


1,  C,  and 
BC  two  an 

:les  and  ih. 

Ide  between 
them. 


BC,  CD, 
andB. 


BC,  DB 
indB. 


CoS,  BC  :  R  ; :  CoT,  B  :  T,  BCA. 
15.  Likewife  by  14-  CoS,  B  :  S,  BCA ; : 
CoS,  D  :  S.  DC  A  I  wherefore  BCD  is 
the  fum  or  difference  of  the  angles  DCAj 
BCA  according  as  the  perpendicular  CA 
Falls  within  or  without  the  triangle 
BCD;  thar  is,  (16.  of  this,}  according 
as  the  ingles  B,  D  are  of  the  fame  or 
Jiffcrcnt  affcaion. 


CoS,  BC  :  R  -  CoT,  B  :  T,  BCA, 
p.  and  atfo  by  14.  S,  BCA  :  S,  DCA  :: 
CoS,  B  ;  Cob,  D;  and  according  as  thi 
angle  BCA  is  Icfs  or  greater  than  BCD, 
the  perpendicular  CA  falls  withi 
without  the  triangle  BCD;  and  there- 
tore  [16.  of  this,)  the  angles  B,  D  wilt 
be  of  the  lame  or  different  affcaion. 


R  :CoS,  B  :;  T,  BC  :  T,  BA.  ao. 
md  Co  S,  BC  :  Co  S,  BA  :  :  Co  S, 
DC  :  Co  S,  DA.  I5.  and  BD  is  the  fum 
or  difference  of  BA,  DA. 


R:CoS,B::T,BC:T,  BA.  20, 
and  Co  S,  BA  :  Cob,  BC  : :  CoS,  DA  J 
Co  S,  DC.  25.  and  according  as  DA, 
AC  are  of  the  fame  or  different  affec-| 
tion,  DC  will  be  lefe  or  greater  ibanj 
a  quadraoL  14.        .. 
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Given.    Sought. 


5»9 


5 

B,  D  and 

DB. 

R  :  CoS,    B  ::  T,  BC  :  T,  BA.  20. 

BC. 

ai^d  T,  D  :  T,  B  ::  3,3 A. :  S,  DA   26. 

and  BD  is  the  fum  or  difference  of  BA 

D. 

DA. 

6 

BC,  BD 

R  :  CaS,  B  ::  T,  BC  :  T,  BA,  20. 

jiadfi. 

and  8,  DA  :  S,  BA  :  :  T»  B  :  T,  D  ;  and 

according  zs  BD  is  greater  or  lefs  than 
BA,  the  angles  B,  D  are  of  the  fame  or 

\ 

C. 

different  affeAion.  i6. 

7 

BC,  DC 

CoS,  BC  ^  R  :  :  Co T,  B  :  T,  BCA. 

and  B. 

• 

19  and  T,  DC  :  T,  BC  : :  Co  S,  BCA : 
Co  S|  DC  A.  27.'  the  fum  or  difference  of 

the  angles  BCA,  DCA  is  eqoal  to  the 

. 

angle  BCD. 

S 

B,  Caad 

Da 

•     •    •  • 
CoS,  BC  :  R: :  Co T*  B  :  T,  BCA 

« 

BC. 

19.  alfo  by  27.  CpS,  DCA:  CoS^B^A 

• 

: :  T,  BC :  T,  DC  27*  If  DC  A  and  B  be 
of  the  fame  affc&ioA;    chat  is,  (13.)  it 

AD  and  CA  be  fimilar,  DC  will  pt  lefs 
than  a  quadrant,  14.  and  if  AD,  CAbe 
not  of  the  fame  zffcGtion,  DC  is  greater 

D. 

than  a  quadrant*  14. 

9 

BC.  DC 
andB. 

S,  CD  :  S,  B  : :  S,  BC  :  S,  D. 

lO 

B,Dand 
BC. 

DC. 
B. 

S,  D  :  S,  BC  : :  S,  B  :  S,  DC. 

• 

II 

BC,  BA, 
AC. 

S.  AB  X  S,  BC  :R9: :  S,  AC  +  AD 

M 

Fig.  a5«. 

k 

X  S,  AC— AD  :  5y,  ABC.  See  Fig.  25 

X 

AD  being  the  difference  of  the  fides  BC, 

I 

BA. 

• 

520 


SPHERICAL    TRIGONOMETRY* 


Giten.    Sought* 


See  Fig*  7. 
In  thetriangle  DEF,  DE,  EF,  FD 
are  refpcAiTel  j  the  fupplements  of  the 
meafures  of  the  giTcn  angles  B»  A,  C 
in  the  triangle  BAG;  the  fides  of  the 
triangle  DEF  are  therefore  giren,  and 
by  the  preceding  cafe  the  angles  D,  E, 
F  may  be  fennd,  and  the  fides  BC,  BA, 
AC  are  the  fnpplements  of  the  mca- 
fnres  of  tbefe  angles. 


The  3d»  5th,  'jxk^  9th»  ioth»  cafes,  which  are  commonly  call- 
ed ambiguous*  admit  of  two  folutions,  either  of  which  will  ao< 
fwcr  the  conditions  required  ;  fori  in  thefe  cafeSf  the  meafare 
of  the  angle  or  fide  fought,  may  be  either  greater  or  lefii  than  a 
quadrant*  and  the  two  folutiona  will  be  fupplements  to  each  0- 
thcn  (cor.  todef.  4.  6»P1.  Tr.) 

If  firom  any  of  the  angles  of  an  obUque-angled  fpherical  tri^ 
angle,  a  perpendicular  arch  1^  drawn  upon  the  oppofite  fide, 
moft  of  the  cafts  of  oblique  angled  triangles  may  be  refoWed  i^ 
oneans  of  Napier's  rules. 


FINIS. 
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